
4. 5. 3
. Kolmogorow - Sinai entvupy

How to qeeaufify sensitive dependance on initial conditions ?

idea : repeafed approximierte measurements

give more new information

for
„
chaofic

"

dynamics than for „ regulaer
"

dynamics

rigovousapp.roach : partition
and how they changes under dynamics

Def . : partition L : N regions with measureµ; =/
(Ai)

Ai &µ. = 1
|

Def. : entvopy of partition ✗ :

hk) = - &µ; lulliin



Def. : entvopy of partition × relative tomapt :

x )h (✗F) = hin 1h (x v Tx v TL v . . .

VT
""

uns h

✗ V Ta : combined partition , up
to N
'

regions

✗ V . . . V T
""

✗ : up to N
"

regions

Def . : Kolmogorow - Sinai ehtropy (ovmefriceufopy) of mapt

h (T) = Sup hk ,T)
✗

vemarks : c h (T) 70

• h (T) > o is rigovous version of
sensitive dependance on initial cad .

• uumericd.ly iuconveuieut

° linear map ohfovus (cat Map) : h
= £ Ii (Lyapuuov exponats . 4.5.4)

t; > 0

• Baker map ← exercise



Def . : K - system : h (T) > 0

• very few example : Sinai billiard

Bunimov ich stadium billiard

Def. : C - system (Anosov) : hyperbobic at every point

- example : cat map

- not Sinai billiard nur Buuimov ich stadium billiard :

Fanily of bouuciug ball orbits (measure Zero) is not hyperbvlic

Def . : Bernoulli system : equivalenf to coiuflip
• example : Baker map

one can show : Bernoulli ⇒ C - system ⇒ K - system ⇒ mixing ⇒ ergodie



4.5.4
. Lyapnnov exponent>

motivation : o show

exponeufialdivergeveoffvajecforiesdirecfly.numenicd.lyrelevant method

÷
×
.

"

÷;;;;"

är

Def . : 7 (xo
, e.) : = ein 1- eint

wo→o t Wo
1-→s

vemanhs :

• 7>0 ± exponentiell, iucveasiugdisfa.ua e
"



• M - din - system : M Lyapuuov expo euts Ii (✗o) = 7 (xo , ei)

• Ii = c- Go) are independent of ×, for almosf all ×,
within ergodie component

• ovderin : : 7^7 72 7 . . . 7 IM

• Hamilton iau system
,

N d. o -f. : M = 2N
,
Ii = - IM+1 - i

⇒ • Ei di = O area Conservation
i

• IN = IN +, = O : ← along frajecfory
• perpendicular to energy shell

• N =2 :
. regulaer dynamics : did, -73--4=0
- chaofic dynamics : 7

,
> 0 7<=73--0 Ij - I. SO

• p - dim .
volume element : changes exponentielle with first p Lyapunov exponats

IM In + . . . + Ip



• numerical appvoach for 71

problem : wo > 10
- ^"

} ⇒ finite time t

/ W (✗☐ ,
t ) / << 1 ⇒ I would depend oh ✗☐

(finite time Lyapunov exponent)

Solution : neduce norm of what)
at times T

,
2T

.
. . . ⇒ factor dj

µ""Ä"

to wo

Wo

•

"

7. = %: ¥ führ dj



4. 5.5
. Shadowing Theorem

Numerus for chaofic dynamics has serious problem :

( h > 0)

sound - off envoy had after short time

to Complete Wrong tnajecfwy

Numeries useless ? e. g. 7 = ln 2
,
t 50 : e

#
= 250=10^5

Solution : Shadowiug theorem
s
True trajeetwy

✗=
>
numerical tvajectory

•V7 (pseudo tvaj .)

Shadow trajectory



idea : use hyper bolicity to find shadow trajectory
with slighfly different initial Condition ✗i

which is euerywhere dose to numerical trajectory

a) map contracting in all directions
7 shadow frag. : take some initial und .

as numerical trajeefwy
⇒ all emus of cnn.us . frag .

are contracfed to shadow traf .

b) Map expauding in all directions

7 shadow frag. : take last point of numerical trajeefwy
iterrate backWards

c) general map ie .g. Hamilton ian system)

7 shadow frag. : use beginning of numerical tvajecfory
in Contracting direction

and use end of numerical tvajecfory
in expanding direction

hyperbolic system : 7 shadow frag. for arbifvarily long Times

General system : 7 shadow frag. at least for finite
times


