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Abstract

Higher-dimensional Hamiltonian systems usually exhibit a mixed phase space in which
regular and chaotic motion coexist. While regular trajectories are confined to regular
tori, chaotic trajectories can be transported through a web of so called resonance chan-
nels which disrupt the regular structures. The focus of this thesis are time-discrete 4D
symplectic maps which represent the lowest dimensional system for which the chaotic
transport can circumvent regular tori. While the dynamics of 2D maps are well estab-
lished, many fundamental questions are open for maps of dimension four and higher due
to this property. In particular, the mechanism of the power-law trapping is unknown
for these maps. In this thesis, the organization and hierarchy of the regular structures
of 4D maps is uncovered and the slow chaotic transport close to these structures is
examined. Specifically, this transport is shown to be organized by a set of overlapping
resonance channels. The transport across these channels is found to be governed by par-
tial transport barriers. For the transport along a channel a stochastic process including
a drift is conjectured. Based on each of these two types of chaotic transport a possible

mechanism for the power-law trapping in higher-dimensional systems is proposed.

Zusammenfassung

Der Phasenraum hoherdimensionaler Hamilton’scher Systeme weist iiblicherweise so-
wohl Bereiche regulirer als auch chaotischer Dynamik auf. Reguldre Trajektorien
sind eingeschriankt auf reguldre Tori. Im Gegensatz dazu konnen chaotische Trajek-
torien durch ein Netz von sogenannten Resonanzkanilen, welche den regulidren Bereich
durchziehen, transportiert werden. Der Schwerpunkt dieser Doktorarbeit sind zeit-
diskrete, vierdimensionale, symplektische Abbildungen, da diese das niedrigstdimension-
ale System darstellen fiir welches der chaotische Transport die reguldren Tori umgehen
kann. Aufgrund dieser Eigenschaft ist der chaotische Transport in vier- oder héherdi-
mensionalen Abbildungen kaum verstanden, wihrend die Dynamik von zweidimensi-
onalen Abbildungen allgemein bekannt ist. Insbesondere ist die Ursache fiir den algebra-
ischen Zerfall der Poincaré-Riickkehrzeiten unklar fiir hoherdimensionale Abbildungen.
In dieser Arbeit wird die Organisation und Hierarchie der reguldaren Tori erklart. Es
stellt sich heraus, dass der chaotische Transport in der Ndhe der reguldaren Bereiche
durch iiberlappende Resonanzkanéile organisiert wird. Es wird gezeigt, dass der Trans-
port transversal zu diesen Kanilen Signaturen von partiellen Barrieren aufweist. Als
Modell fiir den Transport entlang eines Kanals wird ein stochastischer Prozess mit
einem physikalisch motivierten Drift vorgeschlagen. Ausgehend von jeder dieser bei-
den Transportrichtungen wird eine mogliche Ursache fiir den algebraischen Zerfall der

Poincaré-Riickkehrzeiten hergeleitet.
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1 Introduction

Hamiltonian systems occur in many areas of physics, chemistry, and mathematics. In
principle, the time evolution of a trajectory or orbit within a Hamiltonian system is
uniquely determined by its initial condition in phase space, i.e. the initial coordinates
of position and momentum. However, a reliable long-term prediction of this time evo-
lution is often impossible as the dynamics typically exhibits an exponential sensitivity
to the initial conditions. This phenomenon is referred to as deterministic chaos [1].
An example is the solar system which is chaotic |2] such that no reliable predictions
are possible beyond sixty million years [3] and even collisions between earth and other
planets may occur. The transport of orbits due to chaotic motion is denoted as chaotic
transport. Understanding chaotic transport is key to, e.g., predict the stability of ce-
lestial motion [4-11], control the beams of particle accelerators [12-16], and to describe
reactions of atoms and molecules [17-21].

The counterpart of chaos is regular motion which takes place on invariant regular tori.
Typical Hamiltonian systems have a mixed phase space in which regions of chaotic and
regular dynamics coexist. The interface between the two types of motion fundamentally
affects the chaotic transport as chaotic orbits tend to stick to the vicinity of the regular
phase-space structures for long times. More precisely, the probability P(7) that a
chaotic orbit spends the time T in the neighborhood of these structures decays as
a power law P(T) ~ T77 ie. much slower than for a fully chaotic phase space for
which P(T') decays exponentially. This so-called power-law trapping entails dramatic
consequences for the transport properties in many systems, e.g., comet orbits in the solar
system [22], many-body systems in disordered enviroments [23], DNA [24], molecular
diffusion [25], microwave ionization of Rydberg atoms [26,27], and even affects quantum
dynamics [28,29]. The trapping causes anomalous diffusion, intermittent non-ergodicity,
and slow decay of time correlations [30-33].

Chaotic transport in the vicinity of regular structures is well understood for Hamilto-
nian systems with two degrees of freedom [34]: The invariant regular tori are barriers in
phase space such that chaotic orbits cannot cross them. In their vicinity so called partial
transport barriers of same dimension exist which allow for a limited flux of chaotic phase-

space volume across them. A hierarchy of these partial barriers governs the dynamics
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and causes the power-law trapping. However, most of the relevant systems have three
or more degrees of freedom and much less is known about their dynamics: A distinctive
feature of these higher-dimensional systems is that the invariant regular tori have an
insufficient dimension to be barriers in phase space. An intuitive way to picture this is
a closed ring in a 3D space. This ring does not constitute a barrier as any two points
in this space can be connected with a line which does not cross the ring. The absence
of barriers has two major consequences: Firstly, chaotic orbits can get arbitrarily close
to any point in phase space. Secondly, the mechanism of the power-law trapping of two
degrees of freedom cannot be generalized to higher dimensions. Thus, even though the
power-law trapping occurs also in higher-dimensional systems [32,35-37| its mechanism

is unknown.

Understanding the regular structures and chaotic transport of higher-dimensional
Hamiltonian systems is challenging as the phase space cannot directly be visualized:
Time-continuous systems can be reduced to time-discrete maps, i.e. an autonomous
Hamiltonian system with f degrees of freedom corresponds to a (2f — 2)-dimensional
symplectic map [1]. In this sense, 4D maps are of particular interest as they represent
systems with three degrees of freedom, which are the lowest dimensional systems for
which chaotic transport can circumvent regular tori. Furthermore, higher-dimensional
systems are usually studied in action space [38—40| or in frequency space |20, 41-46],
which require only half of the dimensions of the corresponding phase space. In frequency
space each regular 2D torus of a 4D map is represented by a point corresponding to its
two frequencies v = (v1,15) € [0,1)% These frequencies define the dynamics on the
torus which can be locally described by action—angle variables I € R?, © € [0,27)?, i.e.
the ¢-th iteration of an orbit on the torus reads I(t) = const. and O(t) = ¢+ 2w (I)t.
If a system is integrable, that is all orbits lie on regular tori, a part of the frequency
space is densely filled with points. If a non-integrable perturbation is added, e.g.,
electromagnetic fields to a hydrogen atom [18,44,47|, regular tori whose frequencies are
close to a resonance condition, my = n for some m € Z*\{0}, n € Z, break up. This
break-up leaves band-like gaps in frequency space, so called resonance channels, which

can be accessed by chaotic orbits.

The chaotic transport in higher-dimensional maps is governed by the web of inter-
secting resonance channels: Chaotic orbits diffuse along the channels by various mecha-
nisms [1,48-55] including Arnold diffusion [1,7,48,49,56]. They also can switch between
overlapping channels [49,57-59] or exhibit even more complex dynamics at the junc-
tion of channels [30,31,39,41,60,61]. While the diffusion along a channel is sometimes
found [43,62,63] and often assumed [39,40,64] to be normal, its generic nature remains

unknown [56,65|. Some features of the chaotic transport in higher-dimensional systems
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can be explained by lower-dimensional subsystems perturbing each other [32, 62, 66].
However, many generic aspects of the chaotic transport, including power-law trapping,
have not been understood and are assumed to be truly higher-dimensional effects with-
out an analog in systems with two degrees of freedom [32,66]. While generalizations of
the partial transport barriers governing the trapping in 2D maps exist [41,67-70|, these
objects seem to lack a sufficient hierarchy and their influence on the higher-dimensional
dynamics is hardly known. Additionally, many studies in the literature are performed
on near-integrable or weakly coupled systems in which the actions and angles of the un-
perturbed or uncoupled system are still a good approximation to measure the chaotic
transport. However, many practial applications are concerned with generic, strongly-
coupled, non-perturbative systems [18,20,71|. These systems exhibit prominent features
such as a large chaotic region surrounding regular structures and resonance channels

which are reaching far into the chaotic region.

In this thesis the slow chaotic transport close to regular structures is examined for the
prototypical 4D map of two coupled standard maps. Firstly, using a combination of 3D
phase-space slices and frequency analysis the organization and hierarchy of the regular
structures is uncovered. Secondly, the chaotic transport is shown to be organized by
a set of overlapping resonance channels. While the transport across these channels is
found to be governed by partial transport barriers, a stochastic process including a drift
is conjectured for the transport along a channel. It is demonstrated how each of these

two types of transport may constitute a mechanism for the power-law trapping.

This thesis is organized as following: Chapter 2 contains an introduction and overview
of the state of the art on chaotic transport in higher-dimensional systems including a
review of preliminary results of the author. In Chapter 3 it is explained how the regular
2D tori of 4D maps are arranged around a skeleton of families of elliptic 1D tori. The
origins of these families are uncovered and a hierarchy of the families similar to the one
present in 2D maps is constructed. Based on these insights about the organization of
phase space a new designed map, the coupled twist maps, is proposed which facilitates
the quantification of the generic chaotic transport. In Chapter 4 the chaotic transport
and power-law trapping is discussed. Trapped orbits are found to stick to the surface
of the regular structures, where their transport is organized by a set of overlapping
resonance channels. This transport is decomposed into four basic phenomena which
are examined separately, namely I) transport across resonance channels, II) trapping
deeper into the hierarchy, I1T) trapping at resonance junctions, and IV) transport along
resonance channels. The first three phenomena I), IT), and III) are shown to be governed
by higher-dimensional partial barriers. While the hierarchy and junctions appear to be

less relevant for the chaotic transport, the transport between resonance channels is
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shown to provide a mechanism for power-law trapping in higher-dimensional systems.
However, numerical results suggest that generically V) the transport along resonance
channels is responsible for the power-law trapping. A one-dimensional stochastic model
for this transport including a physically motivated drift along the channel is proposed.
The challenges of a numerical verification of this model are discussed.

In conclusion, while no definite answer to the question about the mechanism of the
power-law trapping is given, the results significantly advance the comprehension of
transport in 4D maps. In particular, an intuitive picture of the chaotic transport
near regular structures is presented, similar to the excellent understanding available
for generic 2D maps. It should be possible to generalize the results from 4D maps to
even higher-dimensional systems as all these systems share the crucial property that

regular tori are no dynamical barriers in phase space.



2 Regular and chaotic dynamics

Typical Hamiltonian systems are neither integrable nor fully chaotic but have a mixed
phase space in which regular and chaotic dynamics coexist. While the interface between
the two types of motion has a huge impact on the chaotic transport, it is not well under-
stood for the phase space of higher-dimensional systems. Fundamental insights about
Hamiltonian systems can be obtained from the study of symplectic maps. While the
mechanisms within 2D maps are well known, these results can not simply be general-
ized to higher-dimensional maps as their regular tori have an insufficient dimension to
be barriers in phase space. The lowest-dimensional maps with this property are four-
dimensional. This chapter outlines some aspects of chaotic transport with a focus on
2D and 4D maps, including the phenomenon of power-law trapping.

In Sec. 2.1 fundamental concepts of mixed Hamiltonian systems are introduced, in-
cluding symplectic maps as a representation of time-continuous systems. In Sec. 2.2 the
crucial role of higher-dimensional chaotic transport, in particular trapping of chaotic
orbits, is reviewed. In Sec. 2.3 the coupled standard maps are introduced, which serve
as a prototypical 4D map in this thesis. In Sec. 2.4 chaotic transport and phase-space
structures in 2D maps are outlined. In Sec. 2.5 previous results about regular and
chaotic dynamics of 4D maps are discussed. In Sec. 2.6 preliminary studies of the au-
thor are presented which demonstrate that the mechanism of the power-law trapping in

4D maps differs considerably from the one in 2D maps [72].

2.1 Dynamics of Hamiltonian mixed systems

Some fundamental concepts of mixed Hamiltonian systems are introduced in the follow-
ing. First, basic properties of regular and chaotic dynamics are outlined, including the
Kolmogorov-Arnold-Moser (KAM) theorem, which describes the coexistence of these
dynamics due to resonances. Second, the transition from time-continuous Hamiltonian
systems to symplectic maps is sketched. Finally, after a discussion of the stability in
2D and 4D symplectic maps the fundamental difference between 2D and all higher-

dimensional maps is pointed out. A nice overview of the basic principles of Hamiltonian
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systems, mixed phase space, and transport for kicked systems with one degree of free-

dom can be found in Michler |73, sections 2 and 3|.

Consider a time-continuous Hamiltonian system H (p, q,t) with N degrees of freedom.
This dynamical system is described in the phase space (p,q) € U C RY x RN where p
and q denote the momentum and the position vectors, and the time ¢ € R [1,74]. The

canonical equations of motion are

p— P g= 2iPat) 2.1)
dq op

Based on these equations an initial condition @y can be integrated to an orbit x(t)

with x(0) = xy. For an integrable system, i.e. a system with N integrals of motion,

local canonical transformation exists that converts its phase-space coordinates (p, q) to

action—angle coordinates (I, 0) € RY x T for which the equations of motions Eq. (2.1)

change to

OH(I)
BE)

OH (I)

—0 o = W)
oI

I=— = 2mv(I) , (2.2)
with the N-dimensional vector of the fundamental frequencies v € [0,1)" and the
periodic domain T = [0, 27) of each angle ©,. The frequencies define the dynamics on a
N-dimensional torus, i.e. an initial point @y = (p(Iy, Op), g(Iy, ©y)) leads to a so called

regular orbit

with
I(t)=1I, O(t) = (0Og + 2 (Iy)t) mod 27 (2.3)

Hence, such a regular torus is characterized by its actions I which can be computed by
1 N

= g f Snita (2.4)
Vi =

where the closed path ~; is a fundamental path on the torus parametrized by the corre-
sponding angle ©; € T and all other angles being constant. Note that the action-angle
coordinates and thus also the frequencies v of any torus are only defined up to uni-
modular transformations U = (u;;) with 4,5 € {1,...,N}, w;; € Z, and dettd = I,
I € {—1,1}, see Ref. |75, Sec. 15] and Refs. [47,76]. More precisely, if (I,0) are



action-angle variables, then (I, ®) are also action-angle variables with
I=u""'1 ©=U®e -  D=Uv. (2.5)

However, there is a preferred choice given by Eq. (2.4) with the minimal, fundamental
paths on the torus. This action is consistent with the linearization around stable fixed
points and is relevant for the quantized version of the dynamics [47]. Also note that
the action along any closed path on the torus is a superposition of the fundamental
actions, i.e. the action I along a path 5 with m; and my full rotations around ©; and

O,, respectively, is I = mqly + mols.

Generic Hamiltonian systems exhibit chaotic dynamics [74, section 1]. Chaos means
that orbits @(t) of the system are exponentially sensitive with respect to their initial
condition x(0): a small deviation of the initial condition, Azy = «'(0) — x(0) with
[|Axy|| < 1, leads to an orbit @'(¢) exponentially diverging from the original one,
||z(t) — ='(t)|| ~ e with a Lyapunov exponent \. Such an orbit x(t) is called chaotic
and regions containing just chaotic orbits are denoted chaotic as well. While a regular
orbit is confined to a torus, a chaotic orbit can propagate through connected chaotic

regions leading to chaotic transport in phase space.

Generic Hamiltonian systems H are neither integrable nor fully chaotic, but rather
mixed [77]. An important insight about the transition from integrable to chaotic dy-
namics is given by the KAM theorem [1,74]. Consider a system given in form of a sum
H = Hy+ K - H; of an integrable Hamiltonian Hy and a perturbation in form of a non-
integrable Hamiltonian K - H;. The parameter K > 0 determines the strength of the
perturbation. The KAM theorem makes statements about the tori of the phase space
of H, depending on their fundamental frequencies v. That is, frequencies v fulfilling a

resonance condition
m-v=>_0 (2.6)

for any m € Z™\{0} are called commensurable and the corresponding torus is called
resonant torus. The set of resonant tori is dense in phase space of Hy but of measure
zero. The non-resonant tori with frequencies v in the vicinity of a resonance, i.e. for

which

N
m v <y@)m VT =Y myl v m e zV\{0} (2.7)
=1
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with some factor v(v) independent of K and the order m of the resonance m, are
considered to be close to resonant tori [74, section 7.3]. The remaining set of non-
resonant tori, which are not close to resonant tori are of finite measure in the phase
space. From Egs. (2.3) and (2.6) follows that orbits on non-resonant tori are dense on

these tori for t — oo.

For K = 0 the phase space of H is identical to the regular phase space of the integrable
Hamiltonian Hy. For a small perturbation K < 1 all resonant and close to resonant tori
cease to exist. These regular tori are replaced by chaotic regions and new regular tori of
a different topology. The details of this break-up process of resonant tori are presented
in Sec. 2.4 for lower-dimensional and in Sec. 3.2.2 for higher-dimensional systems. The
remaining non-resonant tori are deformed but still present for a small perturbation.
They are referred to as KAM tori. Hence, the former regular phase space contains now
both regular regions with KAM tori and chaotic regions. Such a phase space is called
near-integrable. When the perturbation is increased further, more and more KAM tori
break, starting with the tori which are closest to resonances in the sense of Eq. (2.7). A
broken KAM torus is called cantorus as its remnants are given by Cantor sets in phase
space [78|. For a system with an external driving the resonance condition Eq. (2.6) is

generalized to
m-v=n (2.8)
with m € ZV¥\{0} and n € Z. The resonance condition Eq. (2.8) is abbreviated as

mi:...:my:n (2.9)

still with order m according to Eq. (2.7) and said to be a coupling resonance if n = 0 [49].

Due to energy conservation and using a stroboscopic Poincaré section the dynamics of
the autonomous Hamiltonian system H(p, q) can be reduced to a 2N — 2-dimensional
symplectic map F [74, section 1.3|. For instance, a 4D symplectic map corresponds
either to an autonomous system with three degrees of freedom or to a system with two
degrees of freedom under time-periodic driving. Symplectic means that the map F' is

an orientation and volume preserving diffeomorphism on the phase space

F:U—-U (p',q') = F(p,q) (2.10)

(DF)TJ(DF) = J J = ( 0 -1 )



with the Jacobian DF' and the identity matrix 1. The iterations of the map F' are

z(t) = F{(2(0) = F & ...® F(xo)

t

where the sequence x(t) with ¢ € N is called orbit with the initial condition &(0) = .
The integer iterations t represent the time and also backward iterations are possible
using the inverse map F~1 ie. t € Z.

For any symplectic map F' with a fixed point F'(tf,) = i, or a period-p orbit FP(u,) =
U, the eigenvalues of the Jacobian matrix DF(ug,) or DFP(u,) occur in form of four-
tuples (A, A\, 1/X,1/)) [1, section 3.3]. For 2D maps there are two types of fixed points.
Firstly, if both eigenvalues of DF'(uf,) have a zero imaginary part and are not on the
unit circle, then the linearized dynamics around the point g, or u, has a stable and
unstable direction and the point is called hyperbolic periodic point. Secondly, if both
eigenvalues are on the unit circle, then the linearized dynamics around the point is
stable and given by tori centered around the point, which is then called elliptic periodic
point. In a 4D map there are four possibilities, i.e. elliptic-elliptic, elliptic-hyperbolic,
hyperbolic-hyperbolic and complex unstable [79]. While the first three cases are just
a combination of the 2D cases, abbreviated in the following with EE, EH, and HH,
respectively, the complex unstable case means that all four eigenvalues are not on the

unit circle and have a non-zero imaginary part.

According to Eq. (2.3), regular tori have codimension N in the phase space of the
2N-dimensional symplectic map. For 2D maps their codimension is one, meaning that
they are barriers in phase space. For all maps of dimension four and higher the regular
tori have an insufficient dimension to be barriers, which makes these higher-dimensional

systems fundamentally different.

2.2 Chaotic transport and power-law trapping

Chaotic transport in Hamiltonian systems is important in many areas of physics and
chemistry. The regular phase-space structures strongly affect the chaotic dynamics in
their vicinity, i.e. the chaotic transport in phase space can be slowed down considerably.
For Hamiltonian systems with two degrees of freedom this is well understood [70, 80],
while for higher-dimensional systems many fundamental questions remain open. In
this section, the crucial role of chaotic transport in higher-dimensional systems is re-

viewed. The phenomenon of stickiness, especially power-law trapping, is introduced in
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this section and its impact on chaotic transport is outlined. The mechanism causing

the power-law trapping is a long standing open question.

As mentioned in the introduction, understanding chaotic transport is crucial to pre-
dict the stability of celestial motion [4-11], control the beams of particle accelera-
tors [12-16], and to describe atoms and molecules [17-21]. For instance it is known
that the solar system is chaotic [2| and that no reliable predictions are possible be-
yond sixty million years [3|. Insights about the structure of higher-dimensional phase
spaces could support space missions [81]. Chaotic transport is considered in scatter-
ing processes, which are a fundamental tool to reveal characteristics of natural pro-
cesses [82,83|. Many real life systems are modeled by the coupling of two degree of
freedom systems [84-86| including issues of synchronization [87-89] and thermal con-
ductivity [90]. In chemistry chaotic transport appears for instance in connection with
weak van der Waals bonds [91, 92|, isomerization [30, 31|, and intramolecular energy
redistribution [41,46,60,93]. It is interesting to note, that while molecular dynamics
are of quantum nature, many insights are obtained from classical counterparts, e.g., the
famous transition state theory is a purely classical theory [46,91|. Nevertheless, many

questions about the dynamics of higher-dimensional systems remain [94-96].

A particular open question concerns the power-law trapping. The Poincaré recurrence
theorem states that for a symplectic map F' with a confined phase space U every region
[’ C U is mapped almost completely onto itself in the limits of large times [74,97, section
7.1.3]. More precisely, V x(0) € I'\['g: 3 ¢ > 0: (¢) € I', where the excluded subset
'y € T is of measure zero. The first time 7" an orbit returns to its initial region I’
is called Poincaré recurrence. The statistics of Poincaré recurrences P(T') gives the
probability that an orbit x(t), with «(0) € I', has not returned to I' until time 7". As
only the first recurrence is of interest here, the following sections assume that for any
orbit @ (t) the time is bounded ¢ € [0, 7] with the recurrence time T of the orbit.

For a fully chaotic map Fipaetic the statistics P(T') is analogous to the probability
of a coin toss Puaotic(T) ~ 1/27, i.e. decays exponentially Piaoiic(T) ~ e T [98,99).
However, in generic mixed systems chaotic orbits are observed to stick to the vicinity
of the regular structures for long times. Thus, this vicinity is also called sticky region.
This stickiness crucially affects the chaotic transport. Most importantly, the statistics
of Poincaré recurrences exhibits a power-law decay P(T) ~ T~7 [35]. This so called
power-law trapping is well understood for 2D maps [34]. For the much less investigated
higher-dimensional maps, the power-law decay of P(T") is also observed, despite the fact
that these maps are fundamentally different. An explanation for the power-law trapping

in higher-dimensional systems is missing so far.
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As mentioned in the introduction, the power-law trapping entails dramatic conse-
quences for classical transport, such as anomalous diffusion, and for quantum me-
chanical properties, such as conductance fluctuations and long-range interaction, see
Refs. [20, 45, 100] and references therein. More precisely, power-law trapping causes
intermittent non-ergodicity and slow decay of time correlations [101,102] with 1/f
spectra |30, 31,103,104]. It is an origin of anomalous diffusion as the slow trapped
orbits may cause subdiffusion or sticking to so called accelerator modes may enhance
transport causing superdiffusion [32,33,105,106]. Thus, power-law trapping is an im-
portant aspect for many systems, e.g., comet orbits in the solar system [22], many body
systems in disordered environments [23], molecular diffusion [25|, microwave ionization
of Rydberg atoms [26,27], and even for DNA [24]. The recurrence statistics have also
been used as indicator of chaos and synchronization [107]. In chemical reactions the
recurrence time is related to the reactant lifetime [91,92,108]. The trapping even affects
quantum dynamics [28,29], although in real systems the long time dynamics is probably
governed mostly by quantum mechanical effects [91]. In 2D maps the understanding of

the power-law trapping enables efficient control of this phenomenon [109].

For the well studied case of 2D symplectic generic maps the exponent v of the power-
law decay is found to be on average v ~ 1.5 [22,34,35,110-113] and is believed to be
universal [114-116]. Based on the trapping at marginally unstable periodic orbits an
upper bound for the power-law exponent 7 < 2 in 2D maps is given [117|. The exponent
is observed in the range 1.1 < v < 1.5 for 4D, 1.7 < v < 2 for 6D and 1.3 < v < 5.5
for maps with N = 25 degrees of freedom [32,35-37] and it has been conjectured that
independently of the degrees of freedom the exponent is universal v ~ 1.3...1.4 [37].
Note that there is a difference for the value of v between maps and time-continuous

systems and sometimes the power-law is more straight in the time-continuous case [22].

There are some other commonly used statistics which are related to P(T"). One is
the survival time S(7T'), which denotes the probability that an orbit is still in the initial
region [" at time 7. If the initial region for the survival times S(7) is chosen to be the
complement of the initial region for the Poincaré recurrences P(T) with a power-law
P(T) ~ T, S(T) exhibits a power-law S(T) ~ T~V [101,117,118]. A third option
is to measure the time orbits require to escape from a small part of the sticky region to
the chaotic sea. This escape or survival time should exhibit the same long-time decay

as the statistics of Poincaré recurrences.
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2.3 Example system - coupled standard map

Higher-dimensional systems are often studied through using symplectic maps of di-
mension four and higher. Such maps have a lower dimension than the corresponding
time-continuous systems and are numerically more convenient. A typical model system
is the coupled standard map, which is mainly used in this thesis. Thus, the following
sections use without loss of generality such time-discrete maps. After a short review of
applications of symplectic maps, the standard map and the coupled standard map are
introduced and the choice of the parameters is discussed. While in the literature 4D
maps are mainly studied for weak coupling or in the near-integrable regime, the focus in
this thesis is on generic, fully coupled systems. The standard map serves as reference for
a generic 2D symplectic map with which the results for the higher-dimensional systems

can be compared.

Symplectic maps are often used to investigate fundamental aspects of chaotic trans-
port and instability [70]. Maps of dimension two allow to investigate chaotic transport
in plasmas and fluids [119]|, maps of dimension two and four are used to study dy-
namics of particle accelerators [12,13,16,38,120], molecular fragmentation [91,92|, and
galactic dynamics [4,9,11,22] and are also relevant in crystal physics [121]. Coupled
symplectic maps are used to understand synchronization |87,88] and thermal conductiv-
ities [90], and can exhibit physical properties similar to those of disordered Hamiltonian

systems [86].

The well studied 2D standard map corresponds to the Hamiltonian Hy,(p, q,t) of the
kicked rotor

2

Hoo(p.q.t) = Too(p) + Y _6(t —n)Va(q)  Ton(p) = %
P net (2.11)
Von(q) = e cos(2mq)

with the kinetic energy Ty, the potential V5, and the kicking strength K. The domains
are p € [—0.5,0.5) and ¢ € [0,1) with periodic boundaries. From the Hamiltonian
Hsy,(p, q,t) follows for times t = n+ e > n, right after the kick, the symplectic map Fy,

¥, ¢) = Fon(p, q) (2.12)

/

= - sin(2mq’)
+ sin( 27t
D p 5 q

/

qg=q+p
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solving the equation of motion emerging from Eq. (2.11) over one period of the driving.
While the system is integrable for K = 0, here usually K = 2.25 or K = 2.5 is chosen.
For these parameters the phase space of F5, has an elliptic fixed point in the center at

(p,q) = (0,0.5) surrounded by a regular island, which is embedded in a chaotic sea.

The coupled standard map, suggested by Arnold and devised by Froeschlé [122] cor-
responds to the Hamiltonian Hy(p, q,t) of N coupled, kicked rotors is

SN

Hy(p,q,t) = Tn(p) + > 6(t — n)Vi(q) TN(p>:Zp

ne’ ?
N
Z s(27mg;) + — cos (27T <Z ql)>

with the kinetic energy T, the potential Vy, the kicking strengths K; and the coupling

(2.13)

parameter £. The domains of the momentum p and position q are p € [—0.5,0.5)"
and g € [0,1)" with periodic boundaries. From the Hamiltonian Hy(p, q,t) follows for
N = 2 the two coupled standard maps Fsc

(P, 4') = Fsc(p, q)

K
pi==p1+-—isﬂﬂ2ﬂ%)+-jisﬂw2ﬂ(%:+qa)

2m 21

K . '
Py =p2+ 2—; sin(27tqh) + % sin (27t (g1 + ¢5)) (2.14)
G =aq+n
Gy = q2 + D2

where the kicking strengths are set to K; = 2.25 and Ky = 3.0. A strong coupling
¢ = 1.0 is chosen.

The perturbation and coupling parameters K;, £ are chosen large to ensure that
Fsc is a generic 4D map. This choice is motivated by the following: In the litera-
ture usually weakly coupled systems [4, 32,60, 62,66,123-126|, e.g., £ < 1072, or near-
integrable systems [39,40,127] are considered such that the actions of the uncoupled or
unperturbed system are still a good approximation to measure chaotic transport. This
also allows to obtain results by normal-form tools [39,128-134] or other perturbative
schemes [135-137]. However, many practical applications are concerned with generic,
strongly coupled, non-perturbative systems [71]| such as the hydrogen atom in crossed
fields [18,44,47] or energy flow in planar OCS molecules [20,45]. In principle, also issues
of ionization, attosecond fields, and plasma oscillations should belong to this kind of

systems. Thus, it is particularly relevant to investigate the dynamics in systems far
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from integrability and far from fixed points. Such dynamics are studied with the chosen
map Fsc.

The linearization of the map Fsc at a point (p1,p2, ¢, ¢2) is given by the Jacobian
D Fyc(typ)

1+B,+C C B, +C C

O(Fsn(xs) - e C 1+B,+C C By +C

e e I " S
7 ij

0 1 0 1

with B; = K; cos(27(p; + ¢;)) and C = £ cos(2m(py + p2 + ¢1 + q2)). Hence, the phase
space of Fsc has an EE fixed point at the center ug, = (0,0,0.5,0.5). The eigenvalues
(AP AP AP AP) of the linearized dynamics around g, are (exp (& 2714?), exp (i 27m04”))

with (v, vP) = (0.30632,0.12173) and corresponding eigenvectors

vl = 5P = (—0.4864,0.7019, 0.2432 + 0.1694i, —0.3509 — 0.2445i)

(2.15)
v — o — (0.1834 — 0.4561i,0.1271 — 0.3160i, —0.6587, —0.4565) .

The center Uy, is also used as point of origin. Also the period-7 EE orbit with one point
up = (0.0,0.0,0.583438087,0.618666288) is frequently used. Its eigenvalues with respect
to the 7-th iteration are (exp (&i 27wvy), exp (£i 2mv4)) with (v],v4) = (0.1515,0.0838).
Note that there is another period-7 orbit analogous to @, [138].

2.4 Dynamics in 2D maps

The dynamics of 2D maps have been extensively studied. In particular, the organization
of phase space in terms of class and level hierarchies and the chaotic transport in terms
of partial barriers is well known [70,139]. Furthermore, the mechanism of the power-
law decay of the statistics of Poincaré recurrences for generic 2D maps in terms of a
hierarchy of partial barriers is well understood. In this section, the break-up process
of resonant tori is reviewed along with the consequences for the hierarchy of the phase
space and chaotic transport. In particular, some of the structures resulting from the
break-up cause the trapping close to KAM tori.

According to the KAM theorem, discussed in Sec. 2.1, tori close to a resonance break
up in case of a small perturbation of the integrable Hamiltonian. In the 2D phase space
the tori are 1D invariant, closed lines with one fundamental frequency v, see Eq. (2.3).
Thus, a torus is resonant if this frequency is a rational number v = n/m, see Eq. (2.8).

Every orbit on this resonant torus is a periodic orbit with period m. The Poincaré-
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(b) Level hierarchy for K = 2.25, T' = 10781549

Figure 2.1: Chaotic orbits trapped in the hierarchical phase space of the 2D map Fbp,
i.e. mainly trapped along (a) the class hierarchy for K = 2.5 and (b) the level hierarchy
for K = 2.25. The points of the chaotic orbits are colored according to their iteration time
t € [0,7] and some regular orbits are shown in red. The initial region is I' = {(p,q) € U :
g <0.1}

Birkhoff theorem states that 2k of these period-m orbits with £ € N, &k > 1 remain
when the resonant torus breaks up due to a perturbation. These periodic orbits form a
chain of alternating hyperbolic and elliptic periodic orbits.

The dynamics in the vicinity of an elliptic point can be approximated by a Hamilto-
nian similar to the one presented in Sec. 2.1 given by an integrable part with a small
perturbation. Hence, this subsystem denoted as regular island is again subject to both
the KAM and Poincaré-Birkhoff theorem. This leads to two self-similar hierarchies of
island chains in the phase space, the class hierarchy and the level hierarchy [1,139]. Tt
should be pointed out that recent investigations showed that while each of the hierar-
chies exhibits universal properties, these properties differ between the two types [140].

The class hierarchy denotes the hierarchy due to the organization of islands around
islands. In Fig. 2.1(a) the phase space of the map Fs, for K = 2.5 with some regular
tori in red and one chaotic orbit colored according to its iteration time is shown on

different scales in order to demonstrate the class hierarchy. In the left plot the regular
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tori surrounding the elliptic fixed point in the center at (p,q) = (0,0.5) are visible.
This central island is surrounded by a period-4 island chain whose elliptic periodic orbit
is part of the remains of a broken resonant torus. In the magnification of one of the
subislands again four smaller subislands appear, and this hierarchy is continued for
another scale. The phase space structures can be labeled according to their position in
this hierarchy. For instance an elliptic fixed point of class ¢ is surrounded by regular
tori of class ¢ + 1. A periodic orbit from a broken resonant torus of class ¢ + 1 is also

¢+ 1 and its surrounding regular tori are of class ¢ + 2.

The level hierarchy describes the hierarchy of island chains within one class approach-
ing the outermost KAM torus. As generally the frequencies of the regular tori around an
elliptic fixed point change monotonically, there exists a series of island chains whose ra-
tional frequencies v = n/m approach the frequency of the outermost KAM torus. Their
sequence in phase space is governed by the sequence of their frequencies. In Fig. 2.1(b)
the phase space of the map Fy, with K = 2.25 is shown analogous to Fig. 2.1(a) in
order to demonstrate the class hierarchy. At this parameter the period-4 island chain is
surrounded by KAM tori, which denies orbits from the chaotic sea to access the vicinity
of this chain. Instead, the area filled by the chaotic orbit in the magnifications reveals
several white holes corresponding to other island chains whose sequence converges to
the outermost KAM torus. Note that around each of these island chains deeper classes

can be found.

The hyperbolic points which are in between the elliptic points of an island chain
are not shown in Fig. 2.1. The stable direction of a hyperbolic point x; gives rise
to a smooth stable invariant manifold W#(x,) = {x € U : limy,o, F'z = x;} and
the unstable direction to a smooth unstable invariant manifold W*(x),) = {x € U :
lim; ,o, F~'x = x,}. The point intersections of two manifolds W#(x;) and W"(x},) are
called homoclinic points if &, = @, and heteroclinic points if x;, # @}. Besides being an
origin of chaotic dynamics [141], these intersections give rise to partial transport barriers

with a very limited chaotic flux across them. Cantori are another type of partial barrier.

