
7.4. Random matrix theory

conjecfuve : level statistics of classiccllycha.fi- Systems

is well desaibed by random matrix theory CRMT)

Casati
,
Valz -Gis

,
Guarneri 1980; Bohigas, Giannini , Schmit 1983

remains : . lots of numerical t experimental evidence

• semiclassical
"

proof
"

→ semiclassics

. intuition : no system specific information exapt Symmetrie

⇒ 3 groups of transformations3 universalify classes :

OCN) group of real orthogonal
matrices 0+0=11

Systems with time veversal symmetry : ß --1 utu -11
UCN ) " " unitary "

Systems without time veversal symmetry : ß = 2

Spin systems (4×4 matrix) : ß --4 symplecfic group



7.4.1 . Gaussiau Ensembles

2×2 Matrix
, ß - 1

: H real hermifeau : H --
"
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"
12

Hin Hzz

aim : find pvob . disf. P (H ) =P ( Hm ,
Ha
,
Hu)

under conditions :
es 0 es

1. www.alization : Sdk
, fdtbzfdff, PCH) = 1

-O
- es - es

2. invarianaof.PH/Lel-ti-- OTHO with 0+0=11
under OG) : ⇒ p (H ) =P ( H)

3. independence : PLHI = Pn (Hn ) . Pa, (Haz) . ], (Hu)



sufficient : infinitesimal orthogonal transformation

0 =
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E. (4) =P" ( H„ +0-(-2%1)=214,1+01-24,1%4
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dln?Pz, (Hdz) = Pzz (Haz) 1 + ① • 2h12 du,

d. lutzPult!;) = Pult!) 1+0-(4^-4)
du,

multiply :

PCH
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den'E
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den?
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d 'Hzz⇒odtE- PCH)

⇒ 1 denk =
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d.lu?;n-dlhPE=asomeconsfautHizdHrzHütt, dit du

⇒
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d."¥
= a Hi, ⇒ lupi, = ? Hi + c ⇒ Piz (Hu ) = G, e

? "?
d 'Hm

d."%
= { %, + b

⇒ Pm (Hn) = q, e
¥+4? + b Hu

d 'Hm ⇒ pz, (H" ) = g.ae?=ttz+bHzz
¥ ( Hs? + Hä 1- It!!) + blth.tt)⇒ P ( H ) = ( e

horonalization : a< O

Chasse Zero of energy : O < E. + E, >
= < Hat Hz,>

= 2 < Hm > ⇒ b = 0

-

1- Tv (H)
P (H) = C e

" Gaussiau Orthogonal Ensemble (
GOE)

T T
noronalizatiui [ energy
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nemarhs :

• saure formula for Nx N matrix

•
" " " unitary transformation ( GUE)

" u „ symplecfic " ( GSE )
w

N N
2

• expliätly for GOE : Tr ( H) = [ HE + & 2 Hij
in icj

Companie with Gaussiau :
PK) = ihm e-

¥'
with variauceot

⇒ Hii : Gaussiau
,

mean zero , vaniance < HE. > = §

⇒ Hij : Gaussiau
,

mean zero , variance < Hij > = ¥
immens : Kij wifo

?¥
Hij : = Kijtkji



7.4.2 . Eigenvalue distribution

aim : find PCE , E, ) for GOE : real Symmetrie 2×2 mehr
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- sind Cosa
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Jacobi determinante : J = det

""" '""' "")
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= Er - E,
O ( En
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,
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⇒ PCE
,
E) = C / E- E

,
/ e-
% (E?+E)

general vesulf for N ✗ N matrix and all symmetry classes ß (= 1.2.4)
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P) e- %eE.EE
µ,UH



7.4.3
.

Neanest neighbor level spaciug distribution PCs)
• es

N =L : Pls) = CGDE , SIE, {(s - / E- Ed) ( E - E, /
ß
e-
% (E? E)

- D -s

t
o -_ Ey- E,
• ¥ (⇐+E)

'

+ Ei)
= cfdoj.DE, S ( s - lol ) tot

ß

e)
→
→Ä- t

E. • e-
¥.

= 2C [NE Sß e-¥

noumalitation : Pds PCs) = 1 ⇒ C (B)

average spaäug : Ids S Pls) = 1 ⇒ E (ß)

remauks : . agrees
with PCs) - SB for s → o

• NXN matrix with N→• igives = 1%
connection



Wigner Sunrise (2×2) :

GOE ß=1 :

PCSS = E s e
- E s
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GUE ß = 2 :
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