
3. 5. KAM theorem

3.5.1 . Rational approximaufs of irrational numbers

How to approximierte an irrational aumbeu by rational numbers !

example : T = 3
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Confinuedfraction expansion : GEIR
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How to defermineai ?

• rational example : a. = 6.4 ⇒ a
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• irrational example : 5=5 = [ 3,7 , ^5, 1,292 , . . . ]

rational approximanfs :

[3] =3

[3,7] = 3 + f- = ¥
[3,7 , 15] = . . .

= 3¥,

[3,7, 15,1 ] = 3¥

[3,7 , 15,1 , 292] =
"°} SS}

error <
10-9
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Quality of approximation :

V-rc-IR.VE > 0 3- E- c-Q : IT- ¥ / < E7 approximation :

⇐ rational ununbersanedeasewifhiireduuaubers
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most irrational humber :

Smoker a; ⇒ Shower convergence
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most irrational
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⇒ ✗ =Ff = 0.618 . . .
golden mean
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3.5.2 . Noniufegrable Perfurbafion

(et H (E. 5) = Ho (E) + EH, Ö)

with a) Hoiutegrable : F- = - 9%0=0
ä = :&. -- ö ¥

"

b) [ << 1

Is H integvable ?

butdiffialttofind transformationreasonable answers : it Yet '
+, action - angle coordinator

ii) NO
,
all cousfaufs of motion destsoyed

Connect answer :



KAM theorem

(Kolmogorow 19.54 , Arnold 1963 ,
Moser 1962)

Majority of tori of Ho still exisffw H (bufslightlydefnned)

remarh : measure of suruiviugton ⇒ full areasure

idea of proof :

- choose sufficiecfly irrational torus of Ho

• Search for torus of H with sawefrnequeacies

assumptions :

• E sufficieflysm.cl
. H aualyfic ( Moser : 333 times differentielle . Arnold

, App .8

- w
;
(E) changi independent with F- . Tabor

• Arrowsmith/Peace
• %j changi independent, with E



vemarks :

1. KAM makes no statement about

resouaut (commensu~a.la , rational) tori of Ho

Äm„...,muEZwifLü.-=Oandm=Ä

How many vesouaut frei exisf ?

N =2 : %,÷ changes with E ⇒ vesonaut toi are deuse
,

but of
Zero Measure

7mn
.
. . . .mu c- Z with ü .8=0 and =/ ☐

2 . Even non-ason-autciuco-mmes-u~a-6.i-ah.nl tori
show in perfuvbatiou theory

'

problem of smahl divisors
'

vi.w-arbifran.ly sind ⇒ Convergence ?

solution : KAM with superconverge perfurbafio, theory



3. KAM - theorem is about sufficieutly non- nesouaut tori :
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How much is take out ? less than ÄQ = 2-(c) Ei 1- → 0
g- = n 9-2-5 q.net?5- {→ O

Coast

⇒ surviviugfori have positive measure > full measure
[→0

⇒ ( destroyedfori have positive measure > Zero measure
{→o )

quiz : What is Wrong ?
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Which tori survive for iucveasiug perforation E ?
toi with most irrational ¥

,

Standard Map : ¥
,

c- [- E
. { ] most irrational: G - of = 0.381966 . . . =[0,2 ,1,11,]