In an island chain the chaotic area embedded in between the regular islands of the
elliptic periodic orbits and the manifolds of the hyperbolic periodic orbits is called
stochastic layer. Thus, there is chaotic dynamics in the stochastic layers while transport
in between the layers of an island chain and its adjacent island chains only happens
once in a while. In principle, each stochastic layer has three adjacent layers, one level
towards and one level away from the outermost KAM torus of the current class ¢, and
one class ¢+ 1 deeper into the hierarchy. Of course for some layers one level away from
the outermost torus corresponds to going into a higher class ¢ — 1. This dynamics is

visible for the trapped orbits colored according to their iteration time in Fig. 2.1. In
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Fig. 2.1(a) the colors of the trapped orbit illustrate how it is swiftly transported from
the chaotic sea three classes deep into the hierarchy and back into the chaotic sea. Due
to the decreasing flux deeper into the hierarchy, the orbit spends most of the time in the
deepest class it reaches. In Fig. 2.1(b) the orbit is mostly transported from the chaotic
sea along the levels towards the outermost KAM torus. The differently colored bands
with sharp transitions between them demonstrate the stochastic layers with small flux
in between them. Again the orbit spends most of its time within the deepest levels it
reaches. In Sec. 4.2 it is demonstrated that partial barriers and the hierarchies of 2D

maps are also well detectable in frequency space.

Based on the transport within the class and level hierarchy, a Markov tree can be
constructed explaining the power-law decay of the statistics of Poincaré recurrences as
a superposition of exponential decays from the individual layers [34|. Thus, there are
log-periodic oscillations on the power-law decay observed in 2D maps. While a Markov
chain can be constructed for class [105] and level [102] hierarchy individually, both
hierarchies are needed to simulate the transport correctly [100]. Also note that cantori
are the partial barriers which dominantly inhibit the chaotic transport [34]. Models
to quantify the flux through them are based on the sequence of island chains whose
rational frequencies converge towards the irrational frequency of the cantorus in terms

of a continued fraction expansion.

2.5 Dynamics in 4D maps

The chaotic transport in terms of partial barriers as sketched in Sec. 2.4 for 2D maps can
not simply be generalized to higher dimensions as the regular tori have an insufficient
dimension to be barriers in phase space. This allows chaotic orbits to get transported
arbitrarily close to any point in phase space by the so called Arnold diffusion. The
lowest-dimensional maps with this fundamental property are 4D maps which are the
focus of this thesis. In this section, previous results for phase-space structures, chaotic
transport, and trapping in higher-dimensional systems are outlined. While the chaotic
transport is known to be majorly organized by resonance channels, next to nothing is

understood about the mechanism of the power-law trapping.

In Sec. 2.5.1 chaotic transport, relevant phase-space structures and established meth-
ods for examining higher-dimensional systems are discussed, mostly in frequency space.

In Sec. 2.5.2 results on power-law trapping and stickiness are reviewed.
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2.5.1 Transport and phase-space structures

Higher-dimensional systems are usually studied in the frequency space [20,41-46] or the
action space [38—40]. For instance, each regular 2D torus of a 4D map is represented
by a point marking its two frequencies v = (v1,15) € [0,1)? or the corresponding two
actions I, see Eq. (2.3). As this thesis presents results mainly in the frequency space,
the action space is not discussed in the following. In an integrable system the phase
space is foliated by regular tori and the frequency space is densely covered with points.
But if a non-integrable perturbation is added, e.g., electromagnetic fields to a hydrogen
atom [18,44,47], according to the KAM theorem only diophantine regular tori survive,
i.e. not fulfilling Eq. (2.7). Consequently, the densely covered areas are disrupted by
straight channels. While infinitely many of these so called resonance channels exist, both
their width in frequency space and their phase-space volume decreases exponentially

with increasing order of the resonance [39,40,49,62].

The resonance channels can be accessed by chaotic orbits. One kind of chaotic trans-
port along a channel is Arnold diffusion [1,7,48,49,56] and thus the network of in-
tersecting channels is called Arnold web [48,49]. Several mechanisms have been pro-
posed in the mathematical literature in order to describe and quantify the details of
Arnold diffusion [48,49,53-55]. For instance the heteroclinic intersections of the invari-
ant manifolds along families of hyperbolic 1D tori are believed to mediate a transport.
Five regimes of transport are usually distinguished in the Arnold web: Arnold diffu-
sion along a single channel, modulational diffusion along partially overlapping chan-
nels [1, 52|, resonance streaming along a single channel [1, 50, 51|, the transport at
overlapping channels, the so called Chirikov overlap [49,57-59], and the dynamics at
an intersection of two channels, so called resonance junctions [30,31,39,41,60,61]. A
junction of resonances has an intricate phase-space structure consisting of periodic or-
bits of different types of stability, families of elliptic and hyperbolic lower-dimensional
tori, surrounding higher-dimensional tori, and corresponding invariant manifolds. Note
that at resonance junctions the chaotic transport is inhibited along the resonances due
to trapping [41,60] as well as facilitated across the resonances due to resonance over-
lap [39, 60, 142|. The Nekhoroshev estimate gives an upper bound for the long-time
stability depending on the strength of the perturbation [1,59]. In some situations the
local diffusion coefficients D(I) € R? of these processes can be obtained by normal
form analysis [39] or semi-analytical methods [66]. However, while the diffusion along
a channel is sometimes found [43,62,63] and often assumed [39,40,64| to be normal, its
generic nature is unknown [56,65]. For instance, in some cases a subdiffusive transport

is observed, which is not yet understood [66]. Furthermore, a drift along resonance chan-
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nels due to the curvature of the tori is expected [143,144]. Also for near-integrable sys-
tems [39,40,145] or systems consisting of two low dimensional systems which are weakly
coupled [32,62,64,66| the dependence of the diffusion coefficients on the strength of the
perturbation [39,40,64,66,125| or the coupling parameter has been studied [4,62,64,125].
The studies in weakly coupled systems traced back some features of the transport in
higher-dimensional systems to effects caused by one lower-dimensional system perturb-
ing the other [32,62,66]. However, many generic aspects of the chaotic transport have
not been explained and are assumed to be truly higher-dimensional effects. Some-
times, chaotic transport is measured in the frequency space. For this, frequency or
wavelet analysis is used to numerically assign frequencies to segments of a chaotic or-
bit [41,43,146]. Also there exist a number of chaos indicators to distinguish regular
and chaotic dynamics like finite-time Lyapunov exponents [33,147,148|, Fast Lyapunov
Indicator [149-151|, and many more, see e.g. [152-154| and references therein.

While the representation of regular tori in the frequency space is convenient, their
organization in phase space is more complicated: For a 2/N-dimensional symplectic
map the corresponding phase space in general contains regular tori of dimensions d =
0,...,N [128-131], in the following denoted as d-tori. The behavior normal to lower-
dimensional tori (0 < d < N) and fixed points (d = 0) can be an arbitrary combination
of hyperbolic and elliptic components [134, 155, 156]. A d-torus is called elliptic or
hyperbolic if all its normal components are elliptic or hyperbolic [155]. Hyperbolic tori,
also called whiskered tori, are important for many dynamical properties of a system
including Arnold diffusion |21, 48,95,128,129]. The regular tori have a hierarchical
ordering in the sense that Cantor families of elliptic d-tori are arranged around elliptic
(d—1)-tori for 0 < d < N in an intricate way |134,155,157|. It is known that 2D tori can
break up into elliptic and hyperbolic 1D tori [132] or EE, EH and HH periodic orbits [79].
There exist also some results on the bifurcation of 1D tori [158-161]. However, there is
no comparable theory to Greene’s criterion in higher dimensions, which describes the

robustness and destruction of multi-dimensional tori [14, 160, 162].

2.5.2 Trapping and stickiness

Power-law trapping is only well understood in 2D maps, where the chaotic orbits stick
to the vicinity of the regular tori due to a hierarchy of partial barriers, see Sec. 2.4.
These partial barriers result from stable and unstable manifolds of hyperbolic periodic
orbits or cantori. While there are generalizations of these barriers to higher dimensions
via normally hyperbolic invariant manifolds [68, 163—-165|, analogues of broken sepa-
ratrices (92,166, 167] and higher-dimensional concepts of cantori [41, 60, 67, 69|, they
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seem to lack a sufficient hierarchy. A nice detection of normally hyperbolic invariant
manifolds in relation with the Arnold web can be found in Ref. [168]. While the exis-
tence of cantori is proven in higher-dimensional systems [69], only a few indications of
their nature and manifestation have been reported [41,46,60]. In higher-dimensional
systems such partial barriers also have holes due to intersecting resonances [41], see
also the introduction of Ref. [72]. The short time behavior of the statistics of Poincaré
recurrence times of 4D maps can be modeled by white noise perturbing a generic 2D
map [32,82,108,118,169]. More precisely, for short times after an exponential decay due
to the chaotic sea the power-law decay of an uncoupled 2D map is observed. After that,
enhanced trapping P(T) ~ T2 occurs due to a random walk within the regular island
of the 2D map which is followed by an exponential cut-off due to the finite size of the
island. However, for even longer times, stronger perturbation, or coupling a power-law
decay is observed which can not be explained by noise on a 2D map and is suspected to
be a genuinely higher-dimensional effect. Features of this higher-dimensional trapping
are a very straight power-law decay without the oscillations typical for 2D systems [37]
and in 4D maps both Lyapunov exponents of trapped orbits suddenly becoming close
to zero [170|. It was conjectured that for higher-dimensional systems the stickiness
resembles the trapping at marginally unstable periodic orbits P(T) ~ T2 [117], but
the relevance of such periodic orbits is questionable [169,171]. For very large times
the superexponential stickiness of Lagrangian tori may play a role [155,172]. Also the
transport in the Arnold web may cause a power-law decay due to a one-dimensional
P(T) ~ T7/2 or two-dimensional P(T) ~ T~! random walk through the web [64,125].
However, none of these results explain the observed power-laws. In Refs. [30,31] orbits
starting from a chaotic saddle and getting trapped in the Arnold web pass a region
far away from major junctions on their way in and out of the Arnold web. This region
causes a power-law decay and subdiffusion, while the junctions of the Arnold web rather
cause an exponential decay and normal diffusion. This regime could be related to the

trapping observed in Ref. [72], see Sec. 2.6.3.

2.6 Preliminary studies

In this section, studies performed by the author during his diploma thesis are re-
viewed [72]. The combination of a new visualization method and frequency analysis
enables unprecedented insights into the higher-dimensional phase space of 4D maps. In
particular, chaotic orbits are found to be trapped at the surface of regular structures
outside of the usual Arnold web. In contrast to the power-law trapping in 2D maps,

the trapped orbits exhibit no signs of a hierarchy. Instead, their transport seems to be
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governed by a set of open resonance channels. As the presented methods are also em-
ployed in this thesis, this section also contains basic parameter choices and algorithms
used in the following chapters.

In Sec. 2.6.1 the 3D phase-space slices are introduced in order to display the 4D phase
space in a comprehensible way. In Sec. 2.6.2 this representation of the phase space is
complemented by frequency analysis, which is also performed on trapped orbits. In
Sec. 2.6.3 the preliminary results regarding trapping obtained by these methods are
reviewed and illustrated, introducing the new notions of open and closed resonance

channels.

2.6.1 3D phase-space slices

Many insights about the classical and quantum dynamics of 2D maps have been obtained
from phase-space pictures, such as Fig. 2.1. Such a direct visualization of phase space
is not possible for higher-dimensional systems. Starting with the pioneering work of
Froeschlé [173,174|, several methods have been introduced to display the dynamics in a
lower-dimensional space. Examples are two-dimensional plots of multi-sections [151,174]
or projections to two [5,173,175,176| or three [177-179| dimensions, also including color
to indicate the projected coordinate [180, 181], frequency analysis [41, 43,44, 46|, and
action-space plots [38].

In Ref. [72] and this thesis the 4D phase space is visualized using 3D phase-space
slices [182,183]. In Fig. 2.2(a) an example for the two coupled standard maps Fyc is
shown, where the slice condition for one coordinate is |ps — p3| < e with p5 = 0 and
e = 10~%. Whenever a point of an orbit lies within this slice, the remaining coordinates
(p1,q1, q2) are displayed in a 3D plot. The 3D impression is considerably enhanced when
the figure is rotated. Note that more generally one can define a rotated 3D phase-space

slice by the slice condition
|u-n— D| <e, (2.16)

for points @ in phase space, where 7 is the normal vector of the chosen slice and D is
the distance of the slice to the origin.

Objects of the 4D phase space appear reduced by one dimension in the 3D phase-space
slice, e.g., each 2D regular torus typically leads to a pair of 1D rings. However, also none,
i.e. the slice does not intersect the torus, or more rings are possible. Periodic orbits will
usually not be visible in the 3D phase-space slice. A typical chaotic trajectory fills a
4D volume in the 4D phase space. In the 3D phase-space slice this leads to a sequence

of points filling a 3D volume. In Fig. 2.2(a) several groups of regular tori are displayed
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Figure 2.2: (a) Visualization of the phase space of the two coupled standard maps Fsc
using a 3D phase-space slice with |[ps| < 10~* with some regular 2D tori appearing as
colored 1D lines and a chaotic orbit in blue. Each regular torus is iterated such that 4000
points are in the slice. The differently colored regions of regular tori are denoted in the
text. (b) Corresponding frequency space of Fsc with regular tori shown as gray points.
The regular tori from (a) are highlighted in corresponding colors. Some resonances are
indicated as dashed lines and labeled by their coefficients mj : mg : n, see Eq. (2.8). The
EE fixed point g, corresponds to the center in (a) and to the rightmost tip in (b) with

frequencies (P, P) = (0.30632,0.12173), see Sec. 2.3. [Modified from Ref. [182]]

in different colors along with a chaotic orbit in blue, which indicates the surrounding
chaotic sea. This nicely demonstrates how a 3D phase-space slice allows for displaying
several different orbits at the same time and provides a global visualization of their

arrangement in phase space.

The different regions of regular tori colored differently in Fig. 2.2(a) are denoted
as following: central island (red), horseshoe and inner end of the horseshoe (pink),
outer ring (cyan), top tower (purple), region around the resonance —1 : 3 : 0 (green),
and period 7 islands (orange). The horseshoe, named according to the appearance
of its regular tori in the 3D phase-space slice in Fig. 2.2(a), will turn out to be the
most relevant region for this thesis. Also note that some of the 3D phase-space slices
presented in this thesis are modified versions of slices from papers of the author. For
these slices videos with a rotating view are available as supplemental material on the

journals website or http://www.comp-phys.tu-dresden.de/supp/.


http://www.comp-phys.tu-dresden.de/supp/

2.6.2 Frequency space in relation to phase space 23

2.6.2 Frequency space in relation to phase space

The combination of 3D phase-space slices and the established frequency space has proven
very fruitful [182]. On the one hand, the frequency space allows to explain gaps and
characteristics in the phase space by resonances and to separate distinct regions. On
the other hand, the 3D phase-space slices enable to interpret ambiguous frequencies,
e.g., at resonances, and to consistently assign frequencies. In this section, this mutual
complementation of the phase and frequency space is demonstrated for regular tori of
the map Fsc. At the end of this section, some technical details of the frequency analysis
are outlined including the parameters used throughout this thesis. Also the frequency
analysis for chaotic orbits is discussed.

Each frequency pair (v, v5) of a regular torus is calculated from At = 4096 iterations
using a fast, analytical interpolation method [146, Sec. 4.2.4]. The error of this method
scales with At~* like the original method of Laskar [42,43]. The regular tori of Fig. 2.2(a)
are shown in the frequency space in Fig. 2.2(b) by correspondingly colored points.
The gray points represent regular tori obtained by starting 10® initial conditions with
uniformly, random chosen py, ps € [—0.2,0.2] and ¢y, g2 € [0.3,0.7] in the 4D phase space
of Fsc¢. Note that for strongly coupled maps far from integrability a sampling on 2D
planes is not sufficient as this will typically miss some regions with regular motion. To

decide whether an orbit is regular the frequency criterion
max (|v; — 7|, [ve — Du]) < 1077, (2.17)

is used where the frequency pair (7, 7) is calculated from At further iterations. As
expected, areas of gray points are disrupted by resonance channels in Fig. 2.2(b). Some
important resonances are labeled and indicated by dashed lines.

A comparison as in Fig. 2.2 allows to explain features in phase space by resonances in
frequency space. For instance, the orange island chain in the phase space in Fig. 2.2(a)
represents a part of the junction of the resonances 7:0:2 and 0: 7 : 1 in Fig. 2.2(a)
and the green tower-like structure is caused by the resonance channel of the resonance
—1:3:0. Also the gap between the cyan structure and the red one in Fig. 2.2(a) is
caused by the resonance —1:2:0 in Fig. 2.2(b).

Note that the frequencies (v, 1) are only defined up to a unimodular transformation,
see Sec. 2.1. Using the 3D phase-space slices we can choose the frequencies consistently
such that regular tori which are close in phase space are also close in the frequency
space. Explicitly, we make the following transformations: i) if ; > 0.5 then v; — 1 —1,
ii) if o > vy then (v1,10) — (19, 11), iii) for tori of the type shown in pink in Fig. 2.2(a)

with vo > 0.25 we use (v1,1) — (v1, —4v1 4+ 15). The resulting frequency pairs reside in
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the small region of the frequency space. Determining the correct transformation is also
accomplished with the help of 3D projections [182] as the remnants of broken resonant
tori display a geometry from which the original resonance can be read off [132,159], see
also Sec. 3.2.2. For thin or distorted tori the computation of the correct frequency pair is
challenging [72,184,185], as is the interpretation of frequencies with respect to different
fixed structures, see Sec. 3.3.2. Note that there are a few concepts for straightening out
tori analytically [71].

As mentioned in Sec. 2.5.1, frequency analysis is also applied to chaotic orbits by
assigning numerically frequencies to segments of length At. More precisely, a chaotic

orbit @(t) with recurrence time 7" is mapped to a sequence of frequencies v(t) by

{x(0),...,z(At — 1)} — v(0)

{2(At),...,2(2At — 1)} 5 v(AL)
(2.18)

{z(nAt),...,xz(T)} — v(nAt)

with n = (T'— (T mod At))/At —1 and T = T + 1. Apart from displaying v(t) in
the frequency space, the components can also be presented in time—frequency plots [41,
43,60]. The frequencies are computed from the complex signal z;(t) = ¢;(t) — ip;(¢).
For the two coupled standard maps the frequencies are obtained from the first degree of
freedom 2z (t) by determining the dominant frequency first, subtracting all harmonics up
to order three from the Fourier spectrum and then determining the next most important
frequency. For details on this procedure including pitfalls see Ref. [72]. For the coupled
twist maps introduced in Sec. 3.5 each frequency v;(t) is obtained as dominant frequency
from the corresponding degree of freedom z;(¢). Note that for noisy signals, like trapped
orbits, one expects from considerations and numerical simulations that the interpolation
method is less accurate than the original method of Laskar, in particular, frequencies
tend to be shifted away from values v = j/At, j € N. This artifact depends on the
strength of the noise and is not a priori problematic as for noisy signals or signals with
varying frequency the mapping to a single frequency is ambiguous anyway. Nevertheless,
all results are checked for consistency using both methods and for all density-like plots

in chapter Sec. 4 the original method is used to avoid confusion.

2.6.3 Power-law trapping

In this section, preliminary results [72] regarding the power-law trapping are reviewed

and illustrated. In Ref. [72] the 4D symplectic map Fsc is studied, which has a regular
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region embedded in a large chaotic sea, i.e. it is far away from the near-integrable
regime. Using a combination of 3D phase-space slices and frequency space, it could be
determined that the trapped chaotic orbits, which cause the slow power-law decay of
escape times, stick to the surface of the regular structures. The following statements
about the power-law trapping could be made: Tt is clearly different from trapping in
2D maps, as the trapped orbits do not explore the hierarchy of the 4D phase space.
Moreover, it is not related to the typical Arnold web. Instead, the trapped orbits seem to
be governed by a heterogeneous, anisotropic, anomalous 2D stochastic process through
the sticky region, which consists of a large set of overlapping resonance channels. In this
context the notion of an open resonance channel is introduced. A special representation

for the frequencies of the horseshoe is chosen for the following chapters.

In order to obtain the statistics of the Poincaré recurrences P(T'), see Sec. 2.2, the

initial region I'" is chosen for the map Fs¢ with the phase space U as

I'={(p1p2,q1,02) €U: qn <0.1}. (2.19)

By visualization of the phase space it is confirmed that I" lies completely in the chaotic
sea. The region I is indicated in Fig. 2.3 by the blue box to the left of the 3D phase-space
slice shown as inset. Since I covers 10% of the phase space and the chaotic region is quite
big, it is assumed that once a trapped orbit returns to the chaotic sea, it recurs. This
means that for all orbits the observed effects result from the properties of a single sticky
region and not from repeated trapping at different regions. In Fig. 2.3 the statistics P(T)
are determined for Fyc using ~ 10'? initial conditions uniformly distributed within T
The distribution shows a very straight power-law decay P(T) ~ T~ with an exponent
~v = 1.6 over more than 5 orders of magnitude. The typical exponential decay for small
times is due to the chaotic sea. The inset shows the 3D phase-space slice with the
regular tori from Fig. 2.2(a) in red and a trapped orbit in blue. The trapped orbit is

iterated beyond its recurrence to I' in order to indicate the chaotic sea.

In order to understand the trapping mechanism frequency analysis is performed on
all trapped orbits with recurrences times 7' > 10*. An example is shown in Fig. 2.4
both in a conveniently chosen 3D phase-space slice and frequency space. In Fig. 2.4(a)
the trapped orbit, shown as points colored by iteration time, is distributed over the
surface of the regular structure, represented by regular 2D tori appearing as gray rings.
In the center of the tower formed by the regular tori, a family of elliptic 1D tori is
shown as orange points grouped to a line. The sticky region is even better visible in the
frequency space in Fig. 2.4(b), where in addition to the frequencies of the trapped orbit

and the elliptic family shown in Fig. 2.4(a) many more 2D tori in gray are included.
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Figure 2.3: Statistics of Poincaré recurrences P(T) for the map Fgc. For comparison the
gray, dashed line represents a power-law P(T) ~ T~7, with 4 = 1.6. The inset sketches
the position of the initial region I' (blue box) in the 3D phase-space slice |p2| < 107 with
regular tori (red) and a trapped orbit (blue, iterated beyond its recurrence to indicate the
chaotic sea). For the statistics about 103 chaotic orbits are started uniformly in I' from
which 8608055 have T > 300 and 3354864 have T > 10%.

More precisely, the frequency space shows that the chaotic orbit propagates through a
network of overlapping resonance channels which is located at the surface of the regular
region. Closer to the elliptic family in orange the resonance channels are confined
by dense areas of regular tori, which makes the width of each channel visible. These
confined parts of the channels are usually considered as the Arnold web. The trapped
orbit does not penetrate into these parts during the considered time scales, implying
that they are not necessary for the power-law trapping. Instead, in Ref. [72] the chaotic
transport in the sticky region in frequency space is examined in terms of a 2D stochastic
process. It turns out that the transport along the surface of the regular structure is an
order of magnitude faster than the transport away from the regular structure. More
precisely, the transport along the surface seems to follow a random walk, while the
transport away from the region is subdiffusive. The transport in both directions gets
more rapid with increasing distance to the regular structure.

As mentioned before, almost every resonance channel has two parts, an inner part be-
ing confined by regular tori and an outer part overlapping with other channels. Instruc-
tive illustrations of these two different regimes can be found in Ref. [186] and [39, Figs.

1 and 7c|. In the following, the outer part is referred to as open resonance channel and
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Figure 2.4: Chaotic orbit trapped in the neighborhood of a regular region of Fgc
(a) in a 3D phase-space slice and (b) in frequency space with the iteration time ¢ €
[0,T7 ~ 1.7 - 107] encoded in color (see color bar), regular tori in gray, and the cen-
tral family of elliptic 1D tori in orange. The parameters of the 3D phase-space slice
are 77 = (0.63234022,0.61078167,0.31384557,0.35859804) and D = 0.321827835126, see
Eq. (2.16). The regular region is the horseshoe shown in pink in Fig. 2.2. In (b) some res-
onance channels are visible as band shaped gaps in the gray areas and as lines populated
by the gray points of the regular tori.
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the inner part as closed resonance channel. As pointed out, only the open resonance
channels are visited by trapped orbits for the considered time scales.

The regular region shown in Fig. 2.4 is the horseshoe shown in pink in Fig. 2.2. This
region is important as most of the trapped orbits stick to this structure, i.e. 938384
of the 3354864 trapped orbits with 7" > 10* stick to the horseshoe and 61600 of them
even for T > 105, see also Sec. 4.1. However, this regular region is a result of the
resonance 3 : 1 : 1 and thus has a fold in frequency space close-by, i.e. the torsion dv/d[
changes sign [15,76, 187], see Sec. 3.4 and Figs. 3.2 and A.10(b). However, due to the
peculiar geometry of the regular 2D tori of the horseshoe an overtone of 15 is obtained
from frequency analysis, allowing to distinguish the horseshoe and its surrounding from
close-by regular regions, see transformation iii) in Sec. 2.6.2. In order to avoid confusion
of the frequencies of the horseshoe and close-by regular regions, the transformation iii) is
not performed. This means in the following the horseshoe is not shown as in Fig. 2.4(b)
but rather in the untransformed frequencies also used in Ref. [72]. This representation
is also beneficial as the interesting area is extended more in v»-direction which resolves
the details better. However, this means that in the following chapters a resonances
ki : ko : kg corresponds to resonance (ky + 4ks) : ko : (k3 + ko) in the frequencies of
Figs. 2.2(b) and 2.4(b). In practice, the resonances which are directed more along the
surface of the horseshoe tend to have smaller order in the latter form, while the opposite

is true for resonances perpendicular to the surface.



3 Organization of regular tori

iIn 4D maps

In generic systems with a mixed phase space the chaotic transport is slowed down
considerably in the vicinity of regular structures, which leads for instance to the power-
law trapping discussed in Chapter 2. In order to study such slow chaotic transport
it is important to understand the organization of the regular structures. In 2D maps
regular tori are organized around elliptic periodic orbits forming a self-similar level and
class hierarchy. These hierarchies are key to the power-law trapping in 2D maps. In
this chapter it is revealed that the regular 2D tori in 4D maps are organized around
one-parameter Cantor families of elliptic 1D tori, which exhibit a class hierarchy. This
hierarchy has implications for the inner structure of resonance channels. The insight
into the organization of the regular structures is exploited by designing a map which
facilitates the quantification of chaotic transport notably. This map is essential for the
investigation of the trapping mechanism in Chapter 4.

In Sec. 3.1 it is demonstrated how 2D tori are organized around families of elliptic 1D
tori. By comparison of this organization in phase and frequency space, gaps within the
regular structures are shown to be caused by resonance channels. In Sec. 3.2 features
of the families of elliptic 1D tori, like origin, actions, and frequencies, are examined.
In Sec. 3.3 the class hierarchy of these families analogous to 2D maps is explained. In
particular, the regular structures present within any resonance channel or any resonance
junction represent a deeper class. Due to the self-similarity, the trapping at these
structures should be analogous to the trapping at a generic regular structure embedded
in a chaotic sea. Consequently, the generic power-law trapping is relevant for the chaotic
transport within any Arnold web, even for maps in the near-integrable regime. In
Sec. 3.4 bifurcations along the families of elliptic 1D tori are briefly discussed. The
horseshoe which is relevant for the power-law trapping in the 4D map Fy¢ is revealed
to be a deeper class due to a resonance. The insights about the organization of the
regular tori are exploited in Sec. 3.5 by designing a convenient map which allows for
a more accurate measurement of the chaotic transport. While the map exhibits all

relevant characteristics of a generic system, it also contains a region with a special
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trapping mechanism, which is related to trapping along the level hierarchy in 2D maps.
In addition, the hyperbolic structures which are also present are briefly discussed. Note
that the results of the following sections are in part a review of papers the author

co-produced [138,186] and some text passages closely follow these publications.

3.1 Skeleton of elliptic 1D tori

According to the literature, reviewed in Sec. 2.5.1, each regular elliptic torus of dimen-
sion d > 0 is arranged around a regular elliptic torus of dimension d — 1. In this section,
it is shown how in 4D maps regular 2D tori are organized around families of elliptic 1D
tori. To this end, elliptic 1D tori of the two coupled standard maps Fsc are computed,
using a refined version of an algorithm conceived in an earlier work [72], and displayed
in 3D phase-space slices along with 2D tori. The algorithm is discussed in Sec. 3.3.2.
A comparison with the frequency space substantiates the organization and reveals how
gaps in the skeleton are due to resonances.

In order to understand the relation of 2D tori and elliptic 1D tori, consider a 2D
torus which has a minor and a major radius. Contracting the minor radius, while
leaving the major radius constant, results in a 1D torus or ring in the center of the
original 2D torus. In case of a 4D map the tori are embedded in a 4D phase space.
In a typical 3D phase-space slice the 2D torus appears as two rings and the 1D torus
as two points, each in the center of one of the two rings. In this geometric sense the
2D torus is organized around the 1D torus. Since a 2D torus has codimension two
in a 4D phase space this relation is not unique, i.e. several elliptic 1D tori qualify as
center of a 2D torus. Performing the described contraction for many 2D tori of the two
coupled standard maps Fsc results in colored lines in the 3D phase-space slice shown
in Fig. 3.1(a). More precisely, in Fig. 3.1(a) the differently colored points of the elliptic
1D tori approximately compose 1D lines. Each gray ring, representing a 2D torus in
the slice, is centered around one of these lines. This is also visible, e.g., for the 2D tori
around orange and purple lines. Thus, these lines are denoted as central lines C. The
fact that the elliptic 1D tori compose such lines in a 3D phase-space slice implies that
these tori occur as one-parameter families M in the 4D phase space. Corresponding
central lines C and families M are denoted with matching indices. Figures 3.1(c) and
3.1(d) show 3D color projections for the orange and red families Mﬁp and Mgp as well
as for the purple family M"™, respectively. In these projections the individual 1D tori
are visible and they populate seemingly smooth 2D manifolds M. The intersections C
with the 3D phase-space slice are included in the projections in the same colors as in

Fig. 3.1(a). They illustrate the fact that each 1D torus intersects several times with
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Figure 3.1: Visualization of the families Mip, Mgp, M and M7 (orange, red, blue,
and purple) of elliptic 1D tori of the map Fsc in (a) the 3D phase-space slice |pa| < 1074,
(b) frequency space, and (c), (d) 3D projections. (a) and (b) correspond to Fig. 2.2 with
regular 2D tori in gray which are organized around the families. In (c¢), (d) for a selection
of 1000 1D tori (excluding the strong bends of Mgp) 2000 iterates under the map Fgc are
computed and projected on (p1,q1,q2) with pa encoded in color. The intersections of the
1D tori with p = 0 composing the central lines Cip, C;p, and C"* are colored as in (a), (b).
While the families M, Mgp emanate from the EE fixed point @g, and continue beyond
large gaps in (a) and (b), M™ corresponds to the resonance —1 : 3 : 0 and M7 to the
resonance junction (2/7,1/7) as seen in (b). In (c) the spheres in a gap of Mip correspond
to two EE (red) and two EH (green) period-7 orbits which are related to the family M2
indicated in green in (b) which is discussed in Sec. 3.3.1. |Modified from Ref. [138|]
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the slice, e.g., twice in case of ./\/lflp and Mgp in Fig. 3.1(c) and six times in the case of
M in Fig. 3.1(d). Thus, the several branches appearing for each of these examples in
Fig. 3.1(a) are dynamically connected and belong to a single family of 1D tori.

In both the 3D phase-space slice and the 3D projections gaps and bends are visible
along the families M. These features are due to crossing resonances, which is demon-
strated in the frequency space in Fig. 3.1(b). In addition to the regular 2D tori in
gray the frequencies of the elliptic 1D tori of Fig. 3.1(a) are shown in corresponding
colors. In contrast to a 2D torus, the dynamics on a 1D torus is only described by one
longitudinal frequency vy, also called intrinsic frequency. For example, in Fig. 3.1(b)
this frequency vy, corresponds to 1q in case of the family /\/lip and to vy for Mgp. The
remaining frequency vy, called normal or librating frequency, is defined by the dynam-
ical behavior normal to a elliptic 1D torus and can be calculated from the linearized
dynamics [156,188,189|. Another way to interpret the normal frequency is in terms of
the above described contraction, see also Sec. 3.3.2. Consider a series of 2D tori T;,
¢ € N whose dynamics around the minor radius is described by a normal frequency v; x
and around the major radius by a longitudinal frequency v; ;. If this series contracts
towards a particular 1D torus T4, with frequencies (v, vy), e.g., the major radius r; .
stays constant and the minor radius contracts r; y < 7 x5 for ¢ > j, then the 2D tori

converge T; — Ty, and hence also their frequencies (v; ., v; n) — (v, vy) for i — .

In frequency space in Fig. 3.1(b), the sharp edges emanating from the EE fixed point
(U VP correspond to the orange and red families M and MP, respectively. The
regular 2D tori in gray are attached to these edges, which demonstrates how the families
of elliptic 1D tori also organize the 2D tori in frequency space. Since the frequencies are
functionals of the actions, see Eq. (2.3), the 1D tori organize the actions of the 2D tori
similarly. More precisely, in action space the families /\/lflp and ./\/lf2p lie on the I, =0
and I; = 0 axis, respectively, with the actions of the 2D tori attached to them. This
can be illustrated again by the series of 2D tori 7; as described above. Note that the
longitudinal and normal frequencies (v; 1, v; y) on 2D tori 7; define the dynamics of the
angle coordinates (0, 1, 0; ). The corresponding actions (I; 1, I; n) are defined by the
pathintegrals I;;, = 1/(2m) ﬂk 2521 p;dg; with & € {L, N} and the paths 7, on a
torus 7; along one angle, e.g., v; , defines the closed path with O, € [0,27] and ©; y
being constant, see Sec. 2.1. Obviously, the normal action Iy of a 1D torus is zero.
Thus, for a contraction i — oo the actions of the 2D tori converge (I; 1, I; v) — (I1,0).
Taking into account that for the family Mip it is Iy = I, whereas for /\/lgp itis Iy = I,
and the fact that the actions of a fixed point are both zero, it is clear that the families

reside on the corresponding axes in action space and emanate from the origin, which



33

represents the EE fixed point @g,. The actions of regular tori in 4D maps are discussed

in more detail in Appendix A.5 including numerical results.

In the frequency space in Fig. 3.1(b) the families M™ and MP are interrupted by
resonances on arbitrary fine scale. Thus, the families of 1D tori are rather Cantor
families. By comparing Figs. 3.1(a) and 3.1(b) the gaps and bends along the families
in phase space can be associated to the responsible resonances. The most prominent
example is the large gap in the orange family /\/lflp with a large bend of the family on
one side, which is caused by the resonance 3 : 1 : 1. The different types of gaps can be
explained by different types of bifurcations, see Sec. 3.4. In the frequency space also a
crucial difference between the families M® and MP and the other families, M™ and
M7, is apparent. While the families /\/lip and Mgp emanate from one point, that is the
central EE fixed point wg,, the purple family M™ resides on the resonance —1 : 3 : 0
and the two blue families M are confined to a junction of resonances in Fig. 3.1(b).
The two families M” emanate from an EE period-7 periodic orbit @, in phase space. In
the following sections, it is explained how these families and periodic orbits originate

from the break-up of resonant 2D tori and how their frequencies have to be analyzed.

