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Nunlinear systems

3. 1 . Hartmann - Grohmann theorem

Have results for linear systems any use for nonlinear Systems
?
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- G. thm .
: het if be a hyperbolicfixed point of E = f- (E)
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i. e. one - to - one Correspondence of orbits



reinartz : not true aea~ellipficfixe.cl point (eigeuvah.es/--iw) 7
.

reason : a) nonliuearferms ④ ?⃝

b) Hamiltoniaa systems : very Complex dynamics

( KAM theorem
,
Poincane- Birkhoff theorem)

example: nonhiuear linear

Ä = × fixed point (0,0) i = × ✗ (f) = etxo
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honlinear System : defensive Stable/austobte invariant manifdd of Go)

1. line ✗= o : ⇒ ✗ = 0
,
i = -y

dynamics : ✗(t) = 0

✗ (t) = e- tyo | stable mauifold
2. ✗ 1--0 : which function ycxl follows dynamics

:

¥ ! =
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× . + y = ×
:
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dynamics : d¥
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= etxo ✗ y
= 3- ×

}
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= Ge
"
×? - y (H : 3-✗

'
+ ¥

manifcldsfafsaf (o.o) ⇒ C- 0

uusfabkmanifddhomeomwph.su/fromliatououhi
.) : G-(Ky) = (× , y # 3-×)



Invariant mani fold the sein :

het if be a hyperbobic fixed point of € = f- (E)
.

At stable and uusfabkmaaifolds of the nonlinear system

are tangential
to the stable and uusfabkmaaifolds of the linear system .



3. 2. Poincane secfion and Poiucave
'

map

Puiucaresecfion :

phase space ( Ä , Ä ) : 2N dimensional

energy Surface H (Ä ,f)
= E = const : 2N -1 dimensional

Poiucavesectiou & : 2N - 2 dimensional

hyperplane ovmanifld
Ei with crossing direction

µ
:
" "

- "
-
_

\
e.9 . 9-NEO , pµ > 0

✗
☐ •i orbits should cross & non-tangential

(globclly not always possible)

example : particle in ZD potential
: HG ,f) = Ä!P + V4.x)

phase Space : ×
,Y, Px , Py

energy Surface
:

py = ± ß(E-V4y)m-p
Poiucaresectiou : e. g. 4=0 , py > 0

coordination Ei : x
, px



Poincanämap T : & → &

% → I (%
,
+(E) = :T (Fo)
T
refurn time for cousecutiue Crossing

of € in the savedirection

☒ÖE
.

remarks : - T is diffeomwphisu
-
refurn time + (E) depeads on %

S Fdj * Hdf =fpidqtfdt
- Poiucane - Cartan - Integral theorem µ +µ

⇒ area conservation ofT Spilqi : Spidq
r TP

- Poiucarö map of time
continuous Hamiltonim system

Hamiltonim system→ time discrete

- peüodie orbit with n inlersecfions

→ peniodie point % ,
. .
.

,In of T with pewodn

1-
"

Hj ) = Fj kj



3.3
.
Billiards

• Dynamics along sfraight lines ( no cliff. eq . to be
svlved)

• Reflection at boundary JR
"

Phase space 1- = { ( j.pl/qc-R.pc-lR}
Dynamics independent of E : fix IF / = Po = 1 ¥

,

Birkhoff cocordinates (s, p") :

• s c- [0 , L ) position along OR of length
L

• Pi , C- Eß , Po] momentum parallel to OR ( does
not chauge by reflection)

Pi,
^

Po '

Poihcanesectiou

s with Ei infinitesimal
inwards from boundary

-

po



Billiard example with N = 2 d. o . f.

• Circle billiard

2 cousfanfs of motion : • energy } ⇒ iutegrabk
• angular momentum

[ =3xp = dpoeiz



• Reefangle billiard

2 cousfanfs of motion : • Tx = ¥ } ⇒ integralsLe
• Ty = ¥



• Sinai billiard

- non - integralsLe

- reflection at circle is defocussing
- chaofic dynamics (exoptions of Measure

Zero)
- ergodie



• Buuimovi.ch stadium billiard

- non - integralsLe

- reflection at circle is defocussing
- chaofic dynamics (exoptions of Measure

Zero)
- ergodie



• Cosine billiard

- non - integrals le
- Phase Space region,

wifh →
regula dynamics

→ chaofic dynamics
} Mixed Phase space

-

„ geueric
" Hamiltonim system for N=L



• Mushroom billiard

- non - integrals le
- Phase Space region,

wifh →
regula dynamics

→ chaofic dynamics
} Mixed Phase space

- Sha-ply divided phase space , non - gehenic


