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Hamiltonian Systems

. Hamilton function : H ( g- , Ö , t) ; g- = ( 9-n , . . . / 9-N ) N degrees
of freedom

= (pn , . . . , PN )
•
autonomous : H : HH ,f)

• phase space : (§ , f) c- IR
"

i. = :&
• Hamilton equations ofmotion :
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• Consequences for eigeuvclues In of A ?

→ exercise 2.1

⇒ eigeuvaluepai.us 7 , -7

from above: Areal ⇒ pains 7 , ¥

Cases : 1
.

trivial : 7=0 ( along frajecfory and perpendicular
to energy
shell)

% -

im 7

2. red pair : ± 7 →p.es#fyfF
}
" Saddle

hyperbolic
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%
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3. imaginary pair : ± iw
•

> Red 00 Center
• 4

ellipfic

4. Complex quartet : ± ✗ ± iw ( needs =3 d. o . f.)



• Structural stability :

ihm ? ihm ?

ää→ Red
→Red
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• normal forms :

± 7 : H = - 7 qnp,

± iw : H = G- (qitp?)

± ✗ ± iw : H = - ✗ ( qsp, + qzp, ) t w ( 9- < Pr - Pit)



General proparties :

1
. Trajecfories do not intersect in phase space (autonomous) .

2 .
Time evolved volume in phase space Pn

euchoses always the sametvajecfories
>
q

3
.

Liouville theorem : invasion of volume in phase space : Vik

4. Poiucare - Cartan integral theorem
AP

§ (Fdj - Hdt) = § . . .
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5. Poincare vecurvence theorem :

Almost all frajecfovies
leaving an initial volume II in phase space

will saturn to Mo .

assumption : finite phase space volume at fixed energy surface H (§ ,F)
= E

VK.tn

m)
> qproof : §

,
② ☐
Ist

• A is time evolved To after time T .

Assume An % = 0

• Volumes Mo
,
7. %

,
. . .

are equal , availabk volume is finite

⇒ 7min : F
MT

n Put has nonZero measure

⇒ Im-↳+ n Po
" " " ( first overlap)

⇒ subsef of no with a " has refurned to Mo



• What about rest of Mo ?

a>saure subsef go off never returns
to Mo

apply above proof to go ⇒ subset of go returns
togo c! §

Comments :

o no details of dynamicsrequired.no
statement about individual trajecfory

• distribution of refuru times is open problem !



2. 3
. Jufegrable Systems

Def . : A- hamiltoniau system with N degrees of freedom is ihfegrable ,

if there exist N independent integrals (cousfaufs) of motion ,
In

,
Iz , . . . , IN (including ft) , which are in involutiou.ie . {Ii ,Ij} =0 .

For iutegrable systems there exisfs a canonical transformation

from generalitat coordiuates and momentan to action - angle variables
:

9-n , . . . , 9- u

Pn ,
. . .

,
Pcs

→
%

,
. . . ,
IN

91 ,
• -

-

, 9N

with • Ä = IÄ(Is , . . . . IN) ⇒ equations of motion :

• qj cyclic variables Äj = -
④
= 0 ⇒ Ij

-
-
const

09J
• Ij = % § ÄDÄ qj. =#=: ag.IE, . . . .IN/=coust ⇒ qj-ws.tt 9!

QJE[0,2T] 0Ij [f~equenci.es



NP
Example : Harmonie 0 . cillafor

3
H =P

'

zu
+ { mail.gl > q

E

Canonical transformation ( G. (q.q) = - tzmwqtauq)

g-
=JE cosq q = arctau

- P

mwq⇐

p
= -ME since I = P

'

2mW
+ £ usw q2

⇒ FI (I ) = WI

⇒ ÷ = -9%-0
ip = 9¥

,

= w



Dependance on humber N of d. o . f. :

• N =1 : I = const ⇒ motion on circle with = wt + %

• N = z : E- = const ⇒ motion on Product of § = It + %
two circles (E 2 - torus )
in HD phase Space

F- selecfs torus
torus :

§ determiues point on Torus

%

→ :
different ä give parallel eines

plane :

2T
%

91°

0 21T



Poihcare secfion (more general def . lafer) :
9,
= k -4- = Wet

take of, wheheveu q, = 0 mod 2T
Q, = Watt 92,0

%

%;;•;
Ä : %

.
k
: = %

,
o
+ 2- k & mal⇐

91
0 21T

2 cases : a) ¥
,

= 3- rational ( vis c- Z)

⇒ 92
,
s
= 92,0 + 21T SE = %

,

Mod 2T

÷
- peviodicwifhpaiods
- { 94h} confainssequdlyspccedpoi.fi is EH"]



b) WE irrational ( 7ns c- Z)

⇒ V-kqnt-qomod.lt

⇒ { % ,
n } is deuse in [0,4]

Def . dense : A is densein B ,
if in [ - neighborhood

of any point of B one finds an element of
A

Proof : . divide [o
,
zu] info k internes of length [ =¥

• take k+1 poiafs %
,
o ,

. . .

, %.gg
Mod 21T

⇒ 2 are in saure infernal , e.g. %
, p
and q.q

⇒ 192
, p
- %.gl < E

⇒ 192
, p
-q
- 92,01 < Er

• for j = 91,2, . . . : %
, g. (p - q,

makes Steps < E

⇒ comes to E - neighborhood of any q



⇒ Jacobi theorem (1835)

F- very orbit with irrational ¥ is deuse on Torus

92 ^
2T - deuse in

deuse on
• Plane (9,92)

eine qio
•

0
•

1 7 91
0 217

• N 73 (generalitatiou of national vs .
irrational ) :

Nfrequeucies wj are
iucommeusuvate (rationelle independent)

if for kj c- 7- :

Kraft . . .
+ KNWN = 0 <⇒ tz = . . .

= KN = 0

N = 2 : hnwn + bzw,= 0 rational : ¥
,

= - E ⇒ comiaseusuvafe
bn

irrational : iucommeusurate



Def . ergodiüfy :

time average = phase space average for any function f- (Öl
T Oh torus F-

< f- (Ö) >£ : = bin f- ) f- (9- ( a-o.tt) dt
1-→es ☐

"

< f- G) Zorns
: = ¥µ | f- (8) dq

N

Theorem : Jutegrable dynamics § (f) = g-☐
+ cöt

Oh iucommeusurate torus is ergo
die

.

Proof : exercise 2.2

⇒ orbit is dense ou N - torus

⇒ time speist in region D is proportional to area ofD