3.2 Origins of 1D tori

The regular 2D tori are organized around a skeleton of families of elliptic 1D tori. Thus,
in order to understand the regular structures it is important to focus on the properties
of these families. In this section, the origins of these families are explained and their
actions and frequencies are discussed. The families originate either from EE periodic
orbits or are due to resonances. In the latter case there exist families of hyperbolic
1D tori which are like counterparts to the elliptic families with related actions and
frequencies. Each pair of an elliptic and a hyperbolic family may be considered as the

skeleton of the corresponding resonance channel.

In Sec. 3.2.1 Lyapunov families from EE periodic orbits are reviewed and a nice match
of their actions with predictions from the linearized dynamics is found. In Sec. 3.2.2
the break-up of resonant 2D tori is revised, including a novel type of break-up, and the
geometry of remaining elliptic and hyperbolic 1D tori is discussed. Considering not a
single resonant 2D torus but a whole one-parameter family of 2D tori sharing the same
resonance condition gives an origin of pairs of families of elliptic and hyperbolic 1D tori.
This is explained in Sec. 3.2.3 along with relations between the actions and frequencies

of the two families. Also a hybrid case to which both origins apply is discussed.
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3.2.1 Lyapunov families

At each EE periodic orbit or fixed point two families of elliptic 1D tori are attached.
They are predicted by the Lyapunov center theorem [190], called Lyapunov families of
invariant curves [133,156] or cantorian central submanifolds [134], and have been studied
in the near-integrable regime [134,135,191,192]. The frequencies (vy,vy) and action
I, of the elliptic 1D tori of a Lyapunov family can be approximated by the linearized
dynamics at the corresponding EE point. In this section, results are presented for the
example of the Lyapunov families /\/lip and /\/l;p which originate from the EE fixed point
Ugp- Another example are the families M7 originating from the period-7 EE periodic
orbit u,. Note that certain Lyapunov families are embedded in bigger families of 1D

tori, see Appendix A.4.

The normal and longitudinal frequencies (v, vy) of the 1D tori of each family converge
to the frequencies obtained from the linearization at the corresponding EE point. For
instance, the families ./\/lflp and Mgp meet in the frequency space in Fig. 3.1(b) at the
frequencies (), ") of the EE fixed point @g,.

In the vicinity of the EE point, the actions I of the elliptic 1D tori can be ap-
proximated by the actions of the harmonic oscillator which is defined by the linearized
dynamics in each degree of freedom at the EE point. In Appendix A.6 the linear ap-
proximation for the actions I, in an elliptic degree of freedom of a fixed point is derived.
The action Iy is expressed both with respect to the mean squared radius E[r?] and the
circumference s of the 1D tori. The action [ of a 1D torus can easily be computed
by using an orbit x(¢) on it and its longitudinal frequency v, obtained from frequency
analysis. The points (¢) of the orbit can be associated to angles O(t) = 2mvt mod 27
and ordered with ascending angle. These ordered points approximate the path along the
1D torus and thus the action I, = 1/(2m) 55% 23:1 p;dg; can be computed numerically.
Likewise, the ordered points can also be used to numerically compute the circumference
s of the 1D torus. The radius r is the distance to the corresponding fixed point and the
average is done for all points of the orbit. Note that using the circumference s seems
more plausible, as this entity is also meaningful in the 4D space, while the radius r of

a 1D closed line on a curved 2D manifold in 4D seems not well defined.

In Fig. 3.2 the linear approximations and numerical results for I; of elliptic 1D tori
of M and MY are shown. The 1D tori correspond to the ones presented in Ref. [72].
For each 1D torus an orbit (¢) of 2000 iterations is considered. For both dependencies
IL(E[r?]) and I(s?) the analytic approximations and the numerical results virtually
coincide even far away from the fixed point. More precisely, larger deviations become

visible after the crossing of the resonance —1 : 2 : 0 and MPT at E[r?] ~ 0.02 and
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Figure 3.2: Actions I, of elliptic 1D tori of the families /\/lflp, Mgp (orange, red) with
respect to their (a) mean square radius E[r?] and (b) square circumference s2. The linear
approximations obtained from the EE fixed point g, according to Appendix A.6 are
indicated as dashed lines. The parameters R and so(R) follow from the eigenvectors, see
Eq. (2.15), i.e. for /\/ljflp and ./\/lgp one has R = 0.27293, so(R) = 2.07325 and R = 0.61041,
so(R) = 1.64266, respectively.

52 &~ 0.75 and the crossing of the resonance 3 : 1 : 1 and M at E[r?] ~ 0.025 and
s? ~ 1.0. In particular, the horseshoe corresponding to the strong bend on M in
frequency and phase space in Fig. 3.1 due to the resonance 3 : 1 : 1 is visible. In
Fig. 3.2(b) the numerical results are far more scattered, which illustrates that some
of the used orbits actually lie on thin 2D tori instead of 1D tori. For these orbits
the numerical computation of the circumference s produces always bigger values than
expected from a close-by 1D torus. The mean squared radius E[r?] is more robust

against such bad approximations of 1D tori.

3.2.2 Break-up of resonant tori

In order to understand the origin of families of elliptic 1D tori, which are not Lyapunov
families due to EE fixed points, the break-up of resonant tori has to be taken into
account. For this, the results of Todesco are reviewed and illustrated [132]. While
these results are derived for the vicinity of an EE fixed point, the described behavior
is confirmed for resonant tori far away from a fixed point and even in absence of any
fixed point. In this section, it is additionally demonstrated how the geometry of the
original resonant 2D torus and its resonance determine the geometry of the phase-space
structures, which remain after the break-up. This includes a geometric relation between

periodic orbits and 1D tori close to them. Finally, a new case, the break-up of a 1D torus
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with rational longitudinal frequency is discussed along with the hierarchy of hyperbolic
1D tori *.

Without loss of generality, the following cases always consider the scenario of an
original 2D torus of an integrable 4D symplectic map, which broke up according to the
KAM theorem when a non-integrable perturbation was added. This break-up depends
on the number k of fulfilled, linearly independent resonance conditions mivq +msors = n,
my,mao,n € Z, denoted as rank k, and whether the resonance is coupled or uncoupled.
The four possible cases are illustrated by examples from the two coupled standard maps
Fsc in phase space and the frequency plane, see Fig. 3.3. Note that Fig. 3.3(a) is a
detail of the frequency space in Fig. 3.1(b). The example tori are chosen as close as
possible to each other such that the geometry of their original 2D tori resemble each
other. Thus, the examples look like different cases of resonances for geometrically the

same torus. The involved hyperbolic 1D tori are not shown but are added in Ref. [189].

Rank-0: On a non-resonant 2D torus of the integrable system each orbit is dense. Such
a 2D torus will in general survive a perturbation and just be deformed. An example
is shown in Fig. 3.3(b) and marked as point ® in Fig. 3.3(a). Such 2D tori have been
called rotational [179,181] but are actually librational as they are contractable [1].

Rank-1, uncoupled: If one uncoupled resonance condition mqvy = n with m; # 0
is fulfilled on a 2D torus of the integrable system, each orbit on it densely fills m,
disjoint lines. At least 2m; of these infinite number of lines survive a perturbation,
alternating between normally elliptic and normally hyperbolic [193]. An example is
shown in Fig. 3.3(c¢) and marked as point (©) in Fig. 3.3(a). The original 2D torus broke
since it was on the resonance 7 : 0 : 2 leaving a 1D torus consisting of seven elliptic
lines (hyperbolic lines not shown). This 1D torus is displayed in Fig. 3.3(c) along with
a 2D torus from its elliptic surrounding. In this example there are another seven elliptic

lines, which are not shown.

Rank-1, coupled: If one coupled resonance condition with both m; and ms non-
zero is fulfilled on a 2D torus of the integrable system, each orbit on it densely fills
ged(my, mg) disjoint lines |159]|. At least one elliptic and one hyperbolic line survive a
perturbation. An example is shown in Fig. 3.3(d) and marked as point @ in Fig. 3.3(a).
The original 2D torus broke since it was on the resonance —1 : 3 : 0 leaving one elliptic
line (hyperbolic line not shown). This 1D torus and a thin 2D torus from its elliptic
surrounding are displayed in Fig. 3.3(d). Such 2D tori of rank-1 resonances have been
called tube tori [179,181].

!The discussion quotes several passages of a section of Ref. [138]. For brevity, these passages are not
individually indicated.
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Figure 3.3: Illustration of the break-up of resonant 2D tori in (a) frequency space and
(b)-(d) 3D projections as in Fig. 3.1. (a) Detail of Fig. 3.1(b) with circled letters marking
the frequencies of the example tori (b)-(e) and Fig. 3.4. In (c), (d) an elliptic 1D torus and
a surrounding 2D torus are shown and in (e) the 1D torus of (d) is added for comparison
with the EE (red), EH (green), and HH (blue) period-21 orbits. [Modified from Ref. [138]]
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Rank-2 (resonance junction): If two independent resonance conditions are fulfilled on
a 2D torus of the integrable system, each orbit on it is periodic. If such a resonance
junction is at (v; = ny/my, s = ny/my) then the period is given by lem(my, ms). At
least four periodic orbits survive a perturbation: either one EE, one HH, and two EH
periodic orbits or two complex unstable and two EH periodic orbits. Such a break-up
has also been derived from symmetry considerations [79] and has been analyzed also
for the case of strong resonances [61]. An example for a rank-2 resonance is shown in
Fig. 3.3(e) and marked as point (©) in Fig. 3.3(a). The original 2D torus broke since it
was at the intersection of the resonances 7 : 0 : 2 and —1 : 3 : 0 leaving two EE, two
HH, and four EH periodic orbits of period 21. The twofold number of periodic orbits is
analogous to the twofold number of surviving 1D tori for the resonance 7 : 0 : 2. Another
example for a rank-2 resonance are the period-7 orbits i, from which the blue family
M7 in Fig. 3.1(a) emanates. These periodic orbits result from the rank-2 resonance at
the intersection of the resonances 7 : 0 : 2 and 3 : 1 : 1, see Fig. 3.1(b). Note that
a resonance junction is an intricate region in phase space, considering the phase space
structures associated with the periodic orbits, like stable and unstable 2D manifolds.
Note that at any resonance junction infinitely many resonance conditions are fulfilled.
In Appendix A.4 a semi-analytical procedure is derived to determine the lowest order
resonance of a junction.

For reasons of continuity the periodic orbits due to a rank-2 resonance are expected
to be located where the surviving lines of the two crossing rank-1 resonances get close
to each other in phase space. For example, an EE periodic orbit is expected, where an
elliptic line of the first rank-1 resonance and an elliptic line of the second one get close
to each other. This is illustrated by the rank-2 resonance in Fig. 3.4(a) which is marked
as point 6 in Fig. 3.3(a). There each of the elliptic 1D tori of the resonances 5 : —5 : 1
and 7:0: 2 almost coincides with a chain of alternating EE and EH periodic orbits. EE
points occur where these elliptic 1D tori almost intersect. Note again that there exists
another elliptic 1D torus from the resonance 7 : 0 : 2 in between the shown ones.

From this argument also the number and stability of periodic orbits resulting from
a rank-2 resonance becomes plausible: The elliptic (E;) and the hyperbolic (H;) line
of the first rank-1 resonance intersect in four kind of points with the elliptic (E;) and
hyperbolic (Hy) line of a second rank-1 resonance, giving periodic orbits with stability
E1Es, E;Hs, EsHy, and H{Hs.

An origin for periodic orbits not discussed in the literature is the break-up of an
elliptic 1D torus with rational longitudinal frequency. It is observed that from this
break-up a one-dimensional chain of EE and EH periodic orbits arises. This case is
illustrated in Fig. 3.4(b) for the intersection of the 7 : 0 : 2 resonance and M, which
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Figure 3.4: Arrangement of EE (red), EH (green), and HH (blue) periodic orbits. (a)
Rank-2 resonance at the junction of the resonances 5: —5:1 and 7: 0 : 2 (marked by ®
in Fig. 3.3(a)). Two EE, four EH, and two HH period-35 orbits and two elliptic 1D tori,
one from the resonance 5 : —5 : 1 and one from Fig. 3.3(c), are shown. (b) Alternating
1D chain of EE, EH period-7 orbits (also shown in Fig. 3.1(c)) at the intersection of the
resonance 7 : 0 : 2 and the family Mlip (marked by @ in Fig. 3.3(a)) with a close-by
elliptic 1D torus of /\/lflp for comparison. [Modified from Ref. [138]]

is marked as point @) in Fig. 3.3(a). This example is also included in Fig. 3.1(b) where
the two EE and two EH period-7 periodic orbit appear as an alternating chain in a small
gap of /\/lip. As demonstrated by the example, the break-up of a 1D torus with rational
frequency looks like an application of the Poincaré-Birkhoff theorem of 2D maps to the
2D manifold of the family Mﬁp. In particular, the hyperbolic degree of freedom of the
EH orbit and one elliptic degree of freedom of the EE orbit are embedded within this
manifold, see Sec. 3.3.1. This break-up scenario also applies to hyperbolic 1D tori with
rational frequency, which break up into a chain of EH and HH periodic orbits. However,
the family of hyperbolic 1D tori originating from such a EH periodic orbit is embedded
within the bigger family of hyperbolic 1D tori. Thus, families of hyperbolic 1D tori do
not cause further large families outside of themselves and the hierarchy within them is

neglected in the following sections.

3.2.3 Families due to resonant tori

In this section, the results of the previous section are used to explain the origin of
families of elliptic 1D tori like M™, which are not Lyapunov families of EE fixed points
or periodic orbits: Such a family arises from the break-up of a one-parameter family

of 2D tori which share the same resonance condition. In particular, no fixed point or
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periodic orbit is required. Some properties of these families resulting from resonances
are discussed as well as their relevance for resonance channels. Also a hybrid case is

mentioned.

According to the previous section, a 2D torus whose frequencies (v, v5) fulfill a single
resonance condition mivy + movy = n with mq, my, n € 7Z breaks up into an equal
number of elliptic and hyperbolic 1D tori. As a resonance condition defines a line in
frequency space, in an integrable 4D map generically a one-parameter family of 2D
tori exists fulfilling this condition. Consequently, for each family at least two one-
parameter Cantor families of 1D tori, one hyperbolic and one elliptic, should remain
when a perturbation is added. The position of these 1D tori is such that they form
the manifolds described in Sec. 3.1. An example is the family M"* shown in purple in
Fig. 3.1 which originates in this sense from the resonance —1 : 3 : 0. In the frequency
space in Fig. 3.1(b) the results of the frequency analysis for these 1D tori all fall on
this resonance line. This is caused by the geometry of these 1D tori, which resembles
orbits on the original resonant 2D tori, as seen in Fig. 3.3(d). Due to that the resonant
frequencies of the broken 2D tori are dominant in the Fourier spectrum of these 1D tori
and their surrounding structures. The longitudinal and normal frequencies of these 1D
tori are discussed in Secs. 3.3.1 and 3.3.2. In Ref. [189] several other examples of families
of 1D tori resulting from single resonances are presented, including the hyperbolic 1D

tori.

The families of hyperbolic and elliptic 1D tori arising from resonances have several
related properties. Each of these elliptic 1D tori has a hyperbolic counterpart which
originates from the same resonant 2D torus. Thus, the hyperbolic and elliptic 1D torus
have the same longitudinal frequency v;. They also have a similar longitudinal action
I;,. More precisely, as the 1D tori described equivalent paths on the resonant 2D torus,
their action I}, is approximately the action I along this path on the 2D torus. Note that
this action I, is a superposition of the fundamental actions (I1, I5) of the 2D torus see
Sec. 2.1, i.e. in case of a resonance mqv; +msly = n the action is I}, ~ fL = moli+mqls.
In Appendix A.5 an application of this fact is discussed. The deviation of I from I}
is expected to increase with the strength of the perturbation. This is also expected for
the difference between I, for the elliptic and the hyperbolic 1D torus, which should be
analogous to the action difference of minimax and minimizing orbits in 2D maps [80]. In
Ref. [189] these relations of the actions are mostly confirmed. There also is a proximity
between the normal frequency vy of the elliptic and the Lyapunov exponent Ay of the
hyperbolic 1D torus originating from the same resonant 2D torus is found 27y ~ A,

which can explained by the linearized dynamics.
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It should be pointed out that the families of hyperbolic and elliptic 1D tori arising
from resonances form essentially the skeleton of the corresponding resonance channel.
In particular, the transport along and the escape from a channel are expected to be
largely governed by the stable and unstable manifolds of the hyperbolic 1D tori. Thus,
it is important to study these families.

Finally, note that the case of an elliptic 1D torus with rational longitudinal frequency
v, = n/m mentioned in Sec. 3.2.2 causes hybrid families of elliptic and hyperbolic 1D
tori. The EE and EH periodic orbits remaining after the break-up of such a rational 1D
torus are the origin of two special families. That is, one family of elliptic and one family
of hyperbolic 1D tori, respectively, which are not embedded in the family of elliptic 1D
tori to which the rational 1D torus belongs. Since these families emanate from periodic
orbits, they are Lyapunov families, see Sec. 3.2.1. However, they also coincide with the
families caused by the uncoupled resonance condition mvy + 0 - vy = n. An example
for this hybrid case is the family M®2? from the intersection of the resonance 7 : 0 : 2
with the family M highlighted in green in Figs. 3.1(b) and 3.3(a).

3.3 Hierarchy of families of elliptic 1D tori

In symplectic 2D maps the regular 1D tori are not only organized around elliptic pe-
riodic orbits, but there are two hierarchies of these orbits, namely classes and levels,
as outlined in Sec. 2.4. As explained in the previous sections, in symplectic 4D maps
the regular 2D tori are organized around families of elliptic 1D tori. In this section,
a hierarchy of these families analogous to the hierarchy of classes, also called islands-
around-islands, in 2D maps is established. In particular, there are three principal ways
to continue the hierarchy into a deeper class that is by («;) two resonance conditions
on a 2D torus, () one resonance condition on a one-parameter family of 2D tori, or
() one uncoupled resonance condition on a 1D torus. As mentioned in the previous
sections, the case («y) is present at every resonance junction and the case (/3) in every
resonance channel. Hence, trapping at the regular structures within the Arnold web
means trapping in a deeper class. Due to the self-similarity along the hierarchy, under-
standing the mechanism of power-law trapping implies understanding the influence of
the regular structures within the Arnold web.

In Sec. 3.3.1 the three possible cases for one step deeper into the class hierarchy is
explained in phase and frequency space and the self-similarity is pointed out. Due to
this similarity the hierarchy can be continued along any resonance or resonance junction
into deeper classes. In Sec. 3.3.2 a general way to perform the frequency analysis for

a deeper class is described. This is crucial for examining trapping in a deeper class
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and supports future studies of scaling and universality along the hierarchy. Also the
longitudinal frequencies of the deeper class are essential for many algorithms which
compute invariant structures. In Sec. 3.3.3 the order and labeling of the classes along
the hierarchy analogous to 2D maps is introduced. Note that the hierarchy of the
hyperbolic structures is briefly discussed in Secs. 3.2.2 and 3.3.3.

3.3.1 Self-similar hierarchy

The didactic scenario of Secs. 3.2.2 and 3.2.3 is an integrable system to which a non-
integrable perturbation is added: Families of elliptic 1D tori in the perturbed system in
principle originate from the break-up of resonant 2D or 1D tori of the integrable system.
This implies that the 2D tori which are organized around such families in the perturbed
system do not exist in the integrable system. In this sense, these 2D tori are in a deeper
class than the 2D tori which exist in both systems, i.e. which survive the perturbation.
In this section, the similarity between two consecutive classes is illustrated for the three
possible origins (ay), (5), (ag) of families of elliptic 1D tori. A family of elliptic 1D
tori is either (g, ay) attached to EE periodic orbits or (/3) the remains of broken 2D
tori sharing a single resonance condition. The EE periodic orbits can arise from (ay)
resonance junctions, i.e. broken 2D tori fulfilling more than one resonance condition, or
(arp) broken elliptic 1D tori with rational longitudinal frequency.

Consider the EE fixed point g, and the attached families MP and MY as the top
class of the 4D map Fgsc, see Fig. 3.1. Then, according to Secs. 3.1 and 3.2 the families
M, M and M2 are examples for the cases (a1), (3), and (ay), respectively. In
Fig. 3.5 each of these families and their surrounding 2D tori are presented in detail in a
3D phase-space slice and frequency space. As mentioned in Sec. 3.2.3, a straightforward
frequency analysis for these structures produces the resonant frequencies of the broken
2D tori, from which the structures originate. In contrast, here the frequency analysis is
performed with respect to the organizing center of each case, as explained in detail in
the following and in Sec. 3.3.2.

(aq) In Fig. 3.5(a) a detail around one of the EE periodic points @, from which the
families M” emanate, more precisely now M7, and M7y, is magnified. The periodic
point @, is shown in purple and the central lines C7; and C75 of the families are shown
in blue and labeled accordingly. Along with the surrounding 2D tori in gray the regular
structure in Fig. 3.5(a) is equivalently organized as the regular structure on the top class
with M MP | @, and resembles the structure in Fig. 3.1(a). While the frequency
analysis for all these tori produces (vy,15) = (2/7,1/7), a frequency analysis using only

every 7-th point of each orbit produces the frequencies (v}, 74) shown in Fig. 3.5(b) in
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(e) 3D phase-space slices and (b), (d), (f) adapted frequencies with 2D tori in gray. (a) C”
around one point 1}, of the EE period-7 orbit, see Sec. 2.3, (c) one branch of C** of the —1 :
3 : O resonance, and (e) central lines C{2 (bright blue) and C§? (green) representing families
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with adapted frequencies v/(u,) (v"(Ua2)). The two families emanting from 4, (both
blue) intersect in (b) with an angle close to 7. [Modified from Ref. [138]]
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corresponding colors. The families of elliptic 1D tori M7 and M3 shown in blue are
located on the edges emanating from the periodic point 1, in purple just as in the case
of M, MP i, in Fig. 3.1(b). The families from periodic orbits at resonance junctions

seem to be embedded in the families of the crossing resonances, see Appendix A.4.

(8) In Fig. 3.5(c) one of the branches of the family M in purple is magnified. While
again the organization of the 2D tori around the family is visible, in this case only
one family and no EE periodic point or fixed point is involved. While the frequency
analysis for all these tori produces frequencies (vq,15) on the resonance —1 : 3 : 0,
choosing 1/ = v1/3 = 1 and calculating another independent frequency produces vj.
In Fig. 3.5(d) the frequencies (v, %) shown in corresponding colors again display the
family at one edge. Note that it is only one edge and not two in this case. It should
be emphasized, that the direction along the resonance channel —1 : 3 : 0, expressed
by v1 or vy in Fig. 3.1(b), roughly corresponds to the direction along the family M"
expressed by the longitudinal frequency v, = v in Fig. 3.5(d). This correspondence is

valid for all resonance channels.

(a2) In Fig. 3.5(e) a detail around one of the EE period-7 periodic points e from
which the families M$? and M$? emanate us magnified. Note that M$? is denoted
M°% in Figs. 3.1(b) and 3.3(a). Since only EH points of the chain are within the slice
pa = 0, as seen in Fig. 3.1(c), the slice defined by g2 = 0 is used here. Additionally
to the structures belonging to the red EE periodic point .9, also the family ./\/lﬁp is
included in orange, whose crossing with the resonance channel 7: 0 : 2 is the cause for
the periodic points, see Sec. 3.2.3. While this case looks similar to (aq), there are a few
peculiarities. The green family M$? emanating from the EE point i, extends far away
from the point. In contrast, the other family M$? shown in bright blue is embedded
within the larger family /\/iip. The frequency analysis produces for the structures around
the family M$? frequencies (v, 1) on the resonance 7: 0 : 2 and for structures around
the family M$? in principle frequencies (vy,15) at the intersection of the resonance
and M see Figs. 3.1(b) and 3.3(a). A frequency analysis as for (o) produces the
frequencies (v}, v}’) shown in Fig. 3.5(f) in corresponding colors. The only difference
to (ay) is the fact that the edge representing the embedded family M$? is much shorter
and seems to approach to v}’ = 0. The same behavior is observed for the crossing of
the resonance 17 : 0 : 5 and the part of /\/lflp belonging to the horseshoe. This might
be interpreted as the frequencies of the embedded 1D tori of M$? getting closer to the
separatrix. Note that the family M$? is considered to be a hybrid case of (3) and
(ag), see Sec. 3.2.3. In particular, for M$? there is a direct relation between v, and the

"

longitudinal frequency v = v} of M$? in Figs. 3.3(a) and 3.5(f), respectively, that is

W'=1-17-us.
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The similarity of the described cases (aq), (8), (a2) to their top class applies to all
available resonances and junctions of this top class. Furthermore, for all cases resonance
channels and junctions are visible in the frequency spaces in Fig. 3.5 as for the top class
in Fig. 3.1(b). Consequently, the hierarchy can be continued in the same ways (), (5),
(crp) along any of these resonances and junctions. For instance, the isolated gray points
on the resonance 5 : 0 : 2, that is the vertical line on the left of Fig. 3.5(f), correspond
to the regular 2D tori at the junction of the resonances 7 : 0 : 2 and 5: —5 : 1. This
even deeper class is illustrated in Fig. 3.4(a). Depending on the point of view, this
deeper class is due to (a;) the junction or due to (as) the crossing of the resonance
5:0:2and M$%. An analogous example is the resonance 21 : 0 : 2 crossing M™ in
Fig. 3.5(d), which corresponds to the junction of the resonances —1:3:0 and 7:0: 2
in Fig. 3.3(a), and whose periodic orbits are shown in Fig. 3.3(e).

3.3.2 Frequency analysis along hierarchy

In order to explore the deeper classes of the hierarchy in the frequency space, it is
necessary to perform the frequency analysis with respect to the organizing structures.
A few examples for this are presented in Sec. 3.3.1. In particular, it is crucial to compute
and predict the longitudinal frequency of the 1D tori of a deeper class, as most of the
algorithms for computing 1D tori heavily depend on this frequency [72,138,156,194-198|.
One approach is to construct suitable normal forms to transform the motion, which is
rather cumbersome [184,185]. Instead, for (aq, az) Lyapunov families this frequency can
be estimated from the eigenvalues of the EE periodic orbits or computed numerically by
taking into account the period of the orbit. In this section, a general way to obtain this
frequency for () families of 1D tori due to a single, generic resonance is proposed. Also
an expression for the period of the periodic orbits at a resonance junction is mentioned.

In order to illustrate the importance of the longitudinal frequency, the contraction
algorithm for computing elliptic 1D tori is briefly discussed here. The main idea for
this algorithm has been devised in Ref. [72] and the algorithm has been refined in later
publications [138,189,199|. Consider an orbit x((t) on a 2D torus Ty that is organized
around an elliptic 1D torus. With respect to this 1D torus the frequencies (v, v5) ob-
tained from frequency analysis for the orbit @y(t) can be interpreted as longitudinal and
normal frequency (v, vn) of the torus Ty. The points {xo(¢;)}; with vzt; mod 1~ 0
are located at a similar longitudinal angle but have arbitrary normal angles. Approxi-
mating an initial point in the center of these points, e.g., by their geometric center, in
general leads to an orbit @1 () on a torus 77 with smaller radius in normal direction.

This procedure is iterated until the resulting torus is close enough to a 1D torus, as
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defined by some criteria. Despite the fact that this algorithm only works for elliptic 1D
tori, it provides good initial guesses for elliptic 1D tori that are required by more so-
phisticated algorithms and continuation methods to find hyperbolic 1D tori [189]. The
crucial step is to associate frequencies (11, v5) with (v7, vx). In case of families like MP
and ./\/lf2p this is straightforward, as vy, = vy and v, = s, respectively. However, this is

not true for families from generic resonances, like M™* from the resonance —1:3: 0.

As discussed in Sec. 2.1, the frequencies v = (v, 1) of any 2D torus are only defined
up to unimodular transformations U = (u;;) with ¢,j € {1,2}, u;; € Z, and detd =1,
I € {—1,1}. More precisely, a change in the angle coordinates © = UO causes new
frequencies v’ = Uv. If the frequencies v fulfill a resonance condition ki + kovs = ks,

without loss of generality ko # 0, then the transformed frequencies read

k1
U1 U2 %1 U1 — 7, U12 Uy2 k?3

r_ _ k
U1 U2 Vo U1 — 3, U22 U2 2

It is possible to find a transformation I/ such that for all frequencies v on the resonance
ki : ko : k3 one of the transformed frequencies is rational, without loss of generality
vy = n/m with n,m € Z and ged(m,n) = 1. In this new angle coordinates @' all
orbits on the 2D torus densely fill m disjoint lines which are described by © € [0, 2m)
and ©, = 27 -i/m + ©y with i € N, 0 < i < m, and some orbit specific offset
©p € [0,2m). The previous arguments apply also if instead of a resonant 2D torus,
a 1D torus originating from such a resonant 2D torus with resonance ky : ko : k3, see
Sec. 3.2.2, is considered. Then the period m and the frequency v} define the longitudinal
frequency vy, of this 1D torus. More precisely, the 1D torus consists of m disjoint rings
and the frequency on one of these rings, that is with respect to the m-th iterate, is

v =m- .

A suitable transformation is not uniquely defined, as there are four integers and the
sign of I to be determined and only two conditions for them. The condition v} = n/m
requires the 11 dependent term in Eq. (3.1) to vanish

ky ki

Uy = 7—Ugp = = U (3.2)

k2 k’Q

with ged(ky, k2) = 1. Substituting us; by Eq. (3.2) in the condition detf = I leads to

U2

I= (Ulllz’g — Ulglzfl)]%— . (33)

2
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A simple ansatz fulfilling both equations Eqs. (3.2) and (3.3) is ugy = kol with [ € Z.
Choosing [ = 1 the remaining integers w1, u12, and the sign of I in Eq. (3.3) have to be
determined by brute force. For a unimodular transformation U is found the period m
is determined by

— = —Uypp —= ———— .
m ko uirky — w12k

(3.4)

Once a suitable transformation U is determined, the frequency analysis can be performed
with respect to the resonance ki : ko : k3 for all 1D tori belonging to this resonance
and their surrounding 2D tori. Firstly, for each of these objects the frequencies (v, v5)
are obtained straightforward from frequency analysis. Then, the longitudinal frequency
vy, is computed by transformation. For 2D tori the second frequency is the next most
relevant frequency obtained by frequency analysis, which is linearly independent of
the other frequencies vy, 5, and v;,. Note that in time-continuous systems the normal
frequencies can be obtained by averaging out the resonant motion [184,185]. If there
is a period m > 1, the frequency analysis has to be performed with respect to the
m-th iterate, analogous to the frequency analysis with respect to EE periodic orbits.
Note that there is a problem when straightforward frequency analysis is used for 2D
tori surrounding periodic objects, i.e. which consist of several disjoint but dynamically
connected 2D tori. When selecting regular orbits by a frequency criterion, see Eq. (2.17),
these frequencies seem to be less stable in case of such 2D tori. More precisely, in the
frequency space of the deeper class, which takes into account the period, stripes which
are depleted of 2D tori appear. This numerical artifact is avoided by taking into account
the period m already for the frequency criterion, i.e. using only every m-th iterate for

the frequency analysis.

The junction of two resonances k% : k3 : k% and kb : kS : k% is a point in frequency
space (vq,v9) = (n1/my,ny/my) with ged(ny, my) = ged(ng, me) = 1 and the period m

of the resulting periodic orbits is m = lem(my, mz). The point (v, 15) is given by

o kg, — kgkY ny  KOKY — kGK?

_— =l2 _ %N 3.5
my kekb — kek? " (3:5)

Vv = =
al.b al.b

with one exception. If the denominator is zero k{k% — k$kb = 0 and all the involved
coefficients not, the two resonances are parallel. This expression works for any of the

infinite resonances intersecting at a junction.
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3.3.3 Hierarchy of regular tori

Based on the organization of 2D tori around families of elliptic 1D tori and the different
origins of such families, a hierarchy of classes can be described analogous to the island-
around-island hierarchy in 2D maps, see Sec. 2.4. In this section, the labeling of the
classes analogous to 2D maps [139] is discussed. The basic principle is that an object has
a deeper class or higher label than the object it is organized around. As an example the
labeling is applied to the previously discussed families and their associated phase-space
structures. The cases (a1,8,a) introduced in Sec. 3.3.1 are used to mark the distinct

possibilities. In addition, the meaning of trapping in a deeper class is discussed.

Consider an EE fixed point of class ¢. The two Lyapunov families originating from it
are class ¢+ 1 and the 2D tori organized around these families are class ¢+ 2. (oy) The
periodic orbits present at each resonance junction within the set of 2D tori of class ¢+ 2
are also class ¢ + 2. The labeling can be continued at each of the EE periodic orbits of
class ¢ + 2 as for the EE fixed point of class c. () For each of the resonances crossing
the set of class ¢ + 2 2D tori the associated families of elliptic and hyperbolic 1D tori
also are class ¢ + 2. The 2D tori organized around each of these families of elliptic 1D
tori are class ¢ + 3. The labeling can be continued for each class ¢ + 2 family of elliptic
1D tori as for one of the class ¢ + 1 Lyapunov families. (o) The EE and EH periodic
orbits that are present wherever the longitudinal frequency on the class ¢+ 1 Lyapunov
families crosses a rational value are class ¢ + 1. The labeling can be continued at the

EE periodic orbit as in case ().

In the 4D map Fsc the EE fixed point g, is considered to be class 0. Thus, the
families J\/lip and /\/lgp are class 1, M™ is class 2, the periodic orbit , is class 2, M”
are class 3, the EE periodic orbit @, is class 1, and M®? are class 2. As predicted
the families M™, M", and M2 represent a deeper class than ./\/lip and Mgp. Note
the consistency of the labeling. For instance, the family M$? can be considered both a
Lyapunov family of the EE periodic orbit u#, and the family of the resonance 7: 0 : 2.

In both interpretations M$? is class 2.

As mentioned at the end of Sec. 3.2.2, the hierarchy of hyperbolic 1D tori is neglected
for brevity, but the labeling works analogous. In particular, since trapping of chaotic
orbits should refer to the trapping at regular structures, trapping in a deeper class
denotes in the following chapters trapping at the elliptic structures of the deeper class.
For example, trapping in the deeper class of a junction means trapping around the
EE periodic orbit of the junction. Note the peculiarity of the proposed labeling in 4D
maps: As presented in Secs. 4.4 and 4.5 an orbit within a sticky region of class ¢ can

get trapped in class ¢ + 1 of a resonance channel or class ¢ + 2 of a resonance junction.
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For instance, a trapped orbit in the first sticky region of Fy¢, i.e. at the central island,
the outer ring, or the top tower, is class 2 like the KAM tori and can get trapped at the
resonance —1 : 3 : 0, i.e. at the 2D tori surrounding M**, becoming class 3 or at the

junction corresponding to w,, i.e. at the 2D tori surrounding M7, becoming class 4.

3.4 Bifurcations of families of elliptic 1D tori

After having established the origin and hierarchy of the families of 1D tori, it remains
to discuss the features which occur along these families due to crossing resonances.
According to Ref. [186] these features are explained by bifurcations of 1D tori. In this
section, only some details of this joint work with Franziska Onken and co-workers [189]
are outlined in order to establish the following: The horseshoe which is relevant for the
power-law trapping in the 4D map Fsc is the deeper class of the resonance 3 : 1 : 1.

