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Quantum chaos - introduction

→ repeat : 1.2
.

What is quantum chaos ?

classical quantum

• mixed
, regulaer, chaofic

phase Space

• homoLinie taugte
• partial barriere ?
• Lyapuuuv exponent
• Kolmogorow - Sinai eufropy



6. 1 . Is there chaoficdynamics in quantum mechanics ?

Classical quantum
chaos : exponeulich divevgeuce Wave packet,

offvajecfovies with
Ox op ?¥ Heisenberg uucerfainfy

a~bifvan-lyclose.by initial Conditions

for arbifrarily long times oveulapiuifially :

<Y
,
(t :o) 14,4=0) >

oveulap at time t :

< yect) 14,4 >

= < UND / Uncut > 4=44,0)

= <guttun / xdd)
÷

= < y.ws/Yzld>



⇒ q.vn . ovalap is time independent
(physical distance of Wave packefs : Wang ,Wang ,Wu

PRE 2021)

⇒ no expouenfialdiveuge.ua if initial Wave packet overlap

vemavk : also free for classical density plant) with finite widfh !

⇒ Chaos in classical mechanics needsfvajecfovieslpointsi-ph.sn) .

They do not exisf in quantum mechanic .

But : Quantum mechanics musf in duale classical mechanics

in the limit "
→ 0 ( or short: h → o)

typica action
-

length ✗ momentan

problem : limit is singular



Quantum Wave packet fellows classical frajecfwy for finiter times

• widfh of Wave packet in creases

• Ehrenfest time TE : position and momentum expecfafion values
start to deviate from classical frajecfwy

Ehrenfest theorem : exp.ec/-afiouvalues follow

equations as in classical mechanics

with potential averagedover wave packet

What is maximal possible time for Wave packefs to follow diverging d. traf . ?

1. minimal initial distance on ZD Poiucavesecfiou : d(o) VT

2. distance incneases with Cyapuu . v exponent : d (f) = e
"t
d (o)

3
.
maximal distance due to size M of Poincarösecfion : VF d (TE) = EHE du,

⇒ TE = fünf (+⇐ → a for G-→ o)



h
• Heisenberg time TH :

TH =

So F- >
= mean distance of energie

important for time evolution :

HH ) > = e-
"¥

146s> = E <antut > e-
"

Iq >
i u

f
= { Ich> <9.nl fvequehu.es £1
Y Ht

ehe~gyeigusfcfestypiccllyiwcfiovllyvelc.EEd
H Ich > = Eulen> → quasipeüodic

Wave packet probes Spectrum F-
„
with resolution

t < +
µ
: individual levels not resolved

¥ > TH : individual levels resolved ⇒ qm .

time evolution gives

no fuerther information



Berry 1989
Wrong statement about quantum vs. classical :

Quantum mechanics shows no chaos
,

because Schrödinger equations is linear,
while chaofic dynamics appeavs in non - lineare systems.

Why Wrong ? Compares eqs . for wave dynamics with eqs . for tvajecfories

Betten Companion :

q.cn . probability amplitude 4Gt) d. probability density gcq.pt)

✓
time evolution

✓
time evolution

Schrödinger eq . : -9¥ = -¥ Hy Liouville eq. : ¥, = { S ,
H}

But : Heisenberg uuarfaiuty es G-distributions in phase space possible



6. 2 .
Time reversal

quantum dynamics

is more Stable than

classical dynamics

Origin : d. : roundiugerrorsgrowexpouech.lk (t > 0)
and desfroy information about initial condition

q.vn . : numerical errors grow lihearly



6. 3
.
Sensitive dependance on Hamilton operator

• fixed initial condition : 1461 >

. slightly different Hamilton iaus : Hi , H,
ihn#

14,41 > = e- "

1461 >
i.HI

14,41 > = e- "

1461 >

ouerlapattimet : FCH =/< 4,4114kt)
> |
"

Fidelity Peres (19841

↳schmidt echo

I. chaofic : FCH decays with Lyapunov exponat Pasfawskiifalcb.at Goo)

d. regulaer : Shower decay



6. 4
.

Overview

• eigenerohne statistics ,
random matrix theory

- eigenfunctions

• time- periodic quantum Systems : tzickedvofor

dynamiccllucalizafiou

• Semi classics : Gutzwiller trace formula
orbit buuchiug

• qua tun
chaoficscaHering : conducfaveflucf.ua/iousfracfalWeyllaw

Structure of resonancestates

• experimental systems