In Ref. [186] it is explained how features of the families of elliptic 1D tori, including
gaps, bends, and branches, see Fig. 3.1, are due to bifurcations of the families caused by
crossing resonances. The families cross resonances since their normal and longitudinal
frequencies vary smoothly along the families, e.g. see M and MY in Fig. 3.1(b). While
bifurcations are usually studied under parameter variation, this crossing of resonances
allows to observe all stages of a bifurcation in a single phase space where the longitudinal
frequency of the elliptic 1D tori plays the role of the bifurcation parameter. Using
2D projections of details of the 3D phase-space slices the remarkable resemblance of
these bifurcations with bifurcations in 2D maps is shown, which is in agreement with
analytical predictions [158,159,161]. In 2D maps the order |m| of the resonance v = n/m
determines the type of bifurcation, like weak bifurcations |m| > 5, touch-and-go cases
|m| € {4, 3}, period-doubling |m| = 2, and saddle-node bifurcations |m| = 1. In 4D
maps the coefficient |my| of the normal frequency of the resonance mpvy, + myvy =n
determines similar types of bifurcation. The different values of |my| cause characteristic
features in frequency space and phase space, e.g., branches |my| > 3, gaps |my| € {2,0}
and bends |my| = 1. In contrast to 2D maps the special case my = 0 is possible, see
Sec. 3.2.2. This bifurcation is the only type possible for hyperbolic 1D tori as they have
a Lyapunov exponent instead of a normal frequency.

In Ref. [186] it is also shown how the branches of a bifurcation, i.e. the families of
hyperbolic and elliptic 1D tori, are the skeleton of the corresponding resonance channel.
In particular, the 1D tori remaining from the break-up of 2D tori with a particular
resonance as reviewed in Sec. 3.2.2 coincide with the branches from the corresponding
bifurcation of the family of elliptic 1D tori. These two different perspectives on the

branches explains the relations found between the elliptic branch and the hyperbolic
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counterpart, see Sec. 3.2.3: The pairs of elliptic and hyperbolic 1D tori with same
longitudinal frequency and similar actions are explained in terms of the break-up of 2D
torus, while the match of their normal frequency and Lyapunov exponent is explained

by the linearized dynamics around the bifurcation point.

Bifurcations of type |my| = 1 are peculiar in terms of the frequency analysis on their
deeper class [189], see also Sec. 3.3.2. For instance the prominent bend of the family
M seen in Fig. 3.1(a) is caused by the resonance 3 : 1 : 1 which has |my| = 1, see
Fig. 3.1(b). The bended part of M coincides to the remnant elliptic 1D tori resulting
from the break-up due to the resonance. Thus, the 2D tori attached to the bended
part of Mﬁp belong to the deeper class of that resonance. However, they appear in
the frequency space in Fig. 3.1(b) consistently with the close-by 2D tori of the higher
class. This deeper class of the resonance 3 : 1 : 1 is denoted horseshoe in Sec. 2.6 and
relevant for the trapping in the map Fsc. This resonance also explains the necessity
of subtracting all harmonics up to order three, see Sec. 2.6.2, in order to resolve this

region in frequency space.

3.5 Coupled twist maps

Based on the knowledge about the organization of the regular structures in a generic 4D
symplectic map, as presented in the previous sections, a designed map is proposed in
this section. This designed map consists of two 2D twist maps which are conveniently
coupled. This 4D map exhibits all relevant characteristics of a generic system but at
the same time has simple coordinates, which should allow for an accurate measure-
ment of the chaotic transport. After an introduction of the map and a discussion of
the parameters chosen, the statistics of Poincaré recurrences are presented along with
trapped orbits in the frequency space. As for the generic map Fsc the statistics decay
with a relatively straight power law and the chaotic orbits are trapped at the surface of
the regular structures. The transport of the majority of the trapped orbits resembles
the transport in the sticky region of the generic map Fsc, see Sec. 2.6.3. However, in
Sec. 3.5.1 a region is identified which, due to the peculiar coupling, exhibits a distinctly
different type of trapping mechanism. This mechanism is explained in Sec. 4.3 to be

related to the trapping along the level hierarchy in 2D maps.
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The designed map consists of two 2D twist maps with action—angle coordinates

(I, ©y) for k = 1,2 and linear functions v (I}),

]1:]1 él :@1+27TV?<II)

_ i (3.6)
]2 :]2 @2 :@2+27TV3<]2)

leading to intermediate coordinates (f ks (:);g) They are symplectically coupled in position—
momentum coordinates py = /21, cos Oy, Gr = \/ 21} sin Oy, via,

V(G )
b= - AR ¢ =a

- (3.7)
o, =y — ¢ W@ &) 4 =d
2 d(’]vg 2

with a coupling potential V(q1,q2) = ¢3¢ and a coupling strength £. Instead of the
straightforward version expressed by Egs. (3.6) and (3.7), a symmetric application of
the coupling is chosen analogous to the half-kick version of the standard map. That is
starting with an initial condition (I, I, ©1, ©3) the corresponding position-momentum
coordinates (pi, pa, q1,q2) are computed and mapped according to Eq. (3.7) using half
the coupling strength £/2 leading to a point (pf, ph, ¢}, q¢5). Then the twist according to
Eq. (3.6) is applied to the corresponding action-angle coordinates (17, I, ©7, ©F) lead-
ing to (fl, I, 04, (:)2) Finally, the corresponding coordinates (pi, po, Gi1, ¢2) are mapped
again according to Eq. (3.7) using the other half of the coupling strength £/2 leading to
a point (p}, ph, ¢}, ). The final action—angle coordinates are then I}, = (1/2)\/q + p?
and O}, = arctan(p},/q;). In the following, this map is referred to as coupled twist maps

Frryist with the parameters chosen in the following.

The coupling potential V'(g1,g2) is chosen such that the planes I; = 0 and I, = 0
correspond to the uncoupled twist maps of Eq. (3.6) independently of any parameters.
The exponents in the coupling potential are chosen to be three, which is the smallest
exponent for which also the linearization around the uncoupled planes is independent
of the coupling. This implies three major advantages of the map Fryis, which are
independent of the coupling strength £. Firstly, there is always an EE fixed point at
I; = I, = 0 and the uncoupled planes I = 0 and I, = 0 represent its two Lyapunov
families. Secondly, the action-angle coordinates of the uncoupled twist maps are a
reasonable first approximation of the action-angle coordinates of the coupled maps
even away from this Lyapunov families, see also Appendix A.5. Thirdly, the frequencies
(11, 19) of the regular tori are controllable: If one of the actions I; or I, is small, their

frequencies are directly given by the frequencies v{(I;), v9(l5) of the uncoupled twist
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Figure 3.6: Frequencies of regular tori of the map Eq. (3.6)-Eq. (3.8) for different £ shown
in gray. Out of 107 initial points started uniformly in the phase space (I1, I>,01,03) €
[0,10)? x [—7,7r)2 there are Ny regular ones according to Eq. (2.17). The uncoupled
twist maps Eq. (3.8) are indicated as dashed lines.
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maps. In Fig. 3.6 the frequency space of the map Fryi with regular tori in gray is
shown for different coupling strengths £. In all cases the same linear functions v (I;)

are chosen
(1) = (V5 —1)/2 + I,/100 (L) = V3 — 1+ 1,/50 (3.8)

such that v; < 15 is guaranteed and the frequencies are away from the resonance
—1:1:0. The frequencies corresponding to either I; = 0 or Iy = 0 are indicated
by two dashed lines. The edges in frequency space corresponding to the Lyapunov fam-
ilies nicely coincide with these dashed lines. In order to define Poincaré recurrences the
phase space is chosen to be confined to (I, I, ©1,0,) € [0,10)? x [—m, 71)%. Thus, there
are no regular tori at and beyond the upper and right borders of the frame shown in
Fig. 3.6.

The frequency spaces of Fryise in Fig. 3.6 look particularly simple in comparison
with the frequency space for the generic map Fsc in Fig. 3.1(b). Nevertheless, all
the generic features are present such as a chaotic region and resonance channels with
an embedded part £ and an outer part O. More precisely, with increasing coupling
strength & the fraction of regular tori decreases and they get more confined to the
vicinity of the Lyapunov families. In this sense the coupling also acts as a perturbation
of the integrable twist maps. For & > 1/500 folds become visible, i.e. regular tori with
frequencies on the other side of the Lyapunov families. Such folds destroy the uniqueness
of the frequencies, see also Appendix A.5. In order to both avoid them and ensure a
sufficiently large chaotic sea, the coupling strength & = 1/500 is chosen. The Poincaré
recurrences are obtained for 10! initial conditions with uniformly distributed random
actions Iy, Iy € [4.8,9.2] and angles ©1, 0, € [—7, 7). The resulting 20775 chaotic orbits
with recurrence times 7' > 10° are shown in frequency space in Fig. 3.7 according to
Sec. 2.6.2. Some important resonances are indicated with orange lines. The chaotic
orbits are trapped at the surface of the regular region analogous to the observations for
the two coupled standard maps Fgc, see Sec. 2.6. Moreover, the Poincaré recurrence
statistics for the map Frryist, shown in Fig. 3.9 in the next section, also exhibit a relatively

straight power law.

3.5.1 Sticky regions

In this section, two regions A and B with different types of chaotic transport are dis-
tinguished within the coupled twist maps Fryis, ¢f. Figs. 3.8(a) and 3.8(b). The region
B exhibits the same characteristics as the sticky region of the generic map Fsc. It is

explained how the region A resembles a 3D map due to the coupling. The Poincaré re-
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Figure 3.7: Trapped orbits of the map Fryig in frequency space with the iteration time
t € [0, T > 10% encoded in color for each of the 20775 orbits, as shown in Fig. 2.4(b) for
a single orbit. For comparison the regular tori from Fig. 3.6(c) are shown in gray. Some
important resonances mj : mo : n are indicated as orange lines.

currence statistics for the individual regions exhibits in both cases straight power laws
similar to the statistics of the system, but region B is the dominant sticky region. The
trapping mechanism for region A is sketched later in Sec. 4.3.

In Figs. 3.8(a) and 3.8(b) two disjoint regions of the frequency space in Fig. 3.7 are
shown which are denoted in the following as region A and region B, respectively. The
transport between these two regions is observed to be negligible. For both regions
the chaotic orbits are trapped at the surface of the regular region represented by the
regular tori in gray. However, the trapped orbits of region A in Fig. 3.8(a) seem to
be almost exclusively transported in the direction of vy, while the second frequency
vy hardly changes for these orbits. Note that since the surface of the regular region
in Fig. 3.8(a) runs relatively parallel to the 1p-axis, the transport in vy coincides with
transport towards or away from the regular region. On the contrary, for region B in
Fig. 3.8(b) the chaotic orbits are transported relatively fast along the surface of the
regular region and much slower away from this region, as seen by the orientation of the
colored bands. In this sense, region B resembles the sticky region of the horseshoe of
the generic map Fgc, see Sec. 2.6. The difference between the two regions shown in
Fig. 3.8 is supported by the observation, that the most relevant resonances affecting the
trapped orbits run relatively parallel to the vy-axis for region A, cf. Fig. 4.9(b), and

somewhat away from the 1p-axis for region B.
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Figure 3.8: Sticky regions of the map Fryig in frequency space. (a) and (b) are mag-
nifications of Fig. 3.7 illustrating region A and region B, respectively. While the trapped
orbits in (b) show the generic behavior known from the horseshoe of the two coupled stan-
dard maps Fsc, in (a) the orbits mainly propagate along 14 with v, being approximately
constant.
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The region A is a special case due to the chosen coupling, while region B can be
considered as a generic sticky region. The transport in region A can be understood

from the kick term of Eq. (3.7) which maps (p1, p2, 1, 92) to (P, 05, q1, @)

dV(QM Q2)

0g; =¢q;—q; =0
de J J J

opj =p; —pj = —§
with j € {1,2}. In terms of one of the original uncoupled twist maps, the kick dp; is
a non-integrable propagation changing the action /; and thus roughly translates to a
mi _.mso

transport dv; ~ 0p; in the frequency v;. For a coupling potential V' (g1, ¢2) = ¢i"' ¢}

this reads

V(C]h QQ)

op; =pj —pj=—§-my .
J

and thus it follows for the case |¢1| < |go

al<lel & S>> s o>l = |owl> 1w
|~ a2

In region A the condition |¢;| < |g2| holds on average as I; < I5. An examination of
the average ratio |dp;/dps| on the regular tori of each region confirms this, but is not
shown here. This explains the very small transport in 5. A model for the transport
in region A would be the 3D map in the coordinates (1,01, ©,) resulting from setting
dps = 0 in Eq. (3.7) as considered in Sec. 4.3. Note that the reverse situation I; > Iy
is observed for trapped orbits with v; > 0.67 in Fig. 3.7.

The Poincaré recurrence statistics for the map Frryist are obtained from two differently
large sets of initial conditions both with uniformly distributed random actions I, Iy €
[4.8,9.2] and angles ©1,0, € [—m, ). Note that the initial region is chosen differently
from the exit region I' = {([3, I5,01,05) : 11, Is > 10} for numerical advantages. While
this technically means that escape times rather than recurrences 7' are computed, the
latter notion is used in the following to avoid confusion when comparing the maps
Fryist and Fge. For each trapped orbit x(¢) with very long recurrence time 7' the two
frequencies (v, 1) of the middle segment {x(¢;)} with ¢; € [(T' — At)/2, (T + At)/2] are
computed. These frequencies are used to assign each of these chaotic orbits to the region
they are trapped at. The first set are 10! initial conditions and for the resulting 20775
chaotic orbits with recurrence times T > 10° the two frequencies of the middle segment
are computed. The second set are 1.8 - 10! initial conditions and for the resulting
1652930 chaotic orbits with recurrence times T > 4 - 10%, including 37777 orbits with
T > 10°, the two frequencies of the middle segment are computed. As suggested by
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Figure 3.9: Statistics of Poincaré recurrences P(T) for the map Fryis. The overall
statistics is shown in blue. Orbits with T' > 4 - 10* are assigned to regions A, B, and C
giving corresponding statistics shown in red, green, and bright blue. The statistics for
the individual sticky regions are normalized according to their share of all trapped orbits,
i.e. their sum gives the overall statistics. The gray line behind the blue one is the overall
statistics including 25 orbits which are most likely regular, see text. For the statistics a
total of 2.8- 10! chaotic orbits started uniformly in (17, I, 01,03) € [4.8,9.2)% x [, 7r)?
are used with the exit region I' = {(I1, I3, ©1,03) : I1, I > 10}, see text. For comparison
the gray, dashed line represents a power-law P(t) ~ ¢~7, with v = 1.2.

Fig. 3.8, orbits with 1, > 0.88 are considered to be trapped in region A and orbits with
0.77 < v < 0.88 in region B and the region with v, < 0.77 is denoted as region C. Note
that for the first set of initial conditions eight orbits do not recur within 10° iterations
and for the second set 17 orbits. The resulting statistics of Poincaré recurrences P(T')

are presented in Fig. 3.9.

In Fig. 3.9 the statistics for the whole system are shown as gray line which is mostly
covered by a blue line. The gray line includes the not recurred orbits, while they are
ignored in case of the blue line. Without the not recurred orbits the statistics decays
with a relatively straight power law. The frequencies of almost all of the not recurred
orbits stay constant throughout 10° iterations with deviations less than 107¢ and are
thus considered to be regular tori within small regular islands which lie within the initial
region. Judging from the frequencies (v1,14), see Eq. (3.5), these islands result from
one of the junctions at (2/3,5/6), (11/16,13/16) and (115/174,5/6). In the following,

the not recurred orbits are neglected. The statistics for the individual sticky regions



58 3.5 Coupled twist maps

are included with different colors in Fig. 3.9. They are normalized according to their
share of all trapped orbits, i.e. for all times T" the sum of P(T") of the colored lines is
equal to P(T') of the blue line. The decay for all three regions resembles the overall
decay. However, the statistics for region B shown in green almost coincides with the
blue line, implying that this region is the dominant sticky region of the map Fryis;-
The region A shown in red contributes the least to the overall statistics, but exhibits
a very straight power law. The remaining region C shown in blue contains regions of
both kind, i.e. with transport resembling the transport observed for region A or region
B. The majority of the transport in region C seems to be governed by the resonances
1:3:3,0:4:3and 3:0: 2, see Fig. 3.7. No major transport between region A
and region C is observed. In conclusion, it is assumed that region A and region B are
sufficient to understand the fundamental transport in the coupled twist maps Frryise and
thus region C is ignored. Thus, for better resolution the frequency space is only shown

for 1y < 0.67 for the map Fryis in the following.



4 Transport and trapping
iIn 4D maps

Despite the importance of chaotic transport in the vicinity of regular structures many
fundamental questions about the nature of this transport in higher-dimensional systems
remain open. In particular, the mechanism of power-law trapping, while quite well
understood for 2D maps, is completely unknown for higher-dimensional systems. In the
preliminary work [72| this mechanism was traced back to sticky regions at the surface
of the regular structures. In this chapter, the chaotic transport within this sticky
region is shown to be organized by overlapping resonance channels. In particular, the
chaotic transport is decomposed into four basic processes: escape from one resonance
channel to another, trapping in a deeper class of hierarchy, transport at junctions of
resonance channels, and transport along resonance channels. The escape from one
resonance channel to another and the transport along the class hierarchy, discussed in
the previous chapter, are shown to be governed by partial barriers. While the class
hierarchy and resonance junctions turn out to be insignificant for the sticky region,
the transport between resonance channels provides, in special cases, a mechanism for
power-law trapping in higher-dimensional systems. However, the results suggest that the
trapping in the generic sticky regions is governed by the transport along the resonance
channels. A one-dimensional stochastic model of this transport including a drift along
the channel is proposed. In principle, this model can not only explain the power-law
trapping, but the proposed drift has general implications for the transport in the Arnold
web. This transport is usually considered to be purely diffusive. The drift and the
stochastic model have not been verified yet as the measurement of the transport along
a resonance channel turned out to be extremely difficult. Nevertheless, the coupled
twist maps Fryist introduced in the last chapter appear to be a promising model to
quantify this transport. All results presented in the following sections for this map
are consistent with the corresponding results for the map Fs¢, which demonstrates the
generic dynamics of this designed system Fryis;.

In Sec. 4.1 it is shown that several sticky regions with different power laws exist for

the map Fsc, but that the horseshoe is the dominant sticky region. Based on the coarse
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quantification of transport properties within a sticky region open resonance channels are
found to organize the chaotic transport in the sticky regions. In Sec. 4.2 this transport
is decomposed into the four basic processes using time-frequency plots and signatures
of partial barriers are identified. In Sec. 4.3 a possible mechanism for the power-law
trapping based on the transport from one resonance channel to another is sketched.
While the trapping in a special region of the twist map Fryis is explained by this
mechanism, it is ruled out for the generic sticky regions of Fryi and Fseo. Likewise,
in Secs. 4.4 and 4.5 trapping in the deeper classes of resonance channels and junctions
is demonstrated to be insufficient as origin of the overall power-law decay. However,
the escape statistics for the deeper classes exhibit power-law decays as expected from
the self-similarity. Instead, in Sec. 4.6 a one-dimensional stochastic process with drift
modeling the transport along a single resonance channel is proposed which generates
the power-law decay. It is derived how such a drift may originate from the change of the
volume of the stochastic layer along the resonance channel. This volume is computed
for the resonance 0 : 6 : 5 of the map Fryisq and the measurement of the drift and

diffusion coefficients is discussed in Appendix A.1.

4.1 Sticky region and resonance channels

Chaotic orbits in symplectic 4D maps get trapped in so called sticky regions at the
surface of the regular structures, as discussed in Sec. 2.6. Since different regular regions
can be distinguished as discussed in Sec. 2.6.2 and chapter 3 also their attached sticky
regions should be differentiated. In fact, it is observed that trapped orbits only visit
one of these sticky regions before returning to the chaotic sea [72]. In this section,
individual power-law decays for the sticky regions of the two coupled standard maps
Fsc¢ are obtained by categorizing trapped orbits via frequency analysis. The results
justify the assumption of Ref. [72| that the horseshoe is the most relevant sticky region
of the system. A coarse grained inspection of the transport within the sticky regions of
Fsc and the coupled twist maps Fryist reveals that it is organized by the open resonance
channels which pervade the sticky regions. Analytic results for the number and area of
resonance channels of different order are presented in Appendix A.3.

First, the Poincaré recurrences of Frry;, are obtained as described in Sec. 2.6. Then,
these recurrences are categorized analogously to the recurrences of the coupled twist
maps Fsc in Sec. 3.5.1: For each orbit x(¢) of the 3-10° trapped orbits with recurrence
times T > 10%, see Sec. 2.6, the two frequencies of the middle segment ¢t € [(T —
At)/2, (T + At) /2] are computed and the orbit is assigned to the regular region which is

closest to this segment in frequency space. The detailed mapping from areas in frequency
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Figure 4.1: Statistics of Poincaré recurrences P(T") for the sticky regions of the map
Fsc, analogous to Fig. 3.9. (¢) Magnification as indicated by the black box in (a) with
the overall statistics shown as thick, blue line and the statistics associated with individual
regular regions shown as thin, colored lines. The statistics for the individual regions are
normalized according to their share of all trapped orbits, i.e. their sum gives the overall
statistics. The individual statistics are colored like their associated regular region in (b).
The thin, gray line corresponds to orbits which could not be assigned. Only the 3354864
chaotic orbits with 7' > 4-10* are assigned to individual regions according to their middle
frequency, see Appendix A.7. The exponents for the individual power laws P(T") ~ T—7
range from v ~ 1.6 for the region around the resonance —1: 3 : 0 (green) to v ~ 1.15 for

the outer ring (black).
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space to regular regions is listed in Appendix A.7. Asin Sec. 3.5.1, the transport between
the sticky regions of most of these different regular regions is observed to be small. Thus,
it is assumed that each chaotic orbit is only trapped in a single region before returning
to the chaotic sea. The resulting statistics of Poincaré recurrences P(T') are presented
in Fig. 4.1. Figure 4.1(a) shows again the statistics for the whole system as blue line.
Figure 4.1(c) is a magnification of this statistics for longer times 7" as indicated by the
black box in Fig. 4.1(a). The statistics for the individual sticky regions are included
with different colors in Fig. 4.1(c). They are normalized according to their share of all
trapped orbits, i.e. for all times 7" the sum of P(T') of the thin colored lines is equal to
P(T) of the thick blue line. The colors of individual sticky regions in Fig. 4.1(¢c) match
the colors of the associated regular regions in the frequency space in Fig. 4.1(b). These
regions match the ones introduced in Sec. 2.6.2, except here it is further distinguished
between the horseshoe and the inner end of the horseshoe, shown in bright blue and pink
respectively in Fig. 4.1(b). Note that a gallery of chaotic orbits trapped at the different
regular regions can be found in Ref. [72]|, Section 5.2. The gray line in Fig. 4.1(c)
represents all trapped orbits which could not definitely be assigned to one of the big
regular regions for various reasons. The share of these orbits decreases rapidly and can

be neglected for longer times.

Figure 4.1(c) demonstrates that up to the considered time 7' < 10° the statistics
of Poincaré recurrences of Fgc, shown as thick blue line, is dominated by the sticky
region at the horseshoe, shown in bright blue. The next most important contribution
comes from the adjacent inner end of the horseshoe, shown in pink. All sticky regions in
Fig. 4.1(c) exhibit power-law decays P(T) ~ T~ each with a slightly different exponent
. For instance the outer ring, shown in black in Fig. 4.1(b), displays a slower decay
of P(T) than the horseshoe and thus might well be the dominant sticky region for
much longer times. In contrast, the region around the resonance —1 : 3 : 0 has for
shorter times 7' ~ 10°...10° a larger share of the overall decay than the outer ring but
decays faster. While an explanation of the power-law decay in higher-dimensional maps
ultimately has to address these different exponents, the following investigations for Fs¢

will focus on the dominant sticky region of the horseshoe.

In Ref. |72] the transport within the sticky region of the horseshoe is assumed to be
locally a superposition of two stochastic processes in frequency space, which are perpen-
dicular to each other, one roughly oriented along(«>) and the other away from(J) the
surface of the regular structure. Using ensembles of initial conditions within the sticky
region, a normal diffusion along and a subdiffusion away from the regular structure is
found with the spread along being much more rapid ¢%,/0f ~ 100. Also a small drift

away from the regular structure is detected. However, these measurements use a single
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manually estimated orientation of the stochastic processes and local distortions by the

present open resonance channels are neglected.

In order to estimate the influence of the open resonance channels the distribution of
several entities are obtained from the frequencies of the orbits which are trapped at the
horseshoe. That is, for each of these orbits @;(f) with i € [0, Nuorseshoe), Nnorseshoe =
61600, ¢ € [0,7;] and Poincaré recurrence times 10° < T; < 10° the corresponding
frequencies (v;1,v;2)(t) with ¢ € [0,7;) are computed, see Sec. 2.6.2. This gives a set
Qhorseshoe = { (i1, Vi2) (8) it Of [Qnorseshoe| & 5+ 10° frequency pairs. The frequency space
is divided into a grid of squares of width Av = 5-107% and for each square containing

the frequency pairs
Dy = {(w1,w2) twj € (v — Av/2,v; + Av /2], § = 1,2} N Qporseshoe
the density of the frequency pairs

Ql/l/
s — L%l

= 4.1
‘ Qhorseshoe ’ ( )

is calculated. Considering that each frequency pair (v;1,7:2)(t) € Qhorseshoe represents
an orbit which escapes to the chaotic sea after T; — t + AT iterations with the finite

resolution AT € [0, At), the average escape time is calculated as

Tm) =—— S (T—1). (4.2)

‘ l/177/2| (Vi$17Vi$2)(t)€Qy1,u2

Finally, the eigenvalues of the 2 x 2 covariance matrix Covy (v, 2) after one iteration

t — t + At of the frequency pairs

COVkJ(Vl, Vg) = E[Vi7k(t + At) . Vi’l<t + At)](Vi,1,Vi,2)(t)€Qu1,y2 —
E[Vi,k(t + At)](Vi,lﬂ/i,z)(t)eﬂul,ug ’ ]E[Vi,l<t + At)](l/i,hl/i,z)(t)EQul,uQ

are calculated for each square of the grid, where the larger eigenvalue corresponds to
02,(v1,12) and the smaller one to of(v1,1). The results are shown in the frequency
space in Figs. 4.2 and 4.3 where their values are encoded as color and the regular tori
are included in gray. Squares with |Q2,, ,,| < 5 or in the case of the density {2, ,,| =0

are neglected and left white.

The distribution of densities p(v1,15) in Fig. 4.2(a) shows pronounced peaks along
several lines which match resonance lines. For comparison a set of the recognizable

resonances are indicated by the orange dashed lines in the background. Going away
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Figure 4.2: Distribution of the density p and the average escape time 7T in frequency
space for the 61600 chaotic orbits trapped at the horseshoe with 7' > 10°, i.e. a total of
| Qhorseshoe| == 5 - 108 frequency pairs. The values are encoded according to the color bars
with limiting values given in the subcaptions. The resolution of the grid is Av = 5-1076
and grid points are left white if less than (a) 1 or (b) 5 frequency pairs are at the grid point.
For comparison the regular tori from Fig. 2.4(b) are shown in gray and some resonances are
indicated in the background as orange, dashed lines, i.e. in (b) the resonance 29 : —9 : 6.
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o2,/ a% ~ 100 is obtained which matches the observations in Ref. [72].

o% of the covariance matrix in frequency
Note that for a majority of the grid points the ratio
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from any resonance the density decays rapidly as demonstrated by the logarithmic
color scale in Fig. 4.2(a). Exceptions are the vicinity of some resonance junctions where
cones of higher density exist between two of the intersecting resonances. This may
be due to a strong overlap of these resonance channels at the junction. The highest
values of density are observed right at the junctions but the peaks are so confined to
the point of their junction that they are hardly visible in Fig. 4.2(a). An inspection
in phase space of the orbit segments whose frequencies are located at junctions by 3D
projections confirms that these points surround EE periodic orbits. The high density
at resonances is partially caused by the fact that due the periodicity a large region of
the phase space is mapped to a single point by frequency analysis. Nevertheless, the
distribution of densities demonstrates that chaotic orbits within the sticky region can

be assigned to open resonance channels or junctions at almost all times.

The rapid decay of density away from resonances along with the requirement of at
least five frequency pairs per square for the entities T'(vy, 12), 02, (v1, %), and a%(yl, Vo)
causes large white gaps around resonances in the remaining subfigures of Figs. 4.2
and 4.3. The distribution of escape times T'(v1, 1) in Fig. 4.2(b) shows almost no signs
of resonances apart from these gaps. There is a peak of escape times at the resonance
29 : —9 : 6, which is inserted as orange dashed line in Fig. 4.2(b), but otherwise the
escape time decreases monotonously going away from the regular structure. This is
consistent with the observation that the last frequency pair before the recurrence of any
trapped orbit is situated in the area of the lowest escape times or even a further away
from the regular structure. This area also hosts the first frequency pairs which are close
to the regular structure. In conclusion, Fig. 4.2(b) demonstrates that the chaotic orbits
enter and exit the vicinity of the horseshoe away from the regular structure and tend

to get closer to it when they are trapped for longer times.

The eigenvalues 0%, (v1,10) and 0% (v1, 1) of the covariance matrix in Fig. 4.3 should
give some idea about the local stochastic transport in frequency space in the following
sense. If the transport can be locally described by the superposition of two independent
1D diffusion processes which are perpendicular to each other, it is straightforward to
prove that in the limit of infinite sample size the eigenvalues of the above defined
covariance matrix are the variances resulting from these processes after one time step.
The corresponding eigenvectors are oriented along the direction of the corresponding
diffusion process. It turns out that the eigenvectors of the larger eigenvalue o2, (v, 1)
usually point along regular structures as expected from the previous observations of
Ref. [72]. The only exception are again the vicinity of some junctions, mostly on the
resonance 15 : —5 : 5, where the directions of eigenvectors are spatially very unstable.

The smaller eigenvalue O'%(Vl,l/g) increases away from the regular structure without
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very pronounced signatures of resonances. In contrast, the larger eigenvalue o2, (v, 1)
additionally exhibits some drops appearing in bright blue around resonances close to
the regular structure in particular at larger v;. Thus, while the overall escape T'(vy, )
from the sticky region seems to be independent of resonance channels, the local, short
time transport is organized by them.

The distributions for the entities p(vy, 1), T(v1,1s), 0% (v1, 1), and 0%(1/1,1/2) are
also computed for the coupled twist maps Fryiss with width Av = 1074, based on the
Niwiss = 20775 trapped orbits with Poincaré recurrence times 7' > 10° which lead to
|Qwiss] & 1.7 - 107 frequency pairs. The results are shown in Fig. 4.4. For region B,
the major sticky region, and largely for region C observations analogous to Figs. 4.2
and 4.3 can be made. The region A exhibits ungeneric behavior as expected and is not

discussed here.
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Figure 4.4: Distribution of p, T, 02, a% in the frequency space for the coupled twist maps
Foryist, analogous to Figs. 4.2 and 4.3, based on the 20775 trapped orbits with 7' > 10,
i.e. a total of |Qryist| = 1.7- 107 frequency pairs. The resolution of the grid is Av = 1074,
For comparison the regular tori from Fig. 3.7 are shown in gray while only a detail of
this frequency space is displayed. Note that for a majority of the grid points the ratio
o2,/ 0'% ~ 100 is obtained which matches the observations in Ref. [72].
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4.2 Four transport processes

in resonance channels (I-1V)

In the sticky region at the surface of the regular structures the chaotic transport is
strongly governed by the web of open resonance channels. In the following, this trans-
port is considered to be composed of the four basic transport phenomena present in an

open resonance channel of a 4D map:

I) Transport across a resonance channel
IT) Trapping in deeper class of hierarchy
IIT) Trapping at a resonance junction

IV) Transport along a resonance channel

The heuristic argument for this decomposition goes as follows: In principle, the 4D
chaotic transport close to the regular structures can be described in the 2D frequency
space. Thus, a possible, local coordinate system is given by the two directions I) across
and IV) along a resonance channel. According to Sec. 3.3, an important phenomenon
which is not properly displayed in frequency space is the trapping in a deeper class
of the hierarchy. Deeper classes only appear as lines and points in frequency space,
i.e. IT) resonance lines and III) junctions. Note that at resonance junctions even more
complicated dynamics occur. These dynamics are not considered here.

In order to examine the interplay of the four transport processes and to estimate their
impact onto the overall chaotic transport, trapped orbits are examined in frequency
space and time—frequency plots, see Sec. 2.6.2. While it turns out that the processes I)
and II) resemble the transport due to partial barriers along the levels and classes in 2D
maps, respectively, see Sec. 2.4, the processes IIT) and IV) are purely higher-dimensional
phenomena. The features of time—frequency plots which are identified in this section for
instance as signatures of partial barriers are also visible for other systems [41,43,44,60]
but have not been properly understood yet, emphasizing the relevance of the findings
in this section.

Chaotic transport is usually studied in phase space. There partial barriers in 2D
maps can be detected by drops in density of chaotic orbits iterated for a finite time, see
Fig. 2.1 in Sec. 2.4. However, for 4D maps with a 4D phase space the 2D frequency space
is more accessible. In order to understand chaotic transport also in the frequency space
of a 4D map, at first trapped orbits of the 2D map Fy, with K = 2.25 are considered in
phase and frequency space. Figures 4.5(a) and 4.5(b) show a chaotic orbit that is mainly
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Figure 4.5: Trapped orbit of the 2D map F5, with K = 2.25, mainly trapped in the class
hierarchy, in (a) time-frequency plot and (b) phase space with iteration time ¢ € [0,T =
17763757]. The frequency analysis is performed on segments of length At = 4096, see
Sec. 2.6.2. In (a) frequency intervals are chosen and points within the same interval are
shown with the same color. The corresponding points in (b) are colored accordingly, see
Eq. (2.18). Since in (b) the green, blue, and gray points are very dense, and the gray ones
are plotted first, they are not visible. In (a) the resonance v = 2/9 is indicated in the
background as orange, dashed-dotted line. In (b) the inset shows the whole phase space
(p,q) € [-0.5,0.5) x [0,1). A black box indicating the magnification seen in (b) is hardly
visible as black point.

trapped at the resonance v = 2/9 in a time—frequency plot and phase space, respectively.
In both figures the points of the orbit are colored correspondingly. Most points are gray
but certain sets of points, which are chosen in frequency space, are highlighted in other
colors. Note that due to the finite size of the points in the plots, highlighted points may
cover other points if they are too close to each other. For instance there are no gray
points visible in Fig. 4.5(b) and no blue points visible in the inset of Fig. 4.5(b). The
central part of the orbit is colored green, highlighting nine islands of the resonance chain
v = 2/9 in phase space, which are visible in the inset of Fig. 4.5(b). The magnification
at one of these islands shown in Fig. 4.5(b) reveals further green subislands. This
implies that the orbit is trapped in the deeper classes of the resonance v = 2/9. The
frequencies v(t) of the trapped orbit shown in corresponding colors in Fig. 4.5(a) are
almost constant at v(t) = 2/9 for the majority of the iterations ¢. Only the frequencies
of the initial iterations and the last iterations before the recurrence of the orbit deviate
from 2/9 and fluctuate strongly over time. These points are colored red, while the first
and last iterations exhibiting an almost constant frequency are colored blue. There

is a sharp transition between almost constant and strongly fluctuating frequency. In
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the phase space in Fig. 4.5(b) the blue and red points are well separated from each
other with a drop in density from the blue to the red points. As explained in Sec. 2.4,
this transition corresponds to the crossing of the partial barrier belonging to the next
deeper class around the islands of the resonance v = 2/9. Note that the frequency v(?)
also fluctuates during the time the orbit is trapped in the deeper class. However, the

amplitude is several orders of magnitude smaller than for the intervals colored in red.

In general, constant frequencies with a rational number v(t) = n/m correspond to the
orbit being in a deeper class. The reason is that for an orbit trapped at an island chain,
the corresponding rational frequency v = n/m is very dominant in the Fourier spectrum
of this orbit. This is analogous to resonant frequencies obtained by frequency analysis
in 4D maps, cf. Secs. 3.2.3 and 3.3.1. Within the deeper class the frequencies cannot
resolve further details about the transport of the orbit. For instance, in Fig. 4.5(a)
the blue and green points have the same frequency, but the phase space in Fig. 4.5(a)
shows that the green points are in an even deeper class than the blue points. A further
examination requires a frequency analysis for the points with constant frequency with
respect to an island of the resonance, analogous to Secs. 3.3.1 and 3.3.2. In the time—
frequency plots the point of transition from one class to the next can of course only
be resolved up to the length At of the segments used for the frequency analysis. In
particular, if the orbit crosses the partial barrier more than once within two segments

At, e.g., for partial barriers with high flux, the transition cannot even be detected.

In the same fashion as Fig. 4.5, Fig. 4.6 shows a chaotic orbit that is mainly trapped
along the levels of the hierarchy. In the magnification of the phase space in Fig. 4.6(b)
there is a clear drop in point density between the region with the blue and red points
and the gray stripe to the right. The island visible within the area of red and blue
points belongs to the resonance v = 2/9. A further magnification of the the gray area,
indicated by the box in Fig. 4.6(b), is shown in Fig. 4.6(d) with different colors. On
this scale another drop in density is visible between the regions with colored points
and the gray stripe to the right. A magnification of this stripe, indicated by the box
in Fig. 4.6(d), is shown in Fig. 4.6(f) and reveals further details. The corresponding
time—frequency plots in the left column of Fig. 4.6 display the same hierarchy of scales.
In Fig. 4.6(a) a few initial and last iterations in red and blue, respectively, are scat-
tered over a wide frequency interval. The rest of the iterations in gray are confined
to a much smaller frequency interval, indicated by the box. The magnification of this
interval in Fig. 4.6(c) reveals several frequency intervals to which the orbit seems to
be confined for several consecutive iterations. These intervals are estimated manually
by visual inspection and highlighted with different colors. The most pronounced inter-

vals are the purple and upper gray one. The frequencies v(t) of the orbit jump twice
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Figure 4.6: Trapped orbit of the map Fa, from Fig. 2.1(b), mainly trapped along the
level hierarchy, displayed analogous to Fig. 4.5. Each row represents a magnification of the
previous one, as indicated by the black boxes, with different sets of points being colored.
Resonances are from top to bottom (¢) v = {37/165,13/58,28/125,43/192,15/67} and
(e) v ={207/923,61/272,98/437,135/602}.
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from the purple to the gray interval and back, once dwelling in the gray interval for
several million iterations, once for less than one million iterations. The sudden transi-
tions in the time-frequency plots are signatures of partial barriers. A comparison with
the correspondingly colored points in phase space in Fig. 4.6(d) demonstrates that the
frequency intervals represent stochastic layers of resonances. For instance the purple
layer is caused by the resonances v = 37/165,13/58,28/125 which are indicated by
the orange dashed-dotted lines in Fig. 4.6(c). A comparison of the order of the red,
green and purple layer in Figs. 4.6(c) and 4.6(d) also implies that for this map a higher
frequency is equivalent to being closer to the central regular island. The magnifica-
tion of the inner gray stripe indicated by boxes in Figs. 4.6(c) and 4.6(d) is shown in
Figs. 4.6(e) and 4.6(f) and allows for highlighting even more stochastic layers. It should
be emphasized that all these stochastic layers are identified by selecting intervals from
time—frequency plots. While the frequencies of the orbit change chaotically within the
frequency interval of the stochastic layer, for short time periods they exhibit trapping
in a deeper class. An example are the points at the resonance v = 13/58 highlighted in
orange in Figs. 4.6(c) and 4.6(d) and the green, blue and orange points at the resonance
v = 61/272 in Figs. 4.6(e) and 4.6(f). The different highlighted island chains in the
latter example in Fig. 4.6(f) illustrate again the ambiguity of frequencies when the orbit

is in a deeper class.

In general, if frequencies are confined to some interval around resonances for some
period of time with sudden jumps to adjacent intervals it means that the corresponding
orbit is trapped in the stochastic layer of a fixed class of the hierarchy. In contrast to
being trapped in a deeper class, the frequencies change chaotically within the interval
representing the stochastic layer. As demonstrated with the example in Fig. 4.6, trap-
ping along the levels of the hierarchy is well observable in time—frequency plots. Again
the transitions from layer to layer can only be resolved up to At. In particular, the
layers of different resonances may appear as overlapping, if the flux in between them is

too big.

The orbit in Fig. 4.6 spends the majority of the iterations in the deeper levels of the
hierarchy that it reaches, i.e. at v = 61/272 and adjacent stochastic layers. This is
the typical behavior predicted by the theory for orbits trapped mainly along the levels
of the hierarchy, see Sec. 2.4. However, Fig. 4.7 shows a chaotic orbit that is trapped
in the same system more than twice as long, but reaches at most v = 135/602, while
spending most of the iterations in the purple layer around v = 13/58. In particular,
the orbit frequently jumps to stochastic layers, which are even further away from the
central regular island. Due to more points in these layers it is possible to resolve finer

layers in Fig. 4.7 than in Fig. 4.6. It is interesting to acknowledge that also such kind
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Figure 4.7: Trapped orbit of the map Fb, with K = 2.25 and T = 22742154,
frequently jumping between stochastic layers, displayed analogous to Fig. 4.5. The
stochastic layers recognized from the frequencies v(t) are similar to the ones rec-
ognized in Figs. 4.6(c) and 4.6(d). The resonances are from top to bottom v =
{135/602,13/58,28/125,43/192,159/710, 58 /259, 73 /326, 15/67}.

of orbits contribute to the power-law of the 2D map, because frequent jumps between
resonances are generically observed for trapped orbits of 4D maps in the following.
The time-frequency signatures of deeper classes and stochastic layers are also observed
for trapped orbits in 4D maps. It is convenient to demonstrate this for the coupled twist
maps Fryige as the original 2D twist maps are still recognizable in the coupled system
and thus allow a direct comparison to the observations in 2D maps. Figure 4.8 shows a
chaotic orbit of the coupled twist maps Fryis trapped in region B. Figures 4.8(a) and
4.8(b) show the orbit in time—frequency (¢, ) and frequency space (v, 1) with points
colored according to their iteration time. Several relevant resonances are indicated by
dashed orange lines in Fig. 4.8(b). The horizontal line is the resonance 0 : 6 : 5 and
the vertical line intersecting with it corresponds to 8 : 0 : 5. Already the familiar
signatures of partial barriers due to these resonances are visible in the course of 15(t) in
Fig. 4.8(a), that is sudden jumps between frequency intervals and periods of constant
frequency. In order to observe the signatures of partial barriers also in phase space, thin
slices in the angles |0;],|02| < 1072 are projected to the (ps,g2)-, (p1,q1)-coordinates,
respectively. Details of these slices for the chaotic orbit are shown in Figs. 4.8(d)
and 4.8(f). As for the examples of the 2D map, several frequency intervals in vy are
highlighted with different colors in Fig. 4.8(c) and these points are colored accordingly
in the slices and the (¢,14)-plot in Fig. 4.8(e). This highlights different layers with
relatively sharp borders in the ©;-slice in Fig. 4.8(d), resembling stochastic layers of a
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(orange). The insets in (d),(f) show p1,q1 € [=3,3], p2,q2 € [—4,4].

0.0



76 4.2 Four transport processes in resonance channels (I-1V)

2D phase space. Also Fig. 4.8(d) confirms that the pronounced intervals of constant
frequency v, = 5/6 (~ 0 : 6 : 5) colored orange in Fig. 4.8(c) correspond to the orbit
being trapped at an island chain. More precisely, an island chain of period-six can be
seen in the inset of Fig. 4.8(d) which shows a larger part of the slice. Note that for
Frryist by construction larger v; correspond to points in phase space further away from
the center (p;, ¢;) = (0,0), as suggested by the order of colors in Figs. 4.8(c) and 4.8(d).

While the resemblance of these plots and the according plots for 2D maps demon-
strates the existence and impact of partial barriers in 4D maps, the additional degree
of freedom complicates the proper identification and display of the stochastic layers.
Firstly, the resonances in 4D maps are in general coupled, i.e. they involve two frequen-
cies. Hence, except for the uncoupled resonance 0 : 6 : 5 the resonances responsible for
the stochastic layers are not horizontal lines in the time-frequency plot in Fig. 4.8(c)
anymore. Instead a resonance and the frequency interval of its affiliated stochastic layer
have to be identified in the frequency space (v, 15) rather than in the time-frequency
plot of a single frequency 5. Secondly, even if the relevant resonances were uncou-
pled, there is an additional dynamics in the non-resonant degree of freedom, i.e. the
transport along the resonances. This dynamics is visible in the time—frequency plot
(t,11) in Fig. 4.8(e). The development of v (¢) reminds of a random walk with possibly
time-dependent variance. Accordingly, the corresponding slice in Fig. 4.8(f) shows all
colored points distributed relatively randomly over a common area. A time dependence
of the variance could result from the different resonances the orbit visits over time,
which each might have an individual transport rate. Likewise, the frequency interval of
a stochastic layer may change along the corresponding resonance. For this reason the
green and bright blue frequency intervals for v, in Fig. 4.8(c) are confined to certain

time intervals for which the corresponding frequencies v; do not change much.

Besides transport along resonances, also junctions of resonances are only possible in
higher-dimensional maps. An example is the junction of the resonances —2 : 5 : 3 and
8:0:5 at (v,1n) = (0.625,0.85) in Fig. 4.8(b). Points in the vicinity of this junction
are highlighted in red in Figs. 4.8(c) and 4.8(e). On closer inspection of Figs. 4.8(c)
and 4.8(e), not shown here, it seems the orbit frequently jumps between the stochastic
layers of the resonances —2 : 5 : 3 and 8 : 0 : 5. Also stochastic layers of other
resonances meeting at this junction may be visible. This behavior may be due to the
layers increasingly overlapping in the vicinity of the junction, entering the Chirikov
regime, see Sec. 2.5. However, this behavior does not seem to be universal for the
vicinity of junctions. A counterexample is the junction of the resonances 0 : 6 : 5,
8:0:5, —4:3:0,and 4 : 3 : 5 in Fig. 4.8(b). Despite the orbit being right at

the junction, only the stochastic layer of the 0 : 6 : 5 resonance colored in purple in



77

Fig. 4.8(c) is visible with a random walk like behavior of v; in Fig. 4.8(e). This might
be due the low order of this resonance. Another phenomenon expected at a junction
is trapping directly at the islands around the EE periodic orbits of the junction, see
Sec. 3.3.3, which is not observed for this example. Note that the orange segment with

seemingly constant frequencies v1(t) = k in Fig. 4.8(e) is actually not at the junction
k < 5/8 = 0.625.

In order to present a possible way to deal with the stochastic layers of uncoupled
resonances in frequency space, Fig. 4.9 shows an example of a chaotic orbit of Fryst
trapped in region A. While the plots are essentially the same as in Fig. 4.8, there
are a few adjustments. Firstly, since the relevant resonances are almost parallel to
the vo-axis, see Fig. 4.9(b), the stochastic layers are this time better visible in v (¢)
in Fig. 4.9(a). Secondly, the axes of the frequency space in Fig. 4.9(b) are switched
to allow a better comparison with Fig. 4.9(a). Since the relevant resonances are not
uncoupled, the stochastic layers are not easily identified in the time—frequency plot in
Fig. 4.9(a). For instance, the most important resonance 5 : 1 : 4, which is the resonance
at lowest vi-values in Fig. 4.9(b), appears as a non-straight line in Fig. 4.9(a). For a
particular resonance the time—frequency plot can be improved by a transformation, e.g.,
a rotation, which maps the frequencies (v, 12) to new coordinates (71, %5) in which the
resonance corresponds to a line parallel to one of the axes. The result for the resonance
5:1:4is shown in Figs. 4.9(c) and 4.9(e). In the time—frequency plot in Fig. 4.9(c),
where the resonance 5 : 1 : 4 appears now as a straight line, several stochastic layers
can be recognized and are highlighted with different colors. The corresponding slice in
Fig. 4.9(d) shows the expected signatures of stochastic layers, including the trapping at
an island chain of period-five highlighted in orange, which corresponds to the resonance
5 : 1 : 4. Note that these islands are actually one connected tube intersecting five
times with the slice. A comparison of Figs. 4.9(c) and 4.9(d) with Fig. 4.7 shows a
striking resemblance between one degree of freedom of a trapped orbit of a 4D map
and a trapped orbit of a 2D map. The other coordinate 7,(t) resembles as expected a
random walk with time dependent variance in Fig. 4.9(e). However, as implied by the
different scales of frequencies in Fig. 4.9(b), this random walk is confined to a thin layer

in the corresponding slice in Fig. 4.9(f).

Having established the general signatures of partial barriers, it is possible to examine
trapped orbits of any generic 4D map in frequency space. An example of the two coupled
standard maps Fgc is presented in Fig. 4.10 in the same way as for the coupled twist
maps in Fig. 4.9. The orbit is trapped at the horseshoe around the resonance 17 : 0 : 5.
Since most of the relevant resonances in Fig. 4.10(b) are quite parallel to the s-axis,

the axes are again switched to allow a better comparison with Fig. 4.10(a). Three major
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Figure 4.9: Chaotic orbit trapped in region A of the 4D map Fryigy with 7' = 12433054
displayed similar to Fig. 4.8. For (c), (e) the frequencies (v1, v2) are transformed to (1, )
such that the resonance 5 : 1: 4 is along the 71-axis. The stochastic layers are recognized
from 1(t), see (c). For (b) the axes are switched. The resonances in (b) are from top to
bottom 23 :3:17, 51 :7:38,28:4:21,33:5:25,38:6:29,5:1:4. The insets in
(d),(f) show p1,q1 € [-1,1], p2, g2 € [-5,5].
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stochastic layers can be identified immediately in the time—frequency plot in Fig. 4.10(a)
with fast transitions in between them, which shows the existence and impact of partial
barriers in the generic 4D map Fsc. However, a closer examination in phase space by
highlighting points selected from different layers in Fig. 4.10(c) is hardly possible. There
is no trivial slice which effectively captures the relevant degree of freedom. A detail of
the slice defined by |p;| < 1073 and a projection to the (ps, ¢2)-coordinates is shown in
Fig. 4.10(d) as an example. The different stochastic layers highlighted in Fig. 4.10(c) lie
all on top of each other. The only recognizable detail are the blue points being trapped
at an period-five island chain. This chain corresponds to the resonance 19 : 5 : 7 and
is actually a tube that intersects the slice five times at two positions, see also the inset
of Fig. 4.10(d). Since the transport along the resonances is very slow and all but one
resonance are coupled, the time—frequency plot for v5(t) resembles the one for v4(¢). On
top of that the relevant resonances are not close to being parallel to each other. Hence,
the transport along the resonances cannot easily be viewed in the frequency coordinates
even after a transformation as suggested by the previous example of Frryis. However,
the frequency space should be sufficient to get a rough quantitative estimate about the

dwell times and fluxes across the resonances.
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Figure 4.10: Chaotic orbit trapped at the horseshoe of the 4D map Fgc with T =
63524738 displayed similar to Fig. 4.8. The stochastic layers are recognized from vy (t),
see (c). For (b) the axes are switched. The resonances associated with the layers of (c)
are indicated in (b) as orange, dashed lines, i.e. 19:5: 7 (blue, red); 17 : 0 : 5 (purple);
54 : 4 : 17 (bright blue); 69 : —1 : 20, 20 : 4 : 7, 35 : —1 : 10 (green); 34 : 75 : 31,
2:55:16,32:20: 15 (orange). The inset in (d) shows ps € [-0.2,0.2], g2 € [0.35,0.65].



81

4.3 1) Transport across a resonance channel

The chaotic transport across the open resonance channels provides a possible mechanism
for the observed trapping with the very straight power law as sketched in the following.
This mechanism is analogous to the model for trapping in 2D maps of Ref. [114]. A
comparison with a 3D map demonstrates that this transport across resonance channels
is responsible for the trapping in region A of the twist map Fryis. However, the same
mechanism is ruled out for the generic sticky regions of Fryi and Fsc by using the
average escape time T'(v1, 1) from Sec. 4.1 as a measure for the distance to the regular
region. Instead, the course of the isolines of this distance suggests that the trapping is

governed by the transport along the resonance channels.

The relevant resonances in region A of the coupled twist maps Fryis are almost
parallel to the surface of the regular region in frequency space, as discussed in Sec. 3.5.1
and demonstrated by the example in Fig. 4.9. Thus, transport of a chaotic orbit across
the resonance channels directly affects its distance to the regular region. This transport
is similar to the transport along the levels of the hierarchy of a 2D map, since the action
I and likewise 5 of a chaotic orbit in region A do not alter much over time. This
similarity is illustrated by the resemblance of slices in O9, as shown in Fig. 4.9(d), and
phase space pictures of 2D maps. One interpretation is that the coordinate Iy acts
as a perturbation parameter, similar to the kicking strength K of the standard map,
defining a 2D mixed phase space the chaotic orbit is confined to for short time scales.
In this case the trapping mechanism could be described by trapping in a 2D map with
a slowly diffusing perturbation parameter, which modulates position and fluxes of the
partial barriers. Such a model should give similar results as the models discussed in
Ref. [114]. For instance, a straight power-law decay with universal exponent v ~ 1.5
is obtained by averaging the survival probabilities of 100 2D symplectic maps. This is
remarkable as the power-law decays of the individual maps still show the characteristic
oscillations on logarithmic scale. In order to demonstrate that the trapping in region A
works analogously, an additional 3D map Fj;, is introduced which matches the coupled
twist maps Fryise as defined in Eq. (3.6)ff. but with an integrable second degree of
freedom. That is, instead of Eq. (3.7) the perturbation of the 3D map is defined by

dv(éb q2>
dq
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Figure 4.11: Comparison of the statistics of Poincaré recurrences P(T") for the 4D map
Fryist and the 3D map F3p. The blue and red line correspond to the statistics of the
map Fryisy and its region A, respectively, see Fig. 3.9. The purple and orange line are
the analogous statistics for the map F3p, with initial region (I1, Is, ©1,0) € [6.1,9.2]% x
[—7t, )2, exit region I' = {(I1, I2,01,03) : I1, I > 10} and 2 - 100 chaotic orbits.

While all parameters match the ones of Fryig, the initial region I' for the Poincaré
recurrence is chosen to be I' = {(I1, I5,01,0,) : I, I, € [6.1,9.2]}.

The statistics of Poincaré recurrences P(T) of the maps F3p, and Fryis; are compared in
Fig. 4.11. The statistics for Frryis and its region A, shown in blue and red, respectively,
are the same as in Fig. 3.9. The result for the 3D map F3, shown in purple is a little
bit below the one for Fiyi but the decay is very similar. The results for region A of
Fryist and F3p, in red and orange, respectively, almost coincide, which confirms that
the back-coupling is negligible for Fryi in this region. The time—frequency plots for
chaotic orbits of F3, trapped at region A exhibit the same signatures of partial barriers
as observed for Fryig in Fig. 4.9. From these observations it can be inferred that the
trapping mechanism of the maps Fryis and Fjp is essentially the same in region A.
However, chaotic orbits of the 3D map F3, have constant action I set by their initial
condition Iy € [6.1,9.2] and thus can only get trapped at the regular region by transport
in I;. This implies that also the trapping in region A of the 4D map Frys; depends solely
on the transport in I;. Furthermore, the 3D map F3, allows to examine the statistics
for individual actions I, as shown in Fig. 4.12. The five thin, colored lines depict

P(T) for different initial I, € [6.5,9.0] corresponding to both rational and irrational
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Figure 4.12: Statistics of Poincaré recurrences P(T) for particular actions Iy = I9
of the 3D map F3p. The statistics P(T) for F3p are shown as thick, purple line
as in Fig. 4.11. The thin lines correspond to the statistics P(T") for Fj, with the
initial regions (I1,I2,01,02) € [6.1,9.2] x I3 x [~m,m)? with the constant I =
{6.5,7.5,7.1475,7.8419,9.0} (pink, green, bright blue, gray, dark cyan) which corresponds
approximately to vo = {0.8621,0.8821,7/8,8/9,0.9121}, see Eq. (3.8). In each case 2-10'°
chaotic orbits are used. The average of these five statistics shown as thick black line ex-
hibits a much straighter power-law similar to the overall statistics of F3p.

frequencies 5. These individual decays exhibit much stronger fluctuations over time
than the relatively straight power-law decay of the overall statistics shown again as
thick, purple line. Only the average of the individual decays included as thick black
line in Fig. 4.12 results in a similarly straight power-law decay. The averaged decay
converges by construction to the overall decay by including an increasing number of
individual decays, but even for the five actions considered the black line already almost
coincides with the purple one for small times 7' < 10%. This suggests that trapping with
straight power-law decay of P(T") in a 3D map F5;, and consequently in region A of the
4D map Fryist can be explained analogous to the straight power-law decay discussed in
Ref. [114]. Of course the outlined argument is just a rough sketch and a more careful,
quantitative analysis is required to rigorously link the trapping in 4D maps caused by
transport across open resonance channels to the models of Ref. [114]. Note that the
one-parameter stacking of 2D maps plus a rotation is not an uncommon model for 4D
maps [11,161].
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Figure 4.13: Isolines of the average escape time T (1, 12), see Eq. (4.2), for the maps (a)
Fsc and (b) Fryist- The isolines are based on the sets of frequency pairs from trapped
orbits discussed in Sec. 4.1, i.e. (a) |Qnorseshoe| =~ 107 frequency pairs obtained from
Nhorseshoe = 938384 trapped orbits of Fyc with recurrence times 10* < T; < 10° and (b)
|Q7wist| = 9107 = (1.7 + 7.3) - 107, Nyist = 20775 + 1652930 trapped orbits of Fryis
with 10* < T; < 10° and 4 - 10* < T; < 10°. The distribution T'(v1, v2) is evaluated on
a grid with resolutions Avy, Avs, see subcaptions. The factor between the escape times
T of two adjacent isolines is 1.61 and the value T is encoded in color according to the
colorbars with the limiting values 103 (blue) and 10° (red). For comparison the regular
tori from (a) Fig. 2.4(b) and (b) Fig. 3.6(c) are shown in gray. In (a) some resonances
are indicated as orange, dashed lines, i.e. from top to bottom 16 : —6 : 3, 31 : —11 : 6,
46:—-16:9,15:-5:3,29:-9:6, 14: —4: 3.
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While the trapping mechanism described above produces straight power-law decays
and explains the trapping in region A of the map Fryis, it requires that the chaotic
orbits mainly escape from the sticky region by transport across resonance channels. In
this case there is a fixed order in which a chaotic orbit from the chaotic sea reaches
each resonance. This order can be considered as levels, i.e. an orbit has to pass the
resonance of level n to get to the resonance of level n + 1. Certain recurrence times of
chaotic orbits should on average coincide with certain levels reached by the orbits just
like for trapping along the levels of the hierarchy of 2D maps [100,102|. Thus, one might
expect that the isolines of the average escape time T(v1,1,) as defined in Eq. (4.2) do
not cross the relevant resonance lines in frequency space but rather are directed along
them. However, a depiction of these isolines for the generic sticky regions of the maps
Fsc and Fryg in Fig. 4.13 is in stark contrast to this. For Fig. 4.13(a) some isolines are
computed based on |Qporseshoe| & 107 frequency pairs obtained from Nyopseshoe = 938384
trapped orbits of Fyc with recurrence times 10* < T; < 10%, see Sec. 4.1. The colors of
the isolines indicate the value of T(vy, 1) on them as in Fig. 4.2(b). The lines run more
or less parallel to each other along the surface of the regular region. Some relatable
resonances are included as orange, dashed lines in Fig. 4.13(a). They are all crossed
by the isolines, even at larger values of v; where the isolines seem to be relatively
straight. The independence of the isolines from resonances become even more apparent
for the coupled twist maps Fryis in Fig. 4.13(b). For Fig. 4.13(b) some isolines are
computed based on |Qryise| & 9107 = (1.7 4 7.3) - 107 frequency pairs obtained from
Nrwist = 20775 4+ 1652930 trapped orbits of Fryis; with recurrence times 10* < 7} < 10?
and 4 -10* < T; < 10%, respectively. The isolines clearly adapt to the surface of the

regular region of region B and their pattern do not resemble the grid of resonance lines.

In addition to the isolines of the average escape time also the distribution of densities
p(v1, 1s) for orbits with recurrence times 7; in intervals with constant width on log-scale
are examined, i.e. T; € [t;,2t;] with ¢; = a/ty, j € N, and, e.g., a = 1.2, t, = 10%, but
not shown here. The distribution of these densities looks like it continuously advances
towards the regular region with increasing j and exhibits no jumps at resonances. In
cooperation with Matthias Wagner and Prof. Padberg-Gehle the isolines and resonances
of Fig. 4.13(a) are also compared with eigenstates of the transfer operator for one time
step At = 4096 in frequency space in order to find related almost invariant sets [200].
However, no relevant signatures of such sets are found in this frequency space. Note
however that in Appendix A.1 the resonances 0 : 6 : 5 and 4 : 3 : 0 of the coupled
twist maps Fryis are discussed in between which jumps are observed that may cause
transport towards the chaotic sea. This is despite the fact that these resonances are

directed along the surface of the regular region. In order to investigate this one might



86 4.4 II) Trapping in deeper class of hierarchy

use the isolines introduced above as coordinate system to measure transport towards

the chaotic sea during jumps between resonances.

4.4 11) Trapping in deeper class of hierarchy

In Sec. 3.3.3 the hierarchy of classes in 4D maps is explained in analogy to 2D maps. The
trapping of chaotic orbits in deeper classes of this hierarchy is established in Sec. 4.2.
In particular, this trapping exhibits signatures of partial barriers as in 2D maps. In
this section however, it is estimated that chaotic orbits are only trapped for short time
periods in deeper classes and reach only a couple of consecutive classes. Thus, this
type of trapping can not explain the power-law trapping. The escape times from deeper
classes exhibit power-law decays with different exponents as expected due to the self-
similarity of the regular structures along the hierarchy: The escape from the regular
region of a deeper class to the stochastic layer of the corresponding resonance channel
should be governed by the same mechanisms as the escape from the major sticky region
of a system to its chaotic sea. In this sense, understanding the power-law trapping
for a generic 4D map automatically implies understanding the trapping at the regular
structures which are present in any resonance channel within the Arnold web. Finally,
the impact of transport within the deeper class on transport along resonance channels
is discussed in this section.

To determine numerically whether a chaotic orbit is trapped in a deeper class, e.g.,
at the regular structures of a resonance channel or a junction, is not straightforward.
The comparison of time—frequency plots and 2D phase-space slices in Sec. 4.2 suggests
that a sufficient criterion is the sudden confinement of the frequencies of the orbit to a
thin stripe around the resonance line. However, being within this stripe of half-width
Av is only a necessary condition. For instance, some chaotic orbits of the twist map
show a sudden change from a confinement Av ~ 1073 due to the stochastic layer of the
resonance to Av ~ 107%...1077 due to the deeper class. But also during the time span
in which the orbit is in the stochastic layer and explicitly not trapped in the deeper
class the fluctuating frequencies are frequently within the thin stripe Av ~ 1076...1077
around the resonance line. This can be inferred from the pronounced densities p(v1, 1)
at resonances discussed in Sec. 4.1 and seen in the time—frequency plots in Sec. 4.2.
This behavior is an artifact of the frequency analysis, which averages over At iterates
of an orbit, and thus can assign near resonant frequencies to an orbit which is in the
stochastic layer around a resonant island. One way to verify that the points of the
chaotic orbit are indeed trapped in the deeper class is to compare their positions with

the corresponding elliptic 1D tori of the resonance in a 3D projection. However, this
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is only checked for a few examples and not shown here. A more detailed discussion of
the frequency fluctuations at resonances and widths of resonance channels can be found
in Appendix A.3. In short, the frequencies of a chaotic orbit being within a stripe of
half-width Av < 1 around a resonance line is a necessary condition for this orbit to be
trapped in the corresponding deeper class. This condition is used in the following to
assess the relevance of the deeper classes for the overall power-law trapping. Whenever
the frequencies (1, 15)(t) of a chaotic orbit are within a stripe of half-width Ay = 10~°
or Av = 1077 around a resonance line of the maps Fsc and Fryig, respectively, for
t € [to+1,to+ 1] and outside for t =ty and t =ty + T + 1 the orbit is considered to be
trapped in the deeper class with an escape time 7. Only the resonances with the most
frequency pairs trapped in their deeper class are considered, that is 17:0:5, 16 : 1 : 5,
and 15: =5 :3for Fscand 0:6:5,5:1:4,1:3:3,and —1:2:1 for Frys. Note
that the chosen condition for being trapped in the deeper class of a resonance does not
distinguish between the resonance and junctions on it. However, the separate discussion
of the junctions in Sec. 4.5 reveals that the junctions are even less relevant than the
trapping in the deeper class of resonances. The following results are based on the same

frequency pairs Qporseshoe and Qqyigs as in Sec. 4.3.

The results for the horseshoe of the two coupled standard maps Fs¢ are depicted
in Fig. 4.14. In Fig. 4.14(a) the statistics of Poincaré recurrences P(T') for the horse-
shoe and the whole system Fgs¢ are shown in bright and dark blue, respectively, as in
Fig. 4.1(c). Additionally, the statistics for the orbits trapped at the horseshoe are di-
vided into two groups: Orbits that are trapped at any time in the deeper class of any
of the resonances 17 : 0 : 5, 16 : 1 : 5 or 15 : =5 : 3 (black) and the remaining orbits
(red). These statistics are normalized according to their share of all trapped orbits,
i.e. for all times ¢ the sum of P(T) of the black and red line is equal to P(7T") of the
bright blue line. Figure 4.14(a) shows that the majority of the orbits that get trapped
in the deeper class of the resonances have longer recurrence times, since the red line has
higher P(T) for T < 2 -10°. However, almost any trapped orbit with recurrence time
T > 10° has been trapped at least once in a deeper class of the resonances, as seen by
the proximity of the black and bright blue line in the double logarithmic plot. Never-
theless, the three lines have the same decay for T' > 3 - 10° meaning that the observed
power-law trapping does not require the trapping in a deeper class. In addition, only
about 1% of all frequency pairs |Quorseshoe|, See Sec. 4.3, are trapped in a deeper class
of the considered resonances. This small fraction of trapping in deeper classes may also
be deduced from the time—frequency plots in Sec. 4.2. In conclusion, these observations
confirm the presence of trapping in deeper classes but depict this mechanism as not

essential for the power-law trapping.
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Figure 4.14: Statistics of escape times P(T) for individual resonances of the horseshoe
of the map Fgc. For comparison the statistics of Poincaré recurrences P(T') for the whole
map Fgc (blue) and just the horseshoe (bright blue) from Fig. 4.1 is shown. A chaotic
orbit is considered to be trapped for T" at a resonance, whenever its frequencies (v, v2)(t)
are within a stripe of half-width Av = 107% around the resonance line for t € [tg+1,to+7T]
and outside for t = tp and t = to + T + 1. In (b) the resulting statistics P(7T') for the
resonances 17:0:5,16:1:5, 15: —5: 3 (black to red) are shown with a factor 1076 for
visibility. In (a) the statistics P(T') of the horseshoe (bright blue) is additionally divided
into orbits trapped at least once at one of the three resonances (black) and the remainder
(red). All results are based on the set Qporseshoe Of frequency pairs from Fig. 4.13.
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The statistics of escape times P(7") for the classes of the resonances 17:0:5,16:1:5
and 15 : —5 : 3 are shown in Fig. 4.14(b) along with the statistics for the whole system
Fsc in blue. Due to the frequency analysis the escape times T for the resonances are
only determined up to At = 4096 iterations and thus their decay only starts for longer
times. In order to facilitate the comparison with the decay of the whole system, the
statistics of the resonances are shifted along the P(T") axis. For each resonance the
statistics P(7T') exhibits an individual power-law decay with exponents both bigger and
smaller than the exponent of the whole system. This is in agreement with the fact
that the deeper class of a resonance or junction is a generic regular region and thus is
expected to exhibit power-law trapping. Note that the horseshoe itself represents the
deeper class of the resonance 3 : 1 : 1 as explained in Sec. 3.4. In this sense, the statistics
for the resonances 17:0:5, 16 : 1: 5, and 15 : —5 : 3 are analogous to the statistics for
resonance —1 : 3 : 0, the junction (v1,15) = (2/7,1/7), and the horseshoe representing
the resonance 3 : 1 : 1, which are shown in Fig. 4.1 in dark green, orange, and bright
blue, respectively. The only difference is that deeper classes of the resonances 17 : 0 : 5,
16 : 1 :5 and 15 : —5 : 3 represent already the next deeper classes of the hierarchy
of the map Fysc. Taking into account that the first classes of the system are observed
to trap orbits for up to ~ 108 iterations, see Fig. 4.1(c), while the next deeper classes
trap for only up to ~ 10° iterations, see Fig. 4.14(b), it seems unlikely that orbits reach
an even deeper class within the observed time span. Note that there is an argument
in 2D maps, i.e. if the power-law trapping was majorly caused by the class hierarchy,
certain recurrence times should be related to certain classes reached by the trapped
orbits |100, 105].

In Fig. 4.15 the results for the most important resonances 0:6:5,5:1:4,1:3:3,
and —1 : 2 : 1 of the coupled twist maps Fryist are presented analogous to Fig. 4.14. The
results are in principle in agreement with the results discussed above for the horseshoe
of the generic map Fsc. However, about 10% of all frequency pairs |Qyist|, see Sec. 4.3,
are trapped in a deeper class of the map Fryis, Which are ten times more than for
the horseshoe. Also the deeper classes of the map Fryig are observed to trap chaotic
orbits up to ~ 107...10% iterations, one to two orders of magnitude longer than the
deeper classes of the horseshoe. These scale differences are attributed to the fact that

the horseshoe is already a deeper class of the map Fsc.

The above estimates about the relevance of trapping in the deeper class of a resonance
are interesting for the transport along resonance channels. The transport along the
surface of the regular region of the deeper class coincides with the transport along
the corresponding resonance channel, as pointed out in Sec. 3.3.1 for the resonance

—1:3:0. Another example is the transport along the surface of the horseshoe, which



90 4.4 II) Trapping in deeper class of hierarchy

10°
P(T)
1072

1074

1076

1078

10710

10—12 , | , | , | , |
10° 10 10* 10¢ 10
(a) Orbits (blue) divided into trapped at resonances (black) and rest (red)
100 T T T T T T T T

107

1078 |

10—10 |

10712 \ I \ I \ I \ I
10° 10 10* 10 5 108

(b) Statistics of individual resonances (black to red)

Figure 4.15: Statistics of escape times P(T') for individual resonances of the map Fryist
analogous to Fig. 4.14. For comparison the statistics of Poincaré recurrences P(T') for
the map Fryige (blue) from Fig. 3.9 is shown. The half-width of the resonances is chosen
Av = 1077, In (b) the resulting statistics P(T") for the resonances 0 : 6 : 5, 5 : 1 : 4,
1:3:3,—1:2:1 (black to red) are shown with a factor 107 for visibility. All results
are based on the set Qryist of frequency pairs from Fig. 4.13.
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corresponds to transport along the resonance channel 3: 1 : 1, see Sec. 3.4. In Sec. 4.3
the former transport is suspected to be described by the transport across the resonance
channels of the horseshoe governed by partial barriers. In this sense, a fraction of the
chaotic transport along resonance channels can be explained by the transport across
a set of partial barriers. However, this fraction is estimated above to be rather small.
On top of that, the transport rate along the surface of the regular region is known
to increase away from the region 72|, see also the discussion of o2, (v, 1) in Sec. 4.1.
From this one may infer that the transport rate along the resonance channel is bigger
for chaotic orbits within the stochastic layer than for orbits trapped in its deeper class.
In conclusion, the transport due to partial barriers of the deeper class can probably be

neglected as mechanism for transport along the Arnold web.

4.5 11l) Trapping at a resonance junction

The transport at junctions of resonances is crucial in the closed part of the Arnold web,
as chaotic orbits can switch from one resonance channel to another only in the vicinity of
the junctions. A junction of resonance channels in 4D maps has an intricate phase-space
structure containing periodic orbits, regular 2D tori, families of 1D tori and invariant
manifolds, see Sec. 3.2.2. Consequently, the dynamics at a junction are complicated,
supposedly governed by several intertwined transport mechanisms, as mentioned in
Sec. 2.5. As the power-law trapping is governed by open resonance channels, only
junctions of open resonance channels are considered here. An examination of the most
prominent junctions yields results analogous to the trapping at resonances, see Sec. 4.4.
Hence, the junctions can be neglected for the power-law trapping. For the escape times
from the junctions power-law decays are observed as expected from the self-similarity
of the regular structures along the class hierarchy.

A chaotic orbit is considered to be trapped at a junction when its corresponding
frequencies (v, 15)(t) are within a square of half-width Av for t € [ty + 1,%0 + 7] and
outside for t =ty and t =ty + T + 1, with 7" denoting the escape time 7. Only the
junctions with the most frequency pairs trapped at them are considered. The analogous
statistics obtained for resonances in Sec. 4.4 are now obtained for junctions. The results
for the generic map Fsc are shown in Fig. 4.16 for which Av = 107° is chosen, which
is ten times the half-width used for the resonances. The six considered junctions, see
caption of the figure, all lie on the resonance 15 : —5 : 3. In Fig. 4.16(a) the black
line, representing orbits that are trapped at least once at any of the junctions, is well
below the red line which represents the remaining orbits. Thus, even for times up to

T = 10® over 50% of the orbits trapped at the horseshoe are not trapped even once at
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Figure 4.16: Statistics of escape times P(T) for individual resonance junctions of the
map Fgc similar to Fig. 4.14. As vicinity of the junctions (v1,12) = (n1/mi,n2/ms) a
square of half-width Av = 1075 is chosen. In (b) the resulting statistics P(T) for the
junctions (5/17,24/85), (53/180, 17/60), (28/95,27/95), (59,200, 57/200), (31/105,2/7),
(13/44,63/220) (black to red) are shown with a factor 107% for visibility.
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one of most relevant junctions. Only about 0.5% of all frequency pairs |Qporseshoe|, S€€
Sec. 4.3, are trapped at any of these junctions. This puts the high densities observed
at these junctions in Sec. 4.1 into perspective. On top of that, the decays for both
groups of chaotic orbits resemble the decay for the horseshoe shown as bright blue line.
In conclusion, just like the deeper classes of resonances the junctions do not seem to
be essential for the power-law trapping. The statistics of the escape times T" from the
individual junctions are shown in Fig. 4.16(b). Again power-law decays are observed
with similar but distinct exponents and orbits are trapped up to ~ 10° iterations, as
for the resonances in Sec. 4.4. For both maps these power-law decays are attributed to
the regular region around the EE periodic orbit present at each junction. This could be
verified by 3D projections of the trapped points along with the EE periodic orbit. As in
the previous section, this is only checked for a few examples and not shown here. The
regular regions around the EE periodic orbit represent the deeper class of the junction
and are expected to be subject to the same transport mechanisms as any regular region.

In Fig. 4.17 the results for the four most important junctions of the coupled twist
maps Frryig are presented analogous to Fig. 4.16. The half-width Av = 107% is again
chosen ten times bigger than for the resonances in Fig. 4.15. The results are in principle
in agreement with the results discussed above for the horseshoe of the generic map Fs¢.
In Fig. 4.17 the fraction of orbits being trapped at least once at any of the junctions is
about 10% at all times. The higher fraction in case of the horseshoe in Fig. 4.16 may
be caused by the fact that the 15 : —5 : 3 runs along the surface of the horseshoe and
closer towards the chaotic sea. Due to this, chaotic orbits have to pass this resonance
when approaching the horseshoe and may be more likely to get trapped at the junctions
on it. About 6% of all frequency pairs |Qrywisi|, see Sec. 4.3, are trapped at any of the
junctions considered for the map Fryige and these junctions are observed to trap chaotic
orbits up to ~ 107...10% iterations. This means a difference in scale to the results of

the horseshoe, which is also observed for the resonances in Sec. 4.4.
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Figure 4.17: Statistics of escape times P(T) for individual resonance junctions of the
map Fryige similar to Fig. 4.15. As vicinity of the junctions (v1,12) = (n1/mi,ne/ms)
a square of half-width Av = 1076 is chosen. In (b) the resulting statistics P(T) for
the junctions (9/14,11/14,6), (7/11,9/11,6), (2/3,7/9,6), (2/3,3/4,6) (black to red) are
shown with a factor 107> for visibility.
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4.6 V) Transport along a resonance channel

The previous sections conclude that transport across resonance channels and trapping in
deeper classes of the hierarchy is deficient to generate the observed power-law trapping.
The remaining transport phenomenon is transport along the resonance channels, which
is exclusive to higher-dimensional maps. Several mechanisms have been proposed in the
literature in order to describe the details of this transport mainly in terms of Arnold
diffusion [48,49,52,54,55,201|. A useful paradigm for the transport along a resonance
channel in 4D maps is the chaotic layer of a resonance in one degree of freedom driving
the action of the other degree of freedom, while the back-coupling to the chaotic layer
is negligible [62,66]. More precisely, the coordinates in the first degree of freedom are
located in the layer of the resonance and thus are mapped chaotically. Due to the
coupling this induces a transport in the second degree of freedom, even if this degree
of freedom is integrable in the uncoupled case. The chaotic layer of the resonance is
often treated as a stochastic driving and usually called stochastic layer. While the
following sections also rely on this simplification, note that a chaotic layer is not always

sufficiently modeled by a stochastic layer |66].

In this section, the transport along a single channel is simply viewed as a one-
dimensional stochastic process with local diffusion and drift coefficients. Using an
absorbing barrier along the channel to simulate the escape to the chaotic sea allows
to investigate the survival probabilities and compare them to the statistics of Poincaré
recurrences from the 4D maps. While a trapped orbit of a 4D map visits many channels,
here it is surmised that the stochastic model for each channel results in a similar power-
law, thus the mechanism of the power-law trapping can be reduced to a single channel.
A relation between drift and diffusion coefficients is proposed which can generate the
desired power-law decay. Furthermore, a drift which satisfies this relation is conjectured

based on the change of the volume of the stochastic layer along the channel.

Numerical studies are performed on the resonance channel 0 : 6 : 5 of the coupled
twist maps Fryis with uncoupled coordinates (Iy,ls,©1,03). For this channel the
4D transport can be separated into the stochastic layer of a 2D map ~ (I3,0;), a
rotation ~ ©1, and the transport along the channel ~ I;. The goal is to numerically
extract the local drift and diffusion coefficients in order to verify the proposed relation
between these coefficients and to reproduce the observed exponent vy of the power-
law decay P(T) ~ T~7 predicted by to the corresponding stochastic model. However,
the measurement of the coefficients turns out to be extremely difficult. Within the
framework of this thesis several ideas to overcome these difficulties are discussed. The

extraction of the local drift and diffusion coefficients remains a subject for future studies.
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In Sec. 4.6.1 the decay of survival probabilities for several relevant, one-dimensional
stochastic processes are reviewed. Based on this review, the necessity of a non-zero
drift is conjectured in order to obtain a power-law decay with the desired exponents.
A stochastic model generating these exponents is presented. In Sec. 4.6.2 two possible
physical origins of such a drift are presented, i.e. one known effect which is due to the
curvature of the regular tori and one newly proposed effect, which is related to the
volume of the stochastic layer. In Sec. 4.6.3 the volume of the layer along the resonance
channel 0 : 6 : 5 of the map Fpyis is measured, revealing a strong increase of this volume
towards the chaotic sea. The measurement of the drift and diffusion coefficients along

the channel is discussed in Appendix A.1.

4.6.1 Stochastic processes and power-law escape

Chaotic dynamics are often modeled as stochastic Markovian processes, i.e. using a
Fokker-Planck equation [66,202|. For the chaotic transport along a resonance channel
such a stochastic process should be one-dimensional with an absorbing barrier repre-
senting the escape to the chaotic sea. Possibly a reflecting barrier can be added which
simulates the finite length of the resonance channel, i.e. its intersection with the central
family of elliptic 1D tori, see Sec. 3.1. Furthermore, the discussion of the eigenvalues of
the local covariance matrix in frequency space in Sec. 4.1 suggests that the diffusion co-
efficient should increase towards the absorbing barrier. In the following, some analytic
concepts for stochastic processes are introduced including the survival probability which
is comparable to the statistics of the Poincaré recurrences used for the symplectic maps.
These statistics are discussed for several possible one-dimensional stochastic processes.
Two types of processes are considered: Firstly, heterogeneous processes, i.e. with non-
constant functions for the drift and diffusion coefficients of the Fokker-Planck equation,
and, secondly, processes with anomalous diffusion, like continuous time random walks
and fractional Brownian motion. The goal is to find a process for which the survival
probability exhibits a power-law decay P(T) ~ T~7 with a sufficiently large exponent
v > 1, as expected from Secs. 3.5.1 and 4.1 and Ref. [37]. It is conjectured that a
drift towards the chaotic sea is required to generate such a power-law. In particular, a
relation between drift and diffusion coefficients is proposed which is shown to produce
a wide range of power-law decays. A physical motivation for this relation is given in

the next section.
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For one dimension, the Fokker-Planck equation of the probability density p(x,t) at
point € R and time ¢ reads [203]

Ip(z, ) _ _QJ(x,t) = <—§U($,t) + (gx)QD(ffato p(z,t) (4.3)

ot ox x

where J(x,t) denotes the probability current, v(x,t) is the drift defined by the expec-

tation value over possible continuous paths z(t)

. 1
o(a,t) = lim = Bl + A1) — 2] (4.4)

and analogously D(z,t) is the diffusion coefficient defined by

D, 1) = Jim o E{(alt + A1) — 2(0) L (45)

An absorbing barrier at x, is realized by the condition

p(Ta,t) =0

and a reflecting barrier at x, by

J(xp,t) = v(z,, t)p(a,, t) — %D(xr,t)p(xr,t) =0.

The survival probability S(¢) for a process in an interval z € [z 4, x| is defined by the

probability within the interval

TE

S(t) = /dx p(x,t) .

TA

The standard setup is S(0) = 1 with at least one of the boundaries x4 or zp being
an absorbing barrier such that S(t) decreases over time. Basically, S(t) corresponds
to the statistics of Poincaré recurrences P(T') except that for S(t) usually the initial
condition is within the interval [x4,zg|. Note that in case of the Poincaré recurrences
starting chaotic orbits outside of the recurrence region results in the same power-law
decay at large times, as long as the orbits start far away from regular structures. For

a transformation to a coordinate y(x) the Fokker-Planck equation Eq. (4.3) transforms
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to
) — (g (o), + D)) + D)) 07 )
0 9 - .
— (—a—yv(y,t) + WM@/J)) Ay, t) (4.6)

where ¢ and y” are the first and second derivatives of y(x). Such a transformation does
not change the time scales meaning that the survival probabilities for the processes of
Eq. (4.3) and Eq. (4.6) with corresponding barriers and initial conditions are identical.
Thus, the survival probability S(t) for a particular setup of drift v(z,¢) and diffusion
coefficients D(x,t), initial conditions p(z,0) and barriers x4, zr applies to a whole class
of setups o(y,t), D(y,t), p(y,0) = p(z(y),0)/y, y(x4), y(xg) connected by transforma-
tions y(z) according to Eq. (4.6). As only autonomous processes are of interest here,
the time dependence of the coefficients is dropped in the following and for brevity the

coordinate x is assumed to be unitless.

The survival probabilities for some common setups are presented in the following.
For a random walk v(z) = 0, D(x) = D with initial condition p(z,0) = d(z — zo), an
absorbing barrier at x4 = 0 < zo and xp = oo follows [204, Section 3.2.2.1] [205, page
21]

i _
S(t) = erfe ( \/%) ap ’xo—ﬁ Rt (4.7)
The Sparre-Andersen theorem states that this asymptotic of S(¢) applies to a wide class
of random walkers [206]. Consequently, a N-dimensional random walk has S(t) ~ t~V/2,
For instance, the statistics of residence times P(7") in the Arnold web has been observed
to decay like a one- or two-dimensional random walk yielding P(T) ~ T~/2 or P(T) ~
T—! which is attributed to transport just along resonance channels or transport along
and across channels, respectively [64,125]. In case of a finite interval, i.e. g = L < o0,
the decay of S(t) is faster [204, Sections 2.2.1.1 and 2.2.2.1] [207]. If there is a reflecting
barrier at zp for the above random walk, then this barrier becomes relevant at times 7

and the current J(x4,t) at the absorbing barrier exhibits an exponential cut-off

J(:EA,t)Nt_%exp (—E) T~ L*/D .

T
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A second absorbing barrier at xg causes also an exponential cut-off at large times
Dt
S(t) ~ exp <— 73 > .

For a random walk with v(z) = v, D(z) = D, an initial condition p(z,0) = §(z — o), an

absorbing barrier at x4 = 0 < xg, and xg = oo follows for a drift towards the absorbing
barrier v < 0 [143] [204, Section 3.2.2.2]

S(t) = % (effC (T — ;) — exp(40) erfc (T + ;))
: Tov [v2t
with p= _E >0 T = E

and for a drift away from the absorbing barrier v > 0, see Ref. [204] and own calculations,

S(t) = (1 —exp(4p)) — % (erfc (T — g) — exp(4p) erfc (T + g))

with 3, T  as before. Note that in the latter case fooo dtJ(0,t) < 1. For large times t > 1
it is estimated [143,204]

1 —exp (—%) =const. >0 v >0

. | 4.8
(t) p20)r0 [4D o, <_Z_j§> t72 v <0 .

Note that according to Eq. (4.6) this survival probability also applies to the transformed
process y = exp(z) with 9(y) = (v + D)y, D(y) = Dy® and corresponding interval
boundaries and initial conditions [143]. In particular, choosing v + D = 0 this is a
stochastic process with no drift and a diffusion coefficient increasing quadratic away
from the absorbing barrier square. Furthermore, if there is a second absorbing barrier
at xp = L < oo then the survival probability S(¢) of the above random walk with drift

exhibits an exponential cut-off at large times [204, Section 2.2.1.2.|

t L? 1 o1 4D
S(t) ~ exp (——) T = D — 7 —
T 1+ (355) v

regardless of the direction of the drift. For a stochastic process with linearly increasing

diffusion coefficient D(x) = x, an absorbing barrier at x4 = 0, as well as v(z) = 0,
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xo > 0, xp < oo leads to [208]

Zo

S(t)=1—exp (—7) et (4.9)

Note that x4 is a so called natural barrier, i.e. the chosen coefficients v(x), D(z) them-
selves cause a propagation of the probability density p(x,t) which simulates an absorp-
tion at x4 [208]. According to Eq. (4.6) this survival probability also applies to the
transformed process y = 2v/z with ©(y) = —1/y, D(y) = 1 and corresponding interval
boundaries and initial conditions. The transformed process is a random walk with a
drift towards the absorbing barrier which increases as this barrier is approached. For a
process

op(x,t) 0 Op(x,t) 0 0*
5 = 5t an = At plx,t) + (ax)Qx p(x,t) (4.10)

with v(z) = az® !, D(z) = 2%, o > 2 with initial condition p(z,0) = §(z — z0), a
natural boundary at x4 = 0 < xg and an absorbing barrier at some large xp > x¢

follows for large times [209]

a—1
a—2

St) ~t7 v =

with an exponent v € (1,00). The drift and diffusion coefficients increase towards
the absorbing barrier. The survival probability also applies to the transformed process
y = —2~@ Y /(a — 1), which has no drift &(y) = 0, D(y) = ((1 — a)y)*@~1 and corre-
sponding interval boundaries y(z4) = —o0, y(zg) < 0 and initial conditions. However,
the diffusion coefficient of this process increases away from the absorbing barrier at y(zg)
with an exponent D(y) ~ y®, § € (1,2). Simulations using the Euler-Maruyama scheme
for exponential or quadratic spatial dependence of the diffusion coefficient roughly show
power-law decays S(t) ~ t7 with v ~ 1/2. These calculations are not shown here but
see Appendix A.2 for the basic procedure. Exponential, power-law and logarithmic de-
pendencies of the diffusion coefficient are known to lead to anomalous diffusion [210-212]
and for the latter the survival probability S(t) ~ t~'/2 is observed [212]. Anomalous
diffusion, ie. E[z*(t)] ~ t* with a # 1, is often modeled by continuous time ran-
dom walks (CTRW) and fractional Brownian motion. For 0 < a < 2 a Levy-type
CTRW yields S(t) ~ t~*/? and fractional Brownian motion S(t) ~ t*/>~1 [213], see also
Refs. [214,215]. These exponents v € [0, 1] for S(t) ~ ¢~ are insufficient to explain the

power laws observed for the trapping in 4D maps.
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In conclusion, most of the reviewed one-dimensional stochastic processes do either
not lead to a power-law decay of the survival probability S(¢) or to power-law decays
S(t) ~ t~7 with exponents that are too small, i.e. v < 1. In particular, processes without
drift seem to require a diffusion coefficient that decreases towards the absorbing barrier
to generate a power-law with a sufficiently large exponent v > 1, e.g., more than linearly
or less than quadratically increasing, see the processes of Egs. (4.8) and (4.9) and the
transformed process of Eq. (4.10). This is opposite to what is expected for the transport
along a resonance channel. The most promising process has both drift and diffusion
coefficients increasing towards the absorbing barrier, see Eq. (4.10). More precisely, the
coefficients fulfill

0D(z, ) D(z,a)

D(z,«a) = z° vz, o) = 5 =«
x T

from which an exponent v follows which is governed by the parameter o > 2. This
process is generalized in the following to

D(z, @)

D(z,a) = a® v(z,a) = ——— (4.11)

T

with two independent parameters o > 2, 6 > 1. Choosing the same parameters as for

Eq. (4.10), i.e. 14 =0, 4 < 1y < zp and the transformation

b 20 — «

u(y) = - b="— (4.12)

with y € [—00, 0], i.e. the absorbing barrier being at y(zg) < 0. Guessing an ansatz for

the probability density from numerical simulations for ¢t > 1

ply,t>1) = ieXp y2 (4.13)
’ 2t¢ 4t

it is obtained ¢ = (b + 3)/2 from the Fokker-Planck equation Eq. (4.3). For zp — oo

follows y(zg) — 0 and for the survival probability for large times

r 51
S(t>1) /dyp y=t" v = (4.14)
a—2
0
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with @ > 2, 6 > 1, and v € (0,00). Not only is this range of the exponent ~ for
the generalized process Eq. (4.11) wider than for the process Eq. (4.10), but also the
generalized process is capable of generating this range of exponents for any chosen o > 2.
There are some special cases for o and §. The transformation z(y) = y*™1/(b+1) leads

to a process without drift

_2(5—&

5(2) =0 D(2) = (272) ===

with d € (—00,2). For a = 26 it follows d = 0 and v = 1/2, i.e. the random walk
Eq. (4.7) is a special case of the generalized process Eq. (4.11). For a = 0 + 1 it follows
d=1and v =1, i.e. the process Eq. (4.9) is a special case of Eq. (4.11).

4.6.2 Origin of drift along resonances

According to the previous section a drift is required to generate the desired power-law
trapping from the transport along a single resonance channel. In particular, a power-law
increase of the diffusion coefficient towards the chaotic sea and a special relation between
drift and diffusion coefficient is suggested, see Eq. (4.11). It is worth mentioning that
even if the local diffusion coefficients along a channel are very precisely determined,
the long-term transport along the channel can not be explained [66]. This may also
hint towards the presence of a drift, which has been neglected so far. In the following,
two possible physical origins of such a drift are presented. Firstly, the drift due to the
curvature of the regular tori is reviewed [143,144,216|. Secondly, a drift due to the
change of the volume of the chaotic layer along the resonance channel is proposed and
discussed. This also provides an argument for the increase of the diffusion coefficient of

the transport along the channel towards the chaotic sea.

A drift due to the non-zero curvature of the tori has been quantified for stochastically
perturbed 2D maps [143] and its existence has been rigorously proven for a setting
directly related to the transport along resonance channels [216]. As before, consider
the transport along a resonance channel as the stochastic layer of a resonance in the
first degree of freedom driving a transport in the second degree of freedom due to a
coupling. Assume that without the coupling this driven degree of freedom is essentially
a free rotor. In this case the driving due to the first degree of freedom may be modeled

by white noise. More precisely, the Ito differential equation [203]

de = v(x,t)dt + o(x, t)dW
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which is equivalent to the multi-dimensional Fokker-Planck equation

dp(z,t) o

o2
Db, oz, t)oj,(x, t)) p(x,t)

and which transforms to y(x) according Ito’s formula

dy(x)
&ci

+ aij(:c,t) dWJ (415)
with vectors ,v € RY, the N x N matrix o and the differential of an N-dimensional

Wiener process dW, reads for the driven degree of freedom
de = f(x,t)dW (4.16)

with some functional f(x,t) and N = 2. The vector * = (p,q) are the momentum-

position coordinates in the free rotor. As only the transport in the action I = (p? +

q®)/2 = r?/2 is of interest and thus assuming f(x,t) = f(r,t), the Ito differential

equation for the radius r follows from transforming Eq. (4.16) according to Eq. (4.15)
f(r,t)?

dr = ———dt + f(r,t)dW = v(r,t)dt + o(r,t) dW (4.17)

2r S~—~—
2D(r,t)

where
AW = ];9 AW, + L aw, = sin© dW, + cos© dW,
T

is a Wiener process. From Eq. (4.17) a relation between drift and diffusion coefficients
is extracted

D(r,t)

v(r,t) = .

(4.18)

This drift towards bigger radius r is due to the curvature 1/r with v(r,t) — 0 for
r — o00. In particular, in a system without curved regular tori, e.g., I = p, there is no
drift. As r = 0 corresponds in this setting to an elliptic fixed point in the driven degree
of freedom, the drift described by Eq. (4.18) points essentially towards the chaotic sea.
For a power-law increase D(r,t) = r* the drift of Eq. (4.18) corresponds to the limiting
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case 0 = 1 of the generalized process Eq. (4.11). Another interpretation of Eq. (4.18) is
that the drift arises from the fact that there is more volume at bigger radius [143]. The
volume of a circular ring of width Aris V() = 2mr Ar with the derivative V'(r) = 2mAr.

Thus, Eq. (4.18) may be expressed with respect to the relative volume change

oty = L ppy (4.19)

It is worth mentioning that for a 4D map in which the curvature of the tori is suppressed,
i.e. a 4D version of the designed map of Ref. [28], in some cases an intermediate power-
law trapping P(T') ~ ¢~ with v = 1 is observed, which is a much slower decay than for
generic 4D maps. However, this power law is only observed for two orders of magnitude
while a faster power-law decay takes over for longer times and thus the results are not

shown here.

While the drift described by Eq. (4.19) is essentially due to a volume change in the
driven degree of freedom, there might be also a drift due to a volume change of the
chaotic layer of the driving degree of freedom. Consider the resonance channel of an
uncoupled resonance 0 : m : n in action space (11, I3), where I; is the driven action along
the channel and I, the driving action that describes the fluctuations perpendicular
to the channel. Denoting the action corresponding to the rational frequency v, =
n/m as I/, and assuming a symmetric resonance channel around the resonance line,
the borders of the resonance channel are Iy € [I,/n — b(11), In/m + b(11)]. Assuming
further that for the minimal time step At an ensemble of chaotic initial conditions
{(I,L): L =17, Ir € Ly, — (1Y), Lyjm + b(I})]} is uniformly mapped into the region
{(I, L) : | = I)| <AL(IY), Iy € [Injm — b(I1), Ijm + b(11)]} a drift v(I7) along the
channel according to Eq. (4.4) follows

I94+AT (19) Ly ym+b(11)
S odn(h-1) [ db
1 IO?AIl(IO) In/nL_b(Il)
0y _ 70 _ 1 1

At [ dn [ dD
TI9—AT (19) Ly ym—b(I1)

which reads for AL (1Y) < 1 using the approximation b([;) ~ b(I) + O/ (I?)(I, — 1Y)

b'(17) AL (17)?
b(IY)  3At

v(IY) = (4.21)
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Taking into account that the diffusion coefficient D(I7) reads according to Eq. (4.5)

D(IY) = ——E[(I, - 193],

 AL(I})?
T 2At -

—_— 4.22
6AL ( )

and the width V(I7) of the channel at IY is V(I{) = 2b(I?) with the derivative V'(I}) =
20/ (I?), one can write Eq. (4.21) analogously to Eq. (4.19)

V'(I7)
V(i)

v(1%) =2 D(1?) . (4.23)
Note that the derivative in Eq. (4.19) is with respect to the radius r and not the action 1.
The expression of Eq. (4.23) is valid for all channels independently of the dimensionality
of the volume V (1Y), as the corresponding term in Eq. (4.20) can be expressed by an

arbitrary volume

In/m+b(11)
/‘thWM%VWHVUthm-

In/m_b(ll)

Note that for b'(1Y) = 0 a zero drift v(I)) = 0 follows while the diffusion coefficient,
D(1,) is independent of the shape and width of the channel, i.e. Eq. (4.22) is consistent
with the variance of a uniform distribution. The numerics confirm that Eq. (4.23) not
only applies for uniform distributions, but also for Gaussian distributions and At — 0,
see Appendix A.2 for details. Also the drift for the case of finite transport in I, i.e.
AL(ID) < b(IY) is derived and the transition to Eq. (4.23) for AL(IY) > 2b(IY) is

shown.

The width of the channel is related to the volume of the chaotic layer of the driving
degree of freedom. This volume is not constant as the width of the layer or the size
of the regular islands embedded in the layer vary along the channel. It is reasonable
to assume that the width of the layer increases and the size of the islands decreases
on average towards the chaotic sea with local fluctuations due to crossing resonance
channels. Thus, Eq. (4.23) describes a drift towards the chaotic sea. As the layer
volume V(I) is essentially determined by the width of the layer and this width is
proportional to the amplitude of the driving [62], the diffusion coefficient D(I;) should

roughly follow the course of the volume V' (I;) and increase towards the chaotic sea.
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4.6.3 Numerical results

In the previous section, the presence of a drift along resonance channels is proposed
based on the change of volume of the stochastic layer of the driving degree of freedom.
As demonstrated with the stochastic model in Sec. 4.6.1 such a drift could explain the
power-law trapping by the transport along a single resonance channel. In this section,
the volume of the stochastic layer along the resonance channel 0 : 6 : 5 of the coupled
twist maps Fryis is numerically computed using a new method. Overall, this volume
is found to increase towards the chaotic sea faster than exponentially, which implies
considerable drift coefficients in terms of Eq. (4.23). Due to the inhomogeneity of the
volume and the limited accuracy with which the transport can be measured, the presence
of this proposed drift could not be verified numerically. In Appendix A.1 the attempts

to measure the drift and diffusion coefficients along the channel are discussed in detail.

As announced in Sec. 3.5 the coupled twist maps Fryis; are used for the measurements.
The measurements focus for the uncoupled resonance channel 0 : 6 : 5 from the generic
region B also visible in Figs. 3.7 and 3.8(b). This resonance occurs roughly speaking
in the second uncoupled degree of freedom (I5,©,) and thus the transport along the
channel roughly corresponds to transport along the uncoupled action I;. In order to
focus on the transport along the channel and perform the volume measurements the
escape from the resonance channel as described in Secs. 4.2 and 4.3 should be avoided.
Hence, the measurements are restricted to the closed part of the channel, e.g., in terms of
the frequency space v; < 0.625. As mentioned in Sec. 3.4 a resonance channel contains
a family of hyperbolic and a family of elliptic 1D tori. In the vicinity of hyperbolic 1D
tori along the channel initial regions Q(I7) € [0,10)? x [—m, m)? are defined which give

rise to chaotic orbits, i.e.

QY = {(I1,1,,60,,0,) : [ =1°, L, =50-(5/6—+3+1)+107%- A(IY),
|0, — /2| < 1072, |0, — 0.01] < 107%}
A(ID) = {3.8,4.6,4.6,5,6,8,8.5,9,9}
for 1V = {0.3,0.325,0.35,0.4,0.45,0.5,0.55,0.6,0.605}

(4.24)

where A(I}) for intermediate actions I? follows from interpolation. Figure 4.18 shows
the uncoupled coordinates ([1,01,02) and (I, 02,01) of several chaotic orbits with
initial conditions at I{ = 0.6 according to Eq. (4.24). The chaotic orbits appear to
be scattered on surfaces I;(01,0,), 15(01,0,). These surfaces are indicated by the
black grids and can be approximated as explained in a moment. The action along the

channel ~ [ is described by a single surface I;(01, ©3), see Fig. 4.18(a). In contrast, in
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time
(a) ~ Along channel (b) ~ Stochastic layer

Figure 4.18: Chaotic orbits within the resonance channel 0 : 6 : 5 of the coupled twist
maps Fryist in 3D projections. The 100 orbits from the initial region Q(IY = 0.6), see
Eq. (4.24), are projected to the uncoupled action—angle coordinates (a) (I, 01, 032) and
(b) (I2,01,02) with the iteration time ¢ € [0,6000] encoded in color. Approximations
(a) I2(©1,09) and (b) IF(01,0s) of the layers are indicated as a black grids, see text.
The coordinate axes are at (a) (0.2, —m, —m) and (b) (4.75,7/4, —m) (in (b) ©;-axis is
inverted).

Fig. 4.18(b) a period-6 island chain is visible along the ©,-coordinate as expected for the
resonance 0 : 6 : 5. Thus, the other action I, requires at least an upper I, (01, 0,) and a
lower surface I, (©1, ©,) with I,7(01,04) > I, (01, 0,) for all ©1, ©,. In order to resolve
more details, a slice |©; — /4| < 7t/800 of Fig. 4.18(b) is shown in Fig. 4.19(a) with
many more chaotic orbits in green. This slice corresponds to the front of Fig. 4.18(b).
In this representation the resonance resembles the stochastic layer of a period-6 island
chain of a 2D symplectic map. In this sense, the 4D map has two additional dimensions:
a rotation ~ ©; and the dimension along the resonance channel ~ I;. Thus, the width
or volume of the resonance channel discussed in Sec. 4.6.2 corresponds to the 3D volume

of the stochastic layer in the coordinates (I3, ©2, ©1).

The volume of the stochastic layer is changing considerably along the resonance chan-
nel as illustrated by a comparison of slices with chaotic orbits at IY = 0.6 and I? = 0.5
shown in Figs. 4.19(a) and 4.19(b), respectively. Despite this, the chaotic orbits in the
slice in Fig. 4.19(a) demonstrate the two main problems of the estimation of the volume
of this layer. Firstly, the volume of a layer is ill defined as chaotic orbits which started in
the stochastic layer explore adjacent island chains or go deeper into the island-around-
island hierarchy for longer iterations. For instance, at the bottom of the island chain
in Fig. 4.19(a) another thin island chain corresponding to the resonance —4 : 3 : 0 is
surrounded by chaotic orbits and another island chain is magnified in the left inset. As
the escape to other island chains is governed by partial barriers as shown in Sec. 4.2, the
density of chaotic points drops considerably outside the stochastic layer of the resonance
0:6:5. This is well visible in the right inset in Fig. 4.19(a). Secondly, the width of the

layer is varying over several orders of magnitude along the angle ©,. This is illustrated
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—T - —— 0 - — U

(a) 19 = 0.6, Ny, = 2279340

(b) IV = 0.5, Ny = 2649046

Figure 4.19: Stochastic layer of the resonance channel 0 : 6 : 5 of the map Fryig displayed
in a 2D slice |©1 — /4| < 7t/800 (I; projected) with Ny points of chaotic orbits shown
in green. The layer is shown for two positions I{ € {0.6,0.5} along the channel, i.e. (a)
corresponds to the front of Fig. 4.18(b). The estimated borders of the stochastic layer
with N = 800 and # = 3000, see text, are indicated as black lines. The insets magnify
details of the layers.
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by comparison of the width in between the islands and the width magnified in the right
insets in Fig. 4.19. This fact makes a simple box-count approach unfeasible for the
volume estimate. It should be pointed out that the estimation of the layer volume for

2D maps faces the same problems.

In the following, a new procedure is presented which gives an estimate of the upper
and lower borders of the stochastic layer based on the chaotic orbits. These estimates
are included as black lines for both examples in Fig. 4.19 to demonstrate how well the
two mentioned problems are addressed: On the one hand the estimated borders ignore
outer regions and islands chains with less chaotic points. On the other hand the width
of the layer is well approximated both for thick and thin parts of the layer. In order to
obtain the borders, firstly a grid in the angle coordinates with resolution N is chosen.
For each grid point €;;, 4,5 € {0,1,... N — 1} with

Qij:{@l,@ze[— )01 + 6] < & 1@2+e\<N

" (2,{;1 ) 1)} (4.25)

the mean action E[I,] of the layers, the mean actions E[[,?] and E[IX] of the upper

and lower layer, and the standard deviation o'P'° of each of these layers are obtained
in three consecutive step. Each step uses an individual set Q};,Q7;, and QF; of chaotic
orbits. For each step at the chosen position I? along the resonance channel chaotic
orbits are iterated up to ¢. The first third of the iterations is considered to scatter the
chaotic orbits uniformly over the stochastic layer and is therefore neglected. Chaotic
orbits are started until at each grid point €);; for each average at least 100 points of
the orbits are available. In the first step, the uncoupled action Iy of all points at a grid
point Q are averaged giving ]E[[Q]Ql . In the second step, all points at a grid point Q?j
are separated into upper I > E[Ig]m and lower points [, < E[]Q]Qilj. The average of
the uncoupled action I for each set gives E[[up]QQ and E[I} ]Qz , respectively. In the
third step, all points at a grid point Q are separated again into upper and lower points

and for each set the corresponding standard deviation is computed

o = \/IE[([2 TR e, ol = \/]E (I, — o2 )z - (4.26)

Based on the presence of partial barriers, it is assumed that at each grid point €);; the
points of the chaotic orbits are distributed uniformly within the borders of the stochastic

layer. As a one-dimensional, uniform distribution over finite interval of length 2L has
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the variance o = L?/3, it follows for the borders of the stochastic layer
|12(0:,0;) — E[L"]oz | < V3ot or [ 1(6:,0;) = E[L)g | < V3og, (4.27)

where for intermediate values of the angles linear interpolation is used. The resulting
borders for the examples in Fig. 4.19 are shown as black lines. Note that all the described
averages can in principle be obtained from the same set of chaotic orbits. However,
by dividing the procedure into three steps memory problems are avoided as not all
chaotic orbits but only the number of points and one sum at each grid point has to be
stored. The volume measurement is discussed in more detail in Appendix A.1 including

a comparison with results for a 2D map.

The volume V(I7) of the stochastic layer at I? follows from its borders according to
Eqgs. (4.25) and (4.27)

V(I%) = 23 < )2 NZ( u (10 4 g?j(zf)) . (4.28)

The volume V(I?) is computed along the channel I € [0.3,0.6] for a step size Al =
5-107% with N = 500, for a step size AIY = 5-1072 with N = 800, and ¢ =
{3000, 6000,9000}. The results are displayed in Fig. 4.20(a), where for N = 800 large
squares are shown and for N = 500 the points are connected with lines as guide to the
eye. The colors red, green and blue correspond to the different iteration times £. While
the volume increases with the times #, the overall trend of the volume V (I¥) along the
channel appears to be relatively independent of them. Also the results for the different
resolutions N are consistent. The volume V(1Y) increases relatively smooth towards the
chaotic sea apart from major distortions at small actions I < 0.37 and at I ~ 0.56.
As suggested by Eq. (4.23) the relative volume change in between two adjacent points

along the channel 19 > ¥ is computed according to

1/ . .

=5 (R+0)  af= (-1
V(17) 2 V(I}) — V(I})
V() v +v(IY) dry

(4.29)

The results obtained from the data of Fig. 4.20(a) are depicted in Fig. 4.20(b) in cor-
responding fashion. For N = 500 the relative volume change V’(I?)/V (I?) fluctuates
considerably on small spatial scales with increasing amplitude towards the chaotic sea.
Even the sign of V/(I?)/V (1Y) flips frequently. In particular, at the distortion I? ~ 0.56

the values range from —38 up to 135. Nevertheless, overall the relative volume change
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(a) Volume V(1Y) along channel
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(b) Relative volume change V'(IY)/V (I?) of (a)

Figure 4.20: (a) Volume V(I?) of the stochastic layer along the resonance channel
0 : 6 : 5 of the map Fryigy according to Eq. (4.28). The volume is estimated for
t € {3000,6000,9000} (red, green, blue) and N = 500 (lines) or N = 800 (squares
without lines). (b) Relative volume change V'(I9)/V (I{) computed from (a) according to
Eq. (4.29). Zero is indicated by the dashed line.
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V'(I?)/V (1) increases which is confirmed by the squares representing the values for
N = 800 with lower resolution along the channel. This implies according to Eq. (4.23)
an overall drift towards the chaotic sea. Further, the squares for N = 800 demonstrate
that the values of V’(I7)/V (I?) increase faster than linear along the channel, implying
that the volume V(I?) increases faster than ~ exp(I?)2. This is worth pointing out as
common assumptions for the width or size of the stochastic layer are ~ exp(—A//€) [62]
or ~ /e [39,40], where e denotes the perturbation strength. In the case of the reso-
nance 0 : 6 : 5 of the coupled twist maps Fri this perturbation may be asserted,
see Sec. 3.5.1, as € ~ ¢q5 ~ If’/Q. Thus, it seems that the common assumptions used
for near-integrable settings severely underestimate the volume increase along a generic
resonance channel. Rapidly widening resonance channels can also be seen in the figures
of Ref. [38].

The relative volume change displayed in Fig. 4.20(b) predicts according to Eq. (4.23)
the relation between the local drift and diffusion coefficients for the transport along the
resonance channel. However, all attempts to test this relation so far failed as the mea-
surement of the local coefficients is very difficult. This has two major reasons: On the
one hand, the fluctuations of the volume of the stochastic layer implies corresponding
fluctuations of the drift and diffusion coefficients. As these rapid changes of the coeffi-
cients appear on very small spatial scales, a very precise measurement of the transport
for very short times is required. On the other hand, the correct coordinates to measure
the transport are not available. Substitutes approximating these coordinates like the
uncoupled action I; or the frequency v, always have finite precision. Thus, the trans-
port in these coordinates has to be measured for longer iteration times to diminish the
influence of these errors. Basically, these two competing time-scales inhibit a numerical
confirmation of the stochastic process transport proposed in Sec. 4.6.2. In Appendix A.1
some approaches to quantify the transport along the channel are outlined including in-
sights gained from these approaches. Further, it is explained that AIY = 51072 is
the minimal resolution achieved for the described setting and that the volume increases
with £, i.e. V(I?) ~ logt. Finally, note that for the position along the channel instead
of I? from Eq. (4.24) the average uncoupled action I, i.e. E[E[Il]ggj]zj for ¢ iterations
using the initial conditions Q(I?), is used. However, due to the choice of the initial
regions Q(I?) these two values match very well [0 ~ E[E[[l]ﬂgj]ij and for brevity they
are not explicitly distinguished in Fig. 4.20.



5 Summary and outlook

In this thesis the chaotic transport near regular structures in generic 4D symplectic maps
is investigated. Such 4D maps serve as a prototype for higher-dimensional Hamiltonian
systems as they are the lowest dimensional maps which exhibit Arnold diffusion. The
organization and hierarchy of the regular structures is explained. A power-law decay
of the statistics of Poincaré recurrences is observed and attributed to chaotic orbits
being trapped in sticky regions at the surface of the regular structures. The chaotic
transport within such sticky regions is found to be moderated by a set of overlapping
resonance channels. The transport across resonance channels and deeper into the hier-
archy is shown to be governed by partial transport barriers similar to 2D maps. For the
transport along resonance channels a drift is conjectured, which however could not be
verified numerically due to technical difficulties. For the transport both across and along
resonance channels models are proposed which can explain the power-law trapping in
4D maps. A part of the results has already been published [138,182,186].

The regular 2D tori are shown to be organized around a skeleton consisting of families
of elliptic 1D tori [138]. The origins of these families are explained and it is demonstrated
how they form a hierarchy similar to the island-around-island hierarchy in 2D maps.
In particular, such families are present in any resonance channel centering the regular
structures of the channel around them [186]. Analogously, these families occur at any
resonance junction.

Two coupled standard maps are investigated as an example for a generic 4D symplec-
tic map with a large chaotic sea. Using a combination of 3D phase-space slices [182] and
frequency analysis a sticky region at the surface of the regular structures is identified.
The chaotic transport in this region is found to be governed by a set of overlapping
resonance channels which reach far out into the chaotic sea. The dynamics is locally
decomposed into four phenomena, namely I) transport across resonance channels, II)
trapping deeper into the hierarchy at resonances, IIT) trapping at resonance junctions,
and IV) transport along resonance channels. Using time-frequency plots it is demon-
strated how the transport processes I), IT), and III) are regulated by partial transport
barriers similar to 2D maps. In contrast to 2D maps, the trapping deeper in the hier-

archy turns out to be insignificant for the power-law trapping. Instead, the transport
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across resonance channels is shown to generate a power-law decay similar to the aver-
aging over many 2D maps. However, the trapping in the generic sticky regions seems to
be rather regulated by IV) the transport along resonance channels. For this transport
the presence of a drift due to the geometry and change of width along the channel is
proposed and it is demonstrated how such a drift could generate a power-law decay of
recurrence times. Despite the use of a new designed map which facilitates the quan-
tification of the chaotic transport, the slow dynamics along the channel could not be
measured precisely enough to verify the drift.

It should be emphasized that due to the self-similarity of the mentioned hierarchy the
generic power-law trapping has an impact on the transport along any resonance channel
even in the near-integrable regime. That is chaotic orbits within any resonance channel
can get trapped at the regular structures by the same mechanism and thus inhibit
the transport along the channel. Also the proposed drift along resonance channels has
general implications for the transport in the Arnold web as this transport is usually
considered to be purely diffusive.

While the question about the mechanism of the power-law trapping is not definitely
answered in this thesis, the comprehensive picture obtained for the dynamics of the 4D
phase space and the used methods may guide future studies. In particular, the transport
across and along resonance channels has to be described quantitatively. For the former
this may be accomplished using time—frequency plots, which make the partial barriers,
which are complicated objects in phase space, recognizeable in the frequency space.
Furthermore, the isolines of the local escape time from the sticky region could serve as
a global coordinate system in the frequency space. By this the impact of the jumps
between resonances on the escape from the sticky region could be determined. The
introduced coupled twist maps Frryis; provide a promising system which should facilitate
the measurement of the transport along resonance channels. After the extraction of
the relevant stochastic properties of the chaotic transport, their origins in terms of
invariant phase-space structures should be determined. This includes among others the
computation of stable and unstable manifolds composing the partial transport barriers
and the calculation of the 4D volumes enclosed by their intersections. Focus should be
put on the understanding of 4D maps. Since all higher-dimensional systems share the
crucial property that regular tori are no barriers in phase space, the results obtained for
4D maps should be generalizable to even higher-dimensional systems with reasonable
effort. For instance, the hierarchy of the regular tori can in principle be constructed
analogously in a 2N-dimensional map with N > 2 by taking into account that the
frequencies on a k-dimensional regular torus with 0 < & < N are able to fulfill + €

{1,2,...,k} resonance conditions and thus can break up into tori of dimension k — i.



A Appendix

A.1 Measuring transport along resonance channels

In Sec. 4.6 the transport along a resonance channel is discussed in terms of a 1D het-
erogeneous stochastic process. In particular, a drift due to the change of the volume
of the stochastic layer along the channel is proposed. Based on such a drift a model is
presented which could explain the observed power-law trapping in 4D maps. However,
it remains to demonstrate the validity of this model by verifying the relation predicted
for the drift and diffusion coefficient Eq. (4.23) numerically. While the volume along
the channel is computed in Sec. 4.6.3, the estimate of the drift and diffusion coefficient
proves to be very difficult. In this section, some approaches to obtain these coefficients
are discussed. The transport along the channel is monitored both in adapted action
coordinates and frequencies. Some statistical insights about this chaotic transport and
problems of its quantification are outlined. Note that the adapted action coordinates
are a by-product of the computation of the layer volume from Sec. 4.6.3 and some de-
tails of this procedure are presented here including a comparison to a 2D map. The
discussions in this section may guide future investigations to a successful description of
the transport along resonance channels. As in Sec. 4.6.3 all following discussions focus
on the example of the resonance 0: 6 : 5 of the coupled twist maps Frryis;.

One approach is to measure the chaotic transport along the resonance channel via
the adapted action coordinates introduced in Sec. 4.6.3. More precisely, local action
coordinates I(©,©,) are obtained by iterating ensembles Q(I?) of chaotic orbits, see
Eq. (4.24), up to times ¢ by averaging their action I, on a N x N grid of the angles
(©1,05) € [-m, 7). In this sense, the average position I5(O;,0,) of the stochastic
layer at a certain position IV along the resonance channel is approximated. The result
at IY = 0.6 is shown as black grid in Fig. 4.18(b). Analogously, for the transport
along the channel the average position ;(0;,0,) is used, e.g., the result at I? = 0.6 is
shown as black grid in Fig. 4.18(a). This approximation for I; is displayed by a slice
at ©; = /4 in Fig. A.1(a), analogously to the slice shown for the approximation of
I in Fig. 4.19(a). In Fig. A.1(a) the points of the chaotic orbits from the ensemble
Q(I? = 0.6) are shown in green and the approximation [;(0;,©,) as black line. While
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Figure A.1l: Resonance channel 0 : 6 : 5 of the map Fryie displayed in a 2D slice
|01 — /4| < /800 (I2 projected) with the chaotic orbits from Fig. 4.19 shown in green.
In (a),(c) the channel is shown for two positions IY € {0.6,0.5} along the channel. The
approximations for constant action along the channel with N = 800 and ¢ = 3000, see text,
are indicated as black lines. In (b),(d) the same points are shown in the corresponding
adapted action I, see Eq. (A.1). While the fluctuations along ©9 are decreased by an
order of magnitude, period-6 island-like patterns are visible. Additionally, in (b) another
island chain is visible above this pattern which is due to the resonance —4 : 3 : 0 and also
appears in Fig. 4.19(a) below the islands.
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each chaotic orbit is only iterated up to ¢ = 3000 iterations and thus all his points
remain approximately at the same position along the channel, the uncoupled action
coordinate I; of the points varies strongly dI; ~ 2-107!. Thus, the slow transport

along the channel is not measured in /; but rather with respect to the approximation
[Nl == (Il_[l(617@2))+1—? . (Al)

In Fig. A.1(b) the points of Fig. A.1(a) are presented in this new coordinate ;. While
this coordinate seems to be an order of magnitude less sensitive to the angle coordinates,
i.e. dI; ~2-1072, it reveals signatures of the resonance 0 : 6 : 5, i.e. a period-6 island-
chain-like distribution of the points along the O, coordinate. This feature is even more
pronounced in Figs. A.1(c) and A.1(d) which show the analogous slices for I = 0.5.
In Fig. A.1(d) six intervals can be distinguished, i.e. at |©y| ~ {0,7/3,27/3, 7}, at
which the range of I; is much more confined than in between these intervals, where
islands with no chaotic points appear. These features resemble the island chain vis-
ible in Figs. 4.19(a) and 4.19(b) and suggest that the uncoupled degree of freedoms
(I1,0,) and (I, 02) do not sufficiently separate the stochastic layer from the direction
along the resonance channel. This implies a lower bound for how accurate the coor-
dinate I; can express the position along the channel. More precisely, the distribution
p(I) of I, for an initial ensembles of chaotic orbits Q(I?), see in principle Fig. A.3(c),
shows that the minimal achieved resolution along the channel is AI; = 5-103. Note
that the shift by I? in the definition of I; in Eq. (A.1) is added in order to enable a
distinction of this local coordinate I; for different positions along the channel. Fur-
thermore, instead of I? from Eq. (4.24) the average uncoupled action of the approxi-
mation [,(01,0,), i.e. E[I;(01,0)]e,.0, for f iterations using the initial region Q(1?),
is used. Due to the choice of the initial regions Q(I?) these two values match very
well I ~ E[,(01,03)]e,.0, and for brevity they are not explicitly distinguished in this

thesis.

Another approach is to measure the chaotic transport along the resonance channel via
frequency analysis. In Fig. A.2 a detail of the resonance channel 0 : 6 : 5 in frequency
space is shown. The resonance line lies at 15 = 5/6 and the channel is ultimately
confined to the top and the bottom by regular tori as indicated by the gray points.
Also the frequencies of two ensembles of chaotic orbits started at I? = 0.5 and I = 0.6
are shown as points colored according to the iteration time ¢ of each orbit, according
to Sec. 2.6.3. The first segments ¢ € [0, At) of the chaotic orbits are approximately at
vy = 0.623 and v, = 0.624, respectively, as seen by the location of the dark blue points

in Fig. A.2. In principle, the frequency v, of the orbits varies rapidly and corresponds
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Figure A.2: Resonance channel 0 : 6 : 5 of the map Fryige in frequency space. The
regular tori from Fig. 3.6(c) are shown as gray points. At each of the two positions
1Y € {0.5,0.6}, see Eq. (4.24), which translates roughly to frequencies v € {0.623,0.624},
30 chaotic orbits are iterated ¢t € [0,513 - 4096) and shown in frequency space each orbit
colored according to its iteration time. Some relevant resonances indicated by orange
dashed lines are from top to bottom at v; =0.624 —3:31:24, —3:37:29, —3:49: 39,
—3:55:44, —8:24:15, —3:43:34, —4: 3 : 0, plus the vertical resonance 8 : 0 : 5. The
channel of the resonance —4 : 3 : 0 is well visible at the bottom with gray points on the
resonance line.

roughly to the transport within the stochastic layer, while the frequency v, varies much
less and corresponds roughly to the transport along the channel. The different expansion
of each ensemble already illustrates the change of the transport rates along the channel.
The left ensemble, from I = 0.5, is further away from the chaotic sea, which is to the
right of Fig. A.2. The ensemble is confined along 5 due to the width of the channel,
while it is even more confined along v; due to the slow transport along the resonance
channel. The right ensemble, from I? = 0.6, expands slightly more along 1, as the
width of the channel increases towards the chaotic sea, see also Sec. 4.6.3. At the same
time this right ensemble spreads an order of magnitude more along v, than the left
ensemble demonstrating the considerably increased transport rate along the channel. It
is important to point out that the considered channel is not exclusively spanned by the
resonance 0 : 6 : 5 as higher order resonances, shown as orange dashed lines in Fig. A.2,
are frequently visited by the chaotic orbits. These resonances correspond to the adjacent
island chains discussed in the context of Fig. 4.19. For instance, the resonance —4 : 3 : 0

appears in the (I3, ©)-plot of Fig. 4.19(a) as the period-6 island chain below the island
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chain of the resonance 0 : 6 : 5. This resonance appears likewise as the period-6 island
chain above the black line in the (I;,0;)-plots in Figs. A.1(a) and A.1(b). Note that
the position of this islands chain is consistent with its position in the frequency space in
Fig. A.2 as for the coupled twist maps Fryis; bigger/smaller I, I roughly correspond
to bigger/smaller vy, vy, respectively. An advantage of the frequency space is that the
additional, higher order resonances are well separated from the main resonance 0 : 6 : 5.
For instance, one might assume only frequencies with 0.833 < v, < 0.83375 are located
at the resonance 0 : 6 : 5 and thus avoiding other resonances. A coarse transformation
between actions and frequencies is obtained by averaging over the frequencies of the
initial segments ¢ € [0, At) of chaotic orbits at IV giving vy (I?) ~ (v/5 — 1)/2 4+ I?/100
for I? € [0.3,0.6], in accordance with Eq. (3.8). While the first approach is to measure
the transport along the channel via 14, the frequencies (v, 15) are not independent
of each other within the channel. This is for instance visible in the vicinity of the
—4 : 3 : 0 resonance in Fig. A.2 around (vq,15) =~ (0.624,0.832). There the fast
motion is not directed along v, anymore but rather perpendicular to the resonance line
—4 : 3 : 0. Thus, the fast motion in this region affects both frequencies. Note that
the transition from the resonance 0 : 6 : 5 to —4 : 3 : 0 is again governed by transport
across partial barriers, see Sec. 4.2. It should be emphasized that in this particular case
this transition also causes higher frequencies v, i.e. seemingly a transport along the
resonance channel towards the chaotic sea. This is also seen in the action coordinates [;
and I; in Figs. A.1(a) and A.1(b), where the resonance —4 : 3 : 0 appears as a period-6
island chain above the black line. This observation introduces the possibility that the
trapping mechanism described in Sec. 4.3 might also explain the trapping in the generic

sticky regions.

The general problem of measuring the transport along the channel is the inhomo-
geneity of the coefficients in combination with the limited accuracy of the measurement
as discussed at the end of Sec. 4.6.3. In the following some numerical results for the
transport along the resonance channel 0 : 6 : 5 are outlined in order to highlight these
challenges. The calculations have been performed for several positions along the channel
but the discussion uses only one position as prototypical example. The initial region at
I? = 0.52 is chosen, see Eq. (4.24), as the drift coefficient fluctuates less at this position
and is exclusively positive according to Fig. 4.20(b). In order to allow a comparison
between the frequency and action coordinates, the actions are averaged over segments
of length At like the frequencies, see Eq. (2.18). The first segment ¢ € [0, At) is con-
sidered to scatter the chaotic orbits uniformly over the stochastic layer and therefore
neglected. The next segment ¢ € [At,2At) is considered to be the initial condition
with ¢ = 0. In Figs. A.3 and A.4 the results are shown for At = 1024 and At = 4096,
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Figure A.3: Transport along resonance channel 0: 6 : 5 at IY = 0.52 for 100020 chaotic
orbits iterated At in advance and then ¢ € [0,524287), each decomposed into segments
of length At = 1024. (a)-(d) Distributions at times t = iAt, i € {0,1,2,4,...,512} (or
i€ {1,...,512}, red to blue) with Az(t) = z(t) —z(0), = € {v1, 11} (continue on Fig. A.4).
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Figure A.4: Analogous to Fig. A.3 with At = 4096, ¢ < 128, i.e. same final time for
both Figs. A.3 and A.4. (continue from Fig. A.3) Distributions normalized. Gaussian
with mean p and variance o2 from final segment shown as dashed line. (e) Diffusion D(t)
(dashed line) and negative drift —uv(t) (solid line) Eq. (A.2) for I; (black) and vy (gray,
additional factor 100, 1002 for v, D). The dashed straight line represents ~ ¢t~1.
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respectively. The results are similar in both cases demonstrating that the measurement
is relatively independent of At. In Figs. A.3(a) and A.3(b) the distributions P(vy),
P(Auwy) for the frequency v4(t) and the frequency change Avy(t) = v1(t) — v1(0) are dis-
played. The corresponding iteration time ¢ is encoded in color as indicated by the color
bar in Fig. A.3(a). In Figs. A.3(c) and A.3(d) the analogous results for the adapted
action I; are shown. Most of the time the distributions are not Gaussian. Especially at
short times the distributions in Figs. A.3(a) and A.3(c) look like plateaus with widths
dvy ~ 5-1075 and dI; ~ 5- 1073, respectively. The factor 100 between these widths is
consistent with Eq. (3.8). The reason for this finite spatial resolution is discussed for
I, in the context of Fig. A.1, i.e. the incomplete decoupling of the two degrees of free-
dom. However, it is unclear how this affects the frequency v, as the frequencies should
decouple for an uncoupled resonance 0 : 6 : 5. In any case, the drift v and diffusion

coefficients D can only be computed according to Eqgs. (4.4) and (4.5) for ¢t > 0

olt) = $Elw(t) — #(0)] D) = o E{(a(t) — 2(0))7] (A2)
with @ = vy, I, if the distributions are Gaussian. Nevertheless as a demonstration, the
coefficients are computed with respect to the initial segment and displayed in Fig. A.3(e).
The results for I; and v, are displayed with black and gray points, respectively, where
the results for the drift coefficient are connected with solid lines and for the diffusion
coefficient with dashed lines. In particular, the coefficients D and v for the frequency 14
are multiplied with 100? and 100, respectively, to relate them to the actions according
to Eq. (3.8). Despite this, the coefficients obtained from actions and frequencies differ
up to an order of magnitude. Note however, that for some reason multiplying the drift
for the frequency only with 10 makes the drift results almost coincide. All coefficients
have in common that they are not constant over time but decrease with increasing
distance to the initial segment. For comparison the power-law decay ~ ¢! is indicated
as dashed line. In case the measured transport is a sum of a time-constant error, e.g.,
due to the finite precision of the coordinates, and the actual transport, the coefficients
should decay with this power law and converge to the correct values over time. Such
a t~!-decay has been observed at other position along the channel. Of course already
the non-Gaussian shape of the initial distributions makes the meaning of the obtained
coefficients questionable. In particular, the drift is negative, i.e. directed away from the
chaotic sea and opposite to the prediction in Sec. 4.6.3. In case of the frequency this
drift is even visible in the distributions. The distributions for the adapted action have
a slight asymmetry which seems to cause the negative drift. However, for long times

this drift is regularly observed change to a positive drift, see for instance Fig. A.5(e) in
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the following. In particular, for measurements closer to the chaotic sea IY € [0.6,1.0]

positive drifts are also obtained for shorter times.

At longer times all distributions seem to approach Gaussian form. This is illustrated
by the (GGaussian fits of the final distribution at t = 512 - 1024 = 128 - 4096 = 524288
indicated by the dashed curve. The corresponding mean p and variance o2 written in the
subcaptions match very well between Figs. A.3 and A.4 demonstrating the independence
of the results from At. In Fig. A.5 the transport is measured in principle by using the
final distribution of Fig. A.4 as initial ensemble. More precisely, about 10° chaotic orbits
from I = 0.52 iterated for 524288 are used as initial ensemble. While the distributions
in Figs. A.5(a) and A.5(c) resemble Gaussians, the distributions of Ay; and Al in
Figs. A.5(b) and A.5(d) on which the transport coefficients are based, look considerably
different. For all times they exhibit sharp peaks around 0 which reach for short times
up to ten times the height of the figures. Such peaks are already visible for the setup of
Figs. A.3 and A.4. For some positions along the channel chaotic orbits whose frequencies
stay close to the resonance line 0.833 < v;(t) < 0.83375, Vt are observed to produce
distributions without such peaks, while the remaining orbits still exhibit this feature.
Thus, the peaks are attributed to the fact that the chaotic orbits regularly visit adjacent
higher-order resonances, see Fig. A.2, at which the transport along the channel is much
slower than at the resonance 0: 6 : 5. The diffusion coefficients in Fig. A.5(e) are very
similar to the ones in Fig. A.4(e). The magnitude of the drift coefficients however is
much smaller. In particular, the drift for the action I, is positive and increasing over
time, while the dip at the end of the still negative drift for the frequency v; indicates
that also this value is about to change sign for longer times. While these indications of
a drift towards the chaotic sea are closer to the predictions of Fig. 4.20, the results are
still very problematic. Firstly, both diffusion and drift coefficients are far from being
constant over time. Secondly, the used distributions in Figs. A.5(b) and A.5(d) are still
not Gaussian. Thirdly, the ensemble in Fig. A.5 is spread so far along the channel that
according to Fig. 4.20 a superposition of many different transport coefficients is expected
anyway. Due to the last point longer iteration times are not a real option to improve the
measurement. Also other positions along the channel do not seem to solve this problem
as slower transport allows for longer iteration times, but requires also more accurate
measurements. Designing another convenient, near-integrable system to measure the
transport in is non-trivial as its channels still have to exhibit the generic widening
towards the chaotic sea. However, systems allowing a semi-analytical estimate of the
transport coefficients might be a solution [66] or measuring the transport with novel
normal form approaches [39]. The adjacent resonances should be easily identified by

frequency analysis in case they pose a problem. In order to make the frequency analysis
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Figure A.5: Transport along resonance channel 0 : 6 : 5 analogous to Figs. A.3 and A4
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in (e) the drift for v, is negative and for I; positive.
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more reliable for measuring transport, its accuracy for diffusing chaotic orbits should be
investigated using designed time series. The issue of the heterogeneity of the transport
coefficients may be overcome by examining designed heterogeneous stochastic processes,
i.e. comparing their probability distributions and coefficients in terms of Eq. (A.2) to

the results within the channel.

Finally, some numerical features of the measurement of the volume V(I?) of the
stochastic layer, presented in Sec. 4.6.3, are outlined in the following. In Figs. A.6(a)
and A.6(b) the dependence of the estimated volume V(I?) on the resolution N of the
used grid and on the iteration time ¢ of the chaotic orbits, respectively, is shown. In
Fig. A.6(a) the estimated volume at I? = 0.3 is marked with colored points connected
by a solid line. The colors red, green, and blue correspond to the used iteration time
t = {3000, 6000,9000}. For all of these three cases, the volume V (N) quickly converges
from above to a finite value for increasing N. However, note that the volume still
slowly decreases with increasing N, e.g., for t = 3000 the volume V(N) decreases from
N = 1100 to N = 1500 seemingly linear by 1.7%. Also the volume V(N) increases with
t for constant N. In Fig. A.6(b) the volume V(¢) is shown for /¥ = 0.4 and N = 500
with black points connected by a solid line. In the half-logarithmic plot these points
almost lie on a straight line suggesting a logarithmic dependence V() ~ logt. The
slope of this line is observed to depend on I and not shown here. For comparison the
method described in Sec. 4.6.3 is used to estimate the volume of the stochastic layer of
the resonance v = 2/3 for the 2D standard map with K = 0.7. In contrast to Sec. 2.3
the domains are p € [0,1) and ¢ € [—0.5,0.5), the intial points are uniformly chosen in
{(p,q) : p=4.412/(27), |q| <5-1073}, and the resulting 2D volume is multiplied by 27t
to make it comparable to the 3D stochastic layer from the 4D map Frryist. The results of
the 2D map are shown in Figs. A.6(a) and A.6(b) as points connected by a dashed line.
Features analogous to the case of the 4D map are observed. In particular, the increase
of V(f) for the stochastic layer of the 2D map looks very close to being logarithmic. In
Figs. A.6(c) and A.6(d) the distribution of the volume of the stochastic layer over the
two angles is shown for different positions I? along the resonance channel 0 : 6 : 5 of

the map Frryig. The volume V(€;;) at each grid point €;; is known from Eq. (4.28)

V(Qy) = 2v3 (%“) (o3 (19) + o, (1D)) (A3)
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Figure A.6: Sensitivity of 3D volume V (I?) of the stochastic layer of a resonance channel
on parameters of algorithm, see Sec. 4.6.3, for the resonance channel 0: 6 : 5. In (a),(b)
additionally the results for the resonance v = 2/3 of the 2D standard map with K = 0.7,
see text, are shown as points connected by dashed lines. (a) V(IV) for resolution N of the
grid with I? = 0.3 and ¢ € {3000, 6000, 9000} (red, green, blue). (b) V(#) for the maximal
iteration time # with I = 0.4 and N = 500 (N = 800 for 2D map). (c), (d) Relative
deviation from the average volume per angle AV/V, see Eq. (A.5), along ©1, O3. The
position along the channel I € {0.3,0.35,0.4,0.45,0.5,0.55,0.6} is encoded by color (red
to blue), and for £ € {3000, 6000,9000} the symbols 4, x, o are used of which mostly the

last one is visible as dark dots.



127

and can be summed up over one of the angles, e.g.,

VO, =6)=S V(). (A.4)

For the distributions in Figs. A.6(c) and A.6(d) the relative deviation from the average
volume per angle is used, e.g.,
AV

(0,01 =0;) =

N-V(©, =0;) - V()
V(IY)

(A.5)

with V(I?) from Eq. (4.28). In both figures the points are colored according to their
position I¥ along the channel according to the colorbar displayed in Fig. A.6(c) and
for the used iteration time £ = {3000,6000,9000} the symbols +, x, and circle are
used, respectively. The points for all three iteration times appear so close to each
other in Fig. A.6(d) that they are not distinguishable in the plot. In Fig. A.6(c) the
symbols + and x appear as small points scattered around the big circles for ¢ = 9000.
These circles reveal oscillations of the volume along the angle ©; whose phase and
period change along the channel and are not yet understood. The amplitude of these
oscillations decreases towards the chaotic sea but is overall small with 2 — 8%. In
contrast, Fig. A.6(d) displays peaks with up to 300% coinciding with the approximate
position of the hyperbolic 1D tori at |©2| ~ {0,7/3,27/3, 7t} in between the islands.
These peaks seem to be relatively independent of the position I{ along the channel. In
contrast, the values for the intervals in between vary, ranging from —60 to 10%. Similar
results are obtained for the example of the resonance v = 2/3 of the 2D map, where
three peaks are observed with amplitudes up to 1000% and values in between the peaks
as low as —40%. In conclusion, the distribution of the volume of the stochastic layer
along the angle ©, affected by the resonance shows the same features as for the 2D
map. Along the other angle ©; the volume is relatively evenly distributed with some

oscillations.

A.2 Model for channel transport

In Sec. 4.6.2 the drift and diffusion for transport along a 2D channel with varying width
are derived as one model for the drift along a resonance channel. In this section, the
drift for the case of finite transport perpendicular to the channel is derived and the
consistency with Eq. (4.23) for this transport being large is shown. These results are

confirmed numerically using an Euler-Maruyama-scheme. It is also numerically shown
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that the expression for the drift Eq. (4.23), derived in Sec. 4.6.2 assuming a single,
finite time step At with a uniform distribution, works for At — 0 and for a Gaussian
distribution. In particular, for the setting of Sec. 4.6.2 drift and probability distributions
are discussed for more than one time step. While the numerical results are omitted for

brevity the method to obtain them is outlined.

The setting is a symmetric channel  C R? in action space, i.e.
Q={(L,1): I, € [-b(l1),b(11)]} .
For a time step At an initial condition (I, I9) € © is uniformly mapped into the region

QAt(I?’[g) = Q()At([?’ [g) naQ
(1, 1) = {(I, L) - |[L = Il S AL(R), | L — | < AL(IY)}

A reasonable assumption for such a channel is small transport along the channel AT, (1Y) <
1, such that the approximation b(l;) & b(I?) + ¥ (I?)(I; — IY) can be used. Without loss
of generality it is assumed &' (I?) > 0. Furthermore, a broad channel AL(IY) < b(IY)
whose width is slowly varying ¥/ (IY) < AL(I?)/AIL (1Y) is assumed. Thus, within an

ensemble of chaotic initial conditions Qy(17) C Q
QI ={(I,,,): [, =1} NQ

there are three kind of distinct initial conditions (19, I9) € Q(1Y). Due to the symmetry
of the channel, only points with I3 > 0 are discussed: Firstly, for points for which
O, (1Y, 19) C Q the corresponding drift vy (1Y, I9) is zero according to Eq. (4.4)

I94ALL (19) IS+AIL(ID)
19-ATL (19) I—-AIL(19)

7]1([?7[3): =0

V(Q, (I, 13)) At

where V() denotes the area of a set Q. Secondly, points for which the edge of the

channel intersects with the edges of QQ,(I7, I3) at the two points

(IF,b(I7)) = (07113 + AL(LY)), I + AL(I)))
(I, 0(IF%)) = (I} = AL(IY),b(I7) — AL(TY))) -
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For such points the corresponding drift vy (17, I9) reads

15! o(71)
s = [ anm-m [ oan
P—AL(IY) I9—AIL(1?)
9+AL(19) 19-AL(19)
+ / dry (I, — 1?) / dl,
g 19-AL(19)

/ (V(Qa(10, 1) A)

Thirdly, points for which the edge of the channel intersects with the edges of QQ, (17, I9)

at the two points

(1 0(13Y) = (I} + AL(L), b(IY + AL(LY)))
(17%,6(13%)) = (I — AL(IY), b(I) = AL(1Y))) -

For such points the corresponding drift vs(17, I9) reads

I9—AL (1Y) b(I1)
[odnn-n) [ db
I9—AL(19) I9-AL(I9)

1. 19) =
v3(17, I3) V(Qa(ID, I3)) At

The drift v(IY) for the ensemble of initial conditions Qo(1?) then reads

(I} +AL (1))~ Al (1Y)

v(I%) =2 / dIyvs (17, 1)
b(I9—AL(19))—AI(19)
b(I7)
+ dfgvs(l?:lg) /<2b(1—?))
b +AL (D)~ AL (19)

0
1
= w(l}) +us(l) (A.6)
After a cumbersome but straightforward evaluation of this expression, it is obtained for

the term vy (1) due to the contribution of vy (19, I9)

0 1

vy(IY) = — AT (4 ALY — AAL AL In(1 — B)

4312 ATAL In (1 — ﬁ)) (A7)
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and for the term v3(IY) due to the contribution of v3(I7, IY)

VAT

7}3([?) = AL In(2(1 — B)) (A.8)
where
VAL
= 941 (A.9)

and the I dependence of the entities b(1Y), O'(1Y), AL (1Y), and ALy(I?) is dropped for
brevity. For AL(IY) > AL (I?), i.e. B < 1, these expressions are in lowest order

1

vy(I7) = —%(%Aﬁ + 20 A1} — 6V ALY) =0 (A.10)
VAL
v3(I7) = 3bA; In(2) (A.11)

While the limit AL(I7) > b(I}) is equivalent to the setting in Sec. 4.6.2, the drift
here v(I?) = v3(I?) has in comparison with Eq. (4.21) an additional factor In(2). This
deviation can be explained by the fact that the above expression is only valid up to
AL(IY) ~ b(I}), i.e. when initial conditions (17, I3) € Qo(IY) start to exists for which
0%, (19, I?) is intersected by both borders of the channel. On the other hand, Eq. (4.21)
is only beginning to be valid around ALy(I7) ~ 2b(1?), when for all initial conditions
O, (17, 19) is intersected by both borders of the channel. The numerics nicely show
the transition between these two domains. The transition is even visible for a Gaussian
distribution with the same diffusion coefficient as the uniform distribution, i.e. for the

corresponding Euler-Maruyama-scheme.

In the following the performed but for brevity not presented numerics are outlined.
A stochastic process as described by a Fokker-Planck equation Eq. (4.3) is numerically
realized by the Euler-Maruyama-scheme for which the Ito stochastic differential equation

corresponding to Eq. (4.3) reads [203]

de = v(z, t)dt + /2D(x, t)dW (A.12)

with the differential dW of a Wiener process, and is used to map a point x(¢) over a
finite time step At to a point z(t + At) = z(t) + Ax(t) with

Az(t) = v(z(t),t)At + /2D(x(t), t) At N(0,1) (A.13)
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where N(0,1) is a normal random variable with expectation value zero and variance
one. Using Eq. (A.13) the stochastic process can be performed on an ensemble of ini-
tial conditions. Then, stochastic properties, like the probability distribution, diffusion,
and drift, can be extracted from the ensemble in order to double-check the analytical
solutions of the Fokker-Planck equation. An absorbing barrier is realized by removing
members of the ensemble when they cross this barrier. It always has to be checked
that for a fixed target time t,.x > t, tmax = 1 - At, n € N these numerical results are
stable for At — 0. For a uniform distribution, e.g., as assumed for the derivation of
Eq. (4.23), the second term in Eq. (A.13) is replaced by ALU([—1,1]), i € {1,2}, using
the notation of this section, with a uniform random #([—1, 1]) variable in the interval
[—1,1]. By using the diffusion coefficient D;(1?) = AIL(1?)%/(6At) from Eq. (4.22) this
term reads \/WAU([—L 1]). In order to simulate the finite channel, every time
a point of the ensemble would be mapped to the outside of the channel, this point is not
mapped but instead the uniform random variable is drawn again. By this the prediction
for the transition of the drift mentioned above for I5(I7) — oo is numerically confirmed
for a single iteration of the Ito stochastic differential equation. This transition is also
observed with the Gaussian distribution Eq. (A.13) with the same diffusion coefficients
D;(1V) = AL(ID)?/(6At), i = 1,2.

For the setting of Sec. 4.6.2 and Eq. (4.21) also the probability distribution after the
first and second time step At, 2At is presented and it is analytically shown that the drift
stays the same after two time steps. The initial probability density along the channel
is po(I1) = §(I; — I?) and consequently after the first time step At it is

2b(1y) b(I7) + V' (1Y) (L — I)

o Lo — Io. . A4
path) =~ 1o Qar (1AL (1Y) 7 (A4

2 [ dLb(ly)
I9—AL(ID)

Furthermore, for a sufficiently slow transport along the channel one may assume a
constant derivative b'(I;) = V/(I?) and a constant transport Al (1) = AL (IY) = AlL.
Hence, while the drift va;(I7) after the first time step is expressed by Eq. (4.21), the
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drift vons(19) after the second time step reads

1
UgAt(]?) = Q_At /d]l (UAt(]l)At + Il — I?) Atpm(h)
I?—i—AIl
J AL (5VUID)AR +0(17)(L — 1Y) + (L — I7)*V(1Y))
I?—All
B Ab(I9) AL At
b'(IY) AIf
p— —_— A.l
b(I?) 3At (A.15)

which is the same as va;(IY). The probability density psa¢(I1) after the second time
step reads with |I; — I7| < 2AT

ILi+A$L
p2At([1) = / df:1PAt(I~1)PY0b<[~1 — ]1)
I—AL
e b(Iy) + (I — L) (I°
~ ~ _|_ —
— [ by (R =D
2b([1)A11
L—AL
2b([?)AIl 2A 1L

The probability for one time step Eq. (A.14) can be used to simulate the transport
along the channel numerically, i.e. to map an initial condition I to I; after one time step.
For this a transformation is employed which maps a uniform distribution pyo,1) () = 1,
x € [0,1] to par({1). According to

pAt(Il)dll = pu([()’l})(x)dx = C(Z/(Il)dll

the derivative /(1) = dx(ly)/d1; is

b(IY) + b (1Y) (1 — 1Y)
26(17) AL (1Y)

' (1) = pae(ly) = oy,

from which follows by integration

20(17) 11 + V(1Y) (11 — 1)
Ab(I})AL (1Y)
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where the constant C'is obtained from the condition z(I?+AI) = 1 (or (I —Al) = 0)

20(I0 (19 + AL) + V' (IV)AT?

fry 1 —
¢ A(INATLL

(A.17)

Consequently, for a point at position I? along the channel a new position I; after one
time step At is obtained by drawing a uniform random variable x = U([0, 1]) and

transform this by

Ii(r)=—-A%+ \/A2 — (102 + 4b(11}3§§?/($)

b(I7) — ' (1Y) Y
v (1Y)

(A.18)
A —

with y(x) = x — C. Choosing the positive sign for the corresponding numerical simula-
tions, the distributions Eqgs. (A.14) and (A.16) are checked. Furthermore, it is found that
for even more iterations n € N and rescaled time, i.e. setting the squared step width
for n-steps AI*(n) = AI?*(n = 1)/n, the distribution quickly converges to a Gaus-
sian distribution with mean E[I;(nAt) — I9] ~ V/(I?)/b(I?) - AI?(n)n/(3At), variance
E[(I;(nAt) — E[I,(nAt)])?] ~ AIZ(n)n/3 — E[I;(nAt) — I7]* and E[(I;(nAt) — ID)?] ~
ATI#(n)n/3. This implies that the expressions for the diffusion and drift Egs. (4.22) and
(4.23) are valid for At — 0. Note that for the simulation it has to be ensured that the
chosen parameters prevent the ensemble from reaching the tip of the channel, i.e. where

the walls meet, as this causes artifacts.

A.3 Resonances

Resonance channels govern the chaotic dynamics in the vicinity of regular structures, see
Sec. 4.1. In particular, the sticky regions of 4D maps consist of a large set of overlapping
resonance channels. In view of the relevance of such sets of resonances, some of their
number-theoretic properties are presented in this section. An estimate for both the
number of resonances and the area covered by their channels is derived with respect to
the order of the resonances. These analytic results are shown to describe the numerical
results very well. An application of the latter result is illustrated, i.e. to assess up to
which order resonances are relevant for the chaotic transport of a system. Moreover,
the distances between numerically obtained frequencies and a certain resonance are
examined. It is discussed to what extent they contain information about trapping in

the deeper class of the resonance.
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A resonance condition kivq + ko = k3 is defined by the three coefficients ky : ko : k3
or k = (ky, ko, k3) € Z3 with order k = |k;| + |k2|. Two resonance conditions k!, k* € Z3
are considered to be equal, if 3 ¢ € Z : k! = ck?, see also Appendix A.4. Thus, any
resonance condition k € Z? is assumed to be reduced to ged(ky, ko, k3) = 1. In this
sense, an estimate for the number N (k) of distinct resonances in the frequency space
(r1,19) € [0,1) x [0,1) for a fixed order k is derived in the following. For brevity of
the derivation assume ki, ko # 0, while analogous results are obtained for the special
cases k1 = 0 and k3 = 0. A resonance line ki : ko : k3 in frequency space can then be
expressed by

vo(1n) = Z—z - Z—;I/l : (A.19)
There is a whole set of resonances with identical k; and ks but distinct k3. In order for
a resonance to intersect with the frequency space (v4,12) € [0,1) x [0,1) on a non-zero

set the following conditions have to be fulfilled

K v5(0) >0 — k>0 ka>0: 0<ks<k +k

—=>0: ! —

ko V2(1)<1—> %<1 ko <0 O>k3>k1+k2 (AQO)
bi_y, O <i= B >0 k<k<h '
ks S (1) >0 B0 ky <0: ky > ks> ky

Note that intersection with a non-zero set implies that resonances which only intersect
with the frequency space at its corners are not included. The above inequalities can
be adjusted to a frequency space (v1,1v2) € [0,1] x [0, 1] which includes the corners by
replacing <, > with <, >. The number N(kj, ks) of possible k3 values for fixed ki, ko
are inferred from the inequalities Eq. (A.20)

N (ky, ko) = [ko| + [ka| — 1] . (A.21)

B>0: N(ky k) = ks + k| — 1
kB 0: N(ky k) = |k — ko] — 1

From Eq. (A.21) an upper bound for the number N (k) of resonances of a certain order

k > 1 can be estimated as

k

Naax(k) = Y Nk =kl ko) = Y (k—1) = 2k(k — 1)

ko=—k+1 ko=—k+1

= N(k) < 20, + 2k(k — 1) (A.22)
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including the Kronecker delta for the two resonances 1 : 0 : 0 and 0 : 1 : 0. Note that
the upper bound Ny,ax(k) includes resonances with | ged(ky, ks, k3)| > 1. In particular,
any resonance kp : ko : kg with order k is also included as resonance kil : kol : k3l with
order kl for all [ € N. Thus, from the upper bound N, (k) the contributions N (k')
with k& = kI, [ > 2 have to be subtracted

N(k) = Npax(k) = > N(K) . (A.23)
k' eN:
JIEN,I>2:
k=K'l
The function N (k) can be computed from Eq. (A.23) in an iterative manner for increas-

ing k. An obvious lower bound for N (k) which can be written explicitly is

N(k) Z Nmax(k) - Z Nmax(k/) .
k’'eN:
JleN,i>2:

k=k'l

Consider that every resonance of order &’ with k = k'l where [ is not a prime number, i.e.
[ =U1"with I',1” > 2, is also considered in Np.x (k") with &7 = E'l” since k = k'l = k"l
Thus, for a refinement of the lower bound only prime numbers should be considered for

[, i.e. if the prime factorization of k reads k = lily - - - lmax With [; <[; for ¢ < j

k
N(k) > Namax(k) = > Noax (7) : (A.24)
l pgirgnl(eg?i:(ber

In Fig. A.7 the upper bound from Eq. (A.22), shown in red, and the lower bound
from Eq. (A.24), shown up to different prime numbers, are compared with the actual
number N (k) of resonances, shown by green points, for 1 < k£ < 100. The green points
are connected by green lines as guide to the eye. It seems that for the lower bound

already lnax = 2 or lnax = 3 is sufficient to describe N (k) up to large orders.

Each resonance line in a 4D symplectic map is surrounded by a resonance channel in
which the chaotic transport takes place. Thus, an interesting quantity is the area in
frequency space (v1,15) € [0,1) X [0, 1) covered by resonance channels of a certain order.
The area Ay 1)x[0,1)(k) covered by a resonance channel of the resonance k = (k1, k2, k3) €
Z3 can be expressed in terms of the length of the resonance line L[o,1)x[o,1)(k) within the

frequency space and the width 2¢(k,v) of the channel. Assuming e(k,v) = e(k) the
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Figure A.7: Number N (k) of unique resonances k; : ka2 : k3 per order k = |k;|+|k2| shown
as points connected by green lines for visibility. The upper estimate is shown as red line,
see Eq. (A.22). Some lower estimates are shown as black lines for l,.x € {2,3,5,7,...,29}
(top to bottom) see Eq. (A.24).

area reads
Ajo.1yxj0,1) (k) = 2¢(k) Lio,1)x[0.1) (k) (A.25)

From Egs. (A.19) and (A.20) follows that for any fixed &y, ko a resonance k = (ky, ko, k3)
within the frequency space exists such that

ki
_Zo,k?):kQ:VQ(O):]_ or —<0,k33:02V2(0):0.

k?g kQ
For brevity only the first case is discussed, while the arguments apply analogously to the
second one. Also assume initially ged(kq, k2) = 1. Taking into account the periodicity of
the frequency space the line defined by 15 (v;) according to Eq. (A.19) with the resonance

k closes itself for v"**

k
ve('™) =1 — —lyinax =n€Zl

ks

=" = |k va(1"™) =1 — |ki] .
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Without the periodicity of the frequency space the length of this line is determined by

Lk) = H( ?i“m)> _( (()0>>H = k2 k2. (A.26)

1

Due to the periodicity of the frequency space this line is folded back into [0,1) x [0, 1).
This implies that the segments of this line appear as resonances with identical slope
—k1/ko and different offset kf/ky with k} # ks, see Eq. (A.19). More precisely, the
original line in (vy,15) € [1 — ki, 1) x [0, ks) is decomposed into N (k) segments. This
number of segments is equal to the number of unit squares within a rectangle of size
|k1| X | k2| which are intersected by the diagonal on a non-zero set. As |k;|— 1 horizontal
and |ky| — 1 vertical boundaries of such unit squares are crossed by the diagonal this

gives, including the initial square,

N(k) = [ky| + |ko) — 1.
This number matches with the number of possible resonances N (ky, kz) = N (k) for fixed
ki, ko, cf. Eq. (A.21), which implies that the segments coincide with these resonances.
Hence, the accumulated length L(kq,ks) of all resonances for fixed ki, ko is given by
L(k)

L(ki, ko) = L(k) = /K2 + k2 = |K|| . (A.27)

For the case ged(ky, k) = n > 1 one obtains analogously

L(k) =\ ki + k5 N(k) = |ky| + k5] — 1

with k; = K/n. As N(k) < N(ky, k), this leaves some resonances k' = (ky, ko, k}) with
15(0) € [0,1), in the sense of Eq. (A.19), which are not segments of the resonance k

which has 15(0) = 1. For a resonance k' arguments analogous to k apply. However,
since such resonance k' is shifted away from the corner of the unit square in contrast to

k one more square is crossed by the corresponding diagonal. Thus, one obtains

L(K") = \/ ki + k3 N (k') = [ki| + Ky -

The resonances corresponding to the segments of k and k' are disjoint, since a single
coincidence implies the coincidence of the complete resonance lines k and k’. As there
are N(ki,k2) = |ki| + |ka| — 1 = n(|k}| + |k5|) — 1 resonances for fixed &y, ko within
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the frequency space (v4,15) € [0,1) x [0,1) there have to be n — 1 pairwise disjoint

resonances of the type of k’. The accumulated length of all these resonance lines is

Lk, ko) = ny /K2 + k2 = /2 + k2

confirming Eq. (A.27) also for ged(ki,k2) > 1. Using Egs. (A.25) and (A.27) and
assuming €(k) = €(k1, ko) an upper bound for the area A(k) in frequency space covered

by resonance channels of a certain order k£ reads

k
Ay < > Apnwpn (k)= D Ak — |kal, ko) (A.28)
k=(k1,k2,k3): ko=—Fk+1 k:1
k=[k1|+|k2]
k
= Y 2e(ki, ko) Lk, ko) . (A.29)
ko=—Fk+1

This expression is only an upper bound, as there are areas due to junctions on which
the resonance channels overlap. This fact is neglected so far and hence these areas are

added multiple times.

Note that there appear two norms of Z? in Eq. (A.28), i.e. the order k = |k;| + | ks
and the euclidean distance |k| = \/k? + k2. All norms in R? are equivalent, i.e.

k
<kl <k kl < k< V2|k| .
\/i_ll_ k| <k < V2|k|

A further evaluation of Eq. (A.28) requires further assumptions about the width 2e(ky, ko)
of a resonance channel. The width defines the resonance channel in the sense that all
points belong to the resonance channel whose distance to the resonance line is smaller
than €(kq, k2). Usually, the distance d of a point (14, 12) to a resonance k = (ky, ko, k3)
is expressed by how well this point fulfills the resonance condition d(v,k) = |kivy +
kovs — k3|, see the diophantine condition below or, e.g., Ref. [125]. This distance d(v, k)
can be related to the euclidean distance D(v, k) between the point (v1,15) and the
resonance line of Eq. (A.19) by considering that the point lies on a parallel line with a
third coefficient k5 € R. A sketch of the situation demonstrates the relation with the
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angle ¢ between the v5-axis and the resonance line k

, —_— JR—
D(v, k) = |]€3k ks| . () = \kyvy + :2V2 ks dy
| 2‘ | 2| 9 duva(v1) 2
dl/l + (le/1>
_d(v,k) diy _d(v,k) |k
k 2 |k 2 2
| Ko \/du12—|— <%dl/1) kol /K3 + K3
d(l/, k) ‘kll/l -+ kQI/Q — kg’
= D, k)= = A.30
%) k| NITES” (4-30)

A simple assumption for the half-width of a resonance channels is €(ky, ko) = €9 /k [49,
Eq. (3.36)]. Assuming exponentially decaying Fourier coefficients Vi, ~ exp(—ok) in the
Fourier representation of the non-integrable perturbation of an integrable Hamiltonian
leads to e(k1, k2) = €yexp(—ok) [39,62], see also [49, Eq. (4.65)]. The diophantine
condition | ), k;v;| > /k” from the KAM-theorem for (n + 1) degrees of freedom with
i €{0,1,...,n}, 7 > n — 1, and v proportional to the square of the perturbation
strength, cf. Ref. [40], suggests €(ki, k) = v/k in terms of the distance d(v, k). In
terms of the euclidean distance D(v, k) this means é(ki, k) = ~/(k|k|). Finally, a
constant half-width €(k;, ks) = € in terms of d(v, k) is equal to €(ky, ko) = €/|k| in
terms of D(v, k). The evaluation of Eq. (A.28) for some of these cases reads

k’z for G(k‘l, kQ) = €p
A(k) S 460 . k for E(k’l, ]{72) = |Ek—0‘ or E(k?h k?g) = %O (A31)
1 for E(kl, ]CQ) = %

where |k| < k is used. For the accumulated area A(k < K) up to a certain order K

follows
« K(K+123(2K+1) ~ K3
Ak < K) <) A(k) < 4eg - ¢ KEHD ~ K2 (A.32)
k=1 K ~ K

The resonances that are considered several times in the expressions in Egs. (A.31) and
(A.32) can be corrected analogously to the lower bound in Egs. (A.23) and (A.24). In
the following the corrections due to junctions are discussed. At the junction of two

resonances k,k’ the corresponding channels with half-widths €(k), (k') overlap on a
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parallelogram with area

de(k)e(K) LiLd

Ak x k) = W)y (k)e(k)—IF L
(kX F) = ey~ R e

(A.33)
where <((k, k') denotes the angle between the two resonance lines. For two perpen-
dicular resonances it is obtained A(k x k') = 4e(k)e(k') and there is the pathological
case k — k' with A(k x k') — oo which is ruled out. An upper bound for the number
N((kq, ko) x (K}, Kk5)) of junctions between all resonances with fixed k&, ko and k|, k) is

given by the case that each resonance intersects with every other, i.e. using Eq. (A.22)
N((k1, k2) x (k1K) < (k] + [ke| = 1)(IR1] + [ko| — 1) < kK

which implies for the overlap A((ki, ko) x (K], k5)) of all resonance channels of fixed
k?l, k?g and k?II, k?é

A((Ky, k2) x (K1, k5)) = N((k1, k2) x (K1, k3)) Ak x k)
|k||K'| kK
|krky — kiko|
k,2k./2
|krky — kiko|

< 4e(k)e(k')

< de(k)e(K') (A.34)
For finite angles 0 < <t(k, k') < m/2 this gives ~ e(k)e(k')kk’ for the upper bound of
A((kq, ko) x (K, k5)). Depending on the choice of the half-width according to Eq. (A.31)
this upper bound ranges from ~ e2kk’ to ~ ¢3. The overlap A(k x k) of all resonances

of the same order k is estimated by

1
Ak x k) Sg Z Z A((k = [ka|, ko) x (k — [K5], k5)) -
ka=—k+1 k=—Fk+1
k4 #ks
Hence, the correction terms to Eq. (A.31) due to junctions have an upper bound rang-
ing from ~ €2k to ~ €2k*. Thus, for small half-widths €y and small orders k these

corrections are negligible.

An application of Eq. (A.31) is to estimate up to which order resonances are relevant
for the observed dynamics. This is illustrated in Fig. A.8, showing the fraction of
A(k) of frequencies at resonances of order k. For Figure A.8(a) 10° random frequency
pairs (vy,15) are drawn uniformly distributed over a quarter of the frequency space
(v1,12) € [0,0.5)2. For each frequency pair the lowest order resonance k with k < 90
is determined such that d((v1,12),k) < € with ¢ = 107°. The fraction of frequency
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Figure A.8: Fraction A(k) of frequencies at resonances of order k with width 2¢q, see
text. For (a) 10% uniformly random distributed frequency pairs (v1,v2) € [0,0.5)% are
used with ¢y € {1075,107%,1077} (green, red, blue). For (b) the 20775 trapped orbits of
Pryist with 7> 105, ie. a total of |Qrwist| = 1.7 - 107 frequency pairs, from Sec. 3.5.1
and Fig. 4.4 are used with ¢y € {1076,1077,1078,107%} (red, blue, orange, green). The
estimate A(k) ~ 4k is indicated in both cases as dashed line, see second row of Eq. (A.31).

pairs assigned in this fashion to resonances of a certain order £ is an approximation
for the area A(k) covered by resonances of this order with width 2¢y. Using the same
assigned resonances as above, this area is additionally estimated for smaller widths
~ € = 107%,1077. Finally, these estimates are rescaled with the considered €, and
shown by differently colored points connected by lines as guide to the eye. In Fig. A.8(a)
the behavior of A(k)/eq is linear over three orders of magnitude of the width and nicely
follows the upper bound given by Eq. (A.31). This upper bound is sometimes surpassed
indicating a numerical artifact which is expected to disappear for larger number of
random points. In Fig. A.8(b) analogously obtained results for trapped orbits of the
coupled twist maps Fryis are shown. While again the scaling of the area A(k) with the
width ~ €y is confirmed for large orders k, the results disagree considerably with the
upper bound for small orders. This is due to the dynamics of the real system, which is
dominated by low order resonance channels accumulating trapped orbits in their vicinity.
Since the upper bound shown as dashed line represents a uniform distribution of points,
it is reasonable to assume that for orders k at which A(k)/e is in agreement with the
bound no dynamics but numerical artifacts are resolved. In the present case at most
resonance up to order k£ = 50 can be considered relevant for the observed dynamics.
The discussion of the width of a resonance channel in frequency space is linked to

the problem of detecting whether orbits are within the deeper class of a resonance,
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Figure A.9: Distribution p(d) of frequencies over the distance d to the resonance kj : ks :
ks =0:6:5 of Frpyist. For the regular tori from Fig. 3.7 the gray curve is obtained, with
a peak around d ~ 107 from points on the resonance line and the right tongue from the
other KAM tori. For the trapped orbits from Fig. A.8(b) the dashed line behind the black
one is obtained. By excluding segments of trapped orbits with vy > 0.66064 the black
line is obtained, i.e. the two left peaks of the dashed line result from resonance junctions
(v1,v2) = (n1/m1,5/6). The peak at d ~ 10712 results from vy = 2/3 and the peak at
d ~ 1079 from vy € {329/498,261/395,115/174}. The distance d = |k1v1 + koo — k3| is
used, see discussion of Eq. (A.30).

see Sec. 4.4. Tt is reasonable to ask whether this can be inferred from the frequencies
themselves. In Fig. A.9 a profile p(d) of the number of frequency segments with respect
to their distance d to the resonance 0 : 6 : 5 of Fryiy is displayed in a log-log scale.
While this profile is for a particular resonance, equivalent profiles are obtained for other
resonances not shown here. Firstly, the gray line represents the regular tori also shown
in Fig. 3.6(c). The regular tori seem to be separated sharply into a peak close to
the resonance 1072 < d < 107° and tori further away from the resonance d > 1074,
which are the majority. An inspection of the geometry of the regular tori within the
peak by 3D projections reveals that these 2D tori belong to the deeper class of the
resonance as expected from Sec. 3.3.1. Such a sharp separation is not observed for the
segments of the trapped orbits of Fryis represented by the black dashed line, which
coincides with the black solid line for d > 1078, At larger distance d > 1073 a rapidly
increasing number of segments is observed which analogous to the regular tori can be

considered to be outside of the resonance channel or at most in the stochastic layer of it.
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Closer to the resonance four characteristic peaks can be identified. This suggests that
the distribution is a superposition of four broad peaks resulting from four dynamical
regimes with respect to the resonance. The inner two peaks can be associated to explicit
junctions on the resonance. Segments of the innermost peak are trapped at the junction
with 14 = 2/3 and the next peak is a superposition of segments trapped at the junctions
with v = 329/498,261/395,115/174. Due to this junctions the distribution reaches as
close as d ~ 107! to the resonance, even closer than most of the regular tori of the
deeper class. After excluding the segments at the junctions from the set of trapped
orbits, the black solid line remains, which just has two peaks and decays at smaller d
in a similar fashion as the peak of the regular tori. From comparison with this peak
it may be inferred that the outer peak is due to the stochastic layer of the resonance
channel and the inner peak is due to the deeper class. However, a careful comparison
of segments from each peak, for instance in phase space by 3D projections, is necessary

to affirm this conjecture and is left for future studies.

A.4 Resonance module and junctions

Resonance junctions are essential to the global transport within the Arnold web as re-
viewed in Sec. 2.5.1. At each junction infinitely many resonances are crossing composing
the so called resonance module. As the order of a resonance is relevant for its transport
properties, see Appendix A.3, it is interesting to know the lowest order resonances at
a junction. In this section, an effective, semi-analytical procedure is derived to obtain
the lowest order resonances for a junction (n;/mj,ns/ms) of a 4D map. As a possible
application the orientation of Lyapunov families of EE periodic orbits at junctions with
respect to the crossing resonances is discussed.

The resonance module L at a point (v, 15) in frequency space of a 4D map is the set

of all resonance conditions fulfilled at that point
L(Vl, Vg) = {k S Z3 : klyl + kQVQ = /{33} .

It is easy to show that the resonance module is a vector space with respect to integer
superposition, i.e. Vk' k> € L(vy,1n) : Va,b € Z : ak' + bk* € L(vi,15). In this
sense, the dimension of the resonance module is zero, one or two according to the rank
of the resonance condition, see Sec. 3.2.2. However, here two resonance conditions
k'.k?> € L are considered to be equal k! = k? if 3¢ € Z : k' = ck?, since these
conditions are fulfilled on the same set of frequencies. Without loss of generality it
is therefore assumed that ged(kq, ko, k3) = 1 for k € L(vy,1»). In this sense, the
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dimension of the resonance module is only non-zero at a resonance junction, i.e. for rank-
2. More precisely, at a resonance junction (v, 1) = (ny/my,ng/ms) with n;,m; € Z
and ged(ng, m;) =1, 0 < n; < m;, the module L(ny/mq,ns/ms) is spanned by any two
linearly independent elements of the module, i.e. Vk' k? € L(ny/my,no/msy) k* # k?
(Pe € Z : k' = ck? or k? = ck') : VK3 € L(ny/mi,ny/my) Ja,b,c € Z : ak' +bk? = ck?

which are given by

a Kk — k3K b kLK — kLK

=Ltz 2 —= == £ - A.35
¢ TR k2 ¢ B K2 (A.35)

These expressions for a/c and b/c can be directly verified for the first two components

k3, k3 and for the third component k3 by identifying ni/my, na/ms using Eq. (3.5).

It should be pointed out that in a normal form analysis two resonances k', k% € L with
k' = ck?, ¢ € Z are not equal. In particular, the different orders of these resonances may
lead to different kind of normal forms and thus dynamics [61]. In this sense, not all pairs
of linearly independent resonances of a resonance module span the module, but only so
called minimal generators. For such generators the denominator in Eq. (A.35), which is
the determinant of the Matrix (kf)i,je{ljg}, has to fulfill a certain condition |61, Corollary

3.9] also called minimal representation [183].

In any case, a characterizing property of a junction (ni/my,ns/ms) is lowest order
k° of the crossing resonances k € L(nj/my,ny/msy) which is given by k° = min{k :
k € L(ni/my,ny/my)} with the order k = |ki| + |ko|. This order & has an trivial
upper bound £° < kn.x deduced from the two uncoupled resonances of the module
k' = (my1,0,n;) and k? = (0,ma,ny), i.e. kmax < min{my,mo}. This implies that the
number of resonance conditions k € L(ny/mq,ns/msy) that have to be compared by a
brute force algorithm in order to find k° are at most Zf‘;‘i" 2577 0 = Kmax (Fmax + 3)-
Other helpful restrictions for such a brute force algorithm may be found in Ref. [61],
Lemma 3.4 and following Corollary. However, a more efficient and direct way to obtain
k° is derived in the following. Any resonance k € L(ni/mi,ns/ms) can be expressed

by the two uncoupled resonances k', k* using Eq. (A.35) which leads to the condition

iy — ﬂkl n Ekz _ maony ki + mynagks _ xky + yko (A.36)

ma mo mqme z

with z,y,2 € Z and ged(z,y,2) = 1. In order to determine k°, a solution ki, ks € Z to

the diophantine equation



145

has to be found for which k£ = |k;i| + |k2| is minimal. For a diophantine equation like
Eq. (A.37) it is straightforward to see that

Vki, ko € Z: 31 €Z: xky + yky = L ged(x,y) . (A.38)

In particular |ged(z,y)| is the smallest absolute value possible for Z. Also one can

decompose

zy = ged(z, y)lem(x,y) . (A.39)
Note that the solution of Eq. (A.37) for a particular Z is ambiguous as

aky 4 yky = xky + Loy + yky — loy = x(ky + ly) + y(ks — l2) = xky + yks  (A.40)

with [ € Z. A generic way to obtain a solution of Eq. (A.37) is Euclid’s algorithm
reviewed in Ref. [217]. However, this algorithm can produce very large ki, ky. Instead, a
continued fraction procedure which produces minimal solutions [217] is more appropriate

for the purpose here. This algorithm is briefly reviewed in the following.

At first assume ged(z,y) = 1in Eq. (A.37). The case ged(z,y) > 1 can be transformed
to new parameters x’,y’, Z' by x = 2’ ged(x,y), y = v/ ged(x,y) and Z = Z' ged(x,y) =
2k ged(x,y), where Z' € Z according to Eq. (A.38). Adapt the notation for the iterative

algorithm

7 = l’/lﬁ + y/k'z — Co = boIl + blxo (A41)

where without loss of generality |by| > |b1| is assumed. A solution to Eq. (A.41) is

obtained iterative by

C; = bi$i+1 + bi+1$i ‘bz’ 2 ‘bi+1’ (A42)

where the new coefficients result from a decomposition

. 1
bi = Giv1bip1 + bipe with  [bo] < §’bi+1’
(A.43)

. 1
¢ = girbin + cin with e | < §|bi+1|
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from which follows in combination with Eq. (A.42)

C; — bixi+1 Eq. (A.43) Civ1 — bz’+2$i+1
Ti=——F"" = " Gi+t1 — ¢i+1Ti41 T
bit1

bi+1
Ti = Jirl — Gir1Tip1 T Tig2 (A.44)

with all parameters being integers, in particular x;,5 € Z. The combination of Eq. (A.42)
with Egs. (A.43) and (A.44) results in the next step of the iteration

Cit1 = bip1Tiyo + bipoxizr  |big1| > |bigol

as predicted by Eq. (A.42). The procedure is iterated until

1
and either (a) ¢, =0 b, # 0 (A.45)

1
or (b) ¢, = iibn b, # 0

In these cases the final equation of Eq. (A.42) reads

(@) bpxpst + bpr1x, =0

1
(b) bnxn+1 + bn+1xn = iﬁbn

with the trivial solutions

(a) z, = xp11 =0

1 1
(b) Ty = :|:§bn Tpyl = :F§<bn+1 — 1) .

(A.46)

Note that b,;; in case (b) in Eq. (A.46) is odd due to b, being even the first line of
Eq. (A.43). Using the solutions of Eq. (A.46) the preceding values x;.,, are obtained by
solving Eq. (A.44) backwards.

The solution of the described algorithm is minimal in the following sense [217]. A
solution (zg, 1) of Eq. (A.41) with |by| > |b1| is called minimal solution with respect
to xp if |z1] < |b1|/2 and is the only such solution, except when the equality holds. A
solution of Eq. (A.41) is called definitely least solution, if and only if both |z1]| < |b;]/2
and |zg| < |bg|/2. The algorithm gives a minimal solution with respect to z;. Either a
solution from the algorithm (¢, z1) is only minimal with respect to x; or there is just one

other and then (xg, z1) is the one in which |x¢| is smaller. This implies that if a definitely
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least solution exists and is unique, this solution is obtained by the algorithm. There is a
statement about the uniqueness of the definitely least solution (d.l.s.). Consider by > 0,
by > 0 odd, ged(bg,b1) =1 and ¢g > 0, then 3 L, R € Z, L < R defined by

L= %(bo + bl) R = bobl - %(bo + bl) : b() odd
L= lbo + bl R = bobl — %bg : bo even

— 2

such that

Veog < L:3dd.l.s.
Veo > R: B dls.
VL < c¢g < R: dd.l.s. for half the values of ¢y, i.e.
Ve,dye+d =L+ R:3dl.s. for exactly one ¢y € {c, '}
eg. co=R—3dls. co=L—Pdls.

Once a solution (zg, 1) of Eq. (A.41) is obtained by the algorithm any other solution

(Zo, 1) automatically follows from

| . (A. c =
Zo = ag 1100, 01) o asoy g by eedbo=
bl ng(bo, bl)
(A.47)
Fio— g — lw Ba. (A39) IL godlbob)=t _1p
e bo B ! ng(bo, b1) B ! !

with [ € Z. This is a sufficient condition for (Zo,Z;) being a solution, cf. Eq. (A.40).
In the following, it is proven that Eq. (A.47) is also a necessary condition. Consider an

arbitrary other solution (Z, Z1) of Eq. (A.41). It is always possible to write
co = boT1 + b1To = bo(x1 + A1) + bi(zo + Ag)

with A; € Z, A; = Z; — z;. This implies
b1Ag = —bo\,

such that both byA; and b;4A are multiple of both by and b;. Thus, both terms can be
expressed by

blAQ = —boAl =1- lCm(bo, bl)

with [ € Z. This proves that Eq. (A.47) is a necessary condition.
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According to Eq. (A.47), in order to obtain a solution (zg,z) for Eq. (A.41) with

minimal order x the minimum of
x(l) = |To| + 21| = |zo + lbo| + |21 — 1Dy

has to be found. Since (zg, ;) is already the minimal or definitely least solution, the
solution (Zg, Z1) with minimal order is expected to be in the neighborhood of (xg, 7).
To find the actual solution with minimal order of Eq. (A.41) the solutions (Zg, Z1) have
to be obtained for every Z' = zk%, ki € [0, k5**] and the minimal order has to be found
among these solutions. The boundary k5'** is determined according to the following
considerations. Let &y, (k5 —1) be the minimal order obtained for &} € [0, kf —1 < k2],

ki € N. For byx1 + byzo = zkY the order z(k}) has a lower boundary

ks |2k
max(bo, [b1])  |bol

x(ky) >

and since the search can be stopped once this lower boundary is bigger or equal than
Tmin (k5 — 1), it is obtained that

b
kgnax < %xmin(kg) . (A48)

The upper bound k$®* is successively updated with increasing k% until k5 < Y.
Then the solution corresponding to the order i, (k%) is the solution of Eq. (A.41) with
minimal order. In an analogous fashion the solutions with second, third, ... smallest
order can be additionally computed. The case k5 = 0 in Eq. (A.41) does not require
the algorithm, because the minimal solution is obviously xy = x; = 0. However, this
solution does not represent a valid resonance. Thus, for the case k} = 0 according to
Eq. (A.47) the solution with minimal order is (Zo,Z1) = (bo, b1) with order z,;,(0) =
|bo| + |b1| from which the initial upper bound is estimated k5 < |bg|/|z| - (|bo| + |b1]).
Note that an initial solution for an arbitrary Z’ = 2k} is trivially given by multiplying
the solution for Z’ = 1 with zkj}. This solution can be optimized by Eq. (A.47).

As an example the resonances with lowest order are computed for two junctions
present in the two coupled standard maps Fsc. The first example is the junction
(v1,v9) = (2/7,2/21) at the crossing of the resonances —1 : 3 : 0 and 7 : 0 : 2. In
this case, Eq. (A.36) reads

2

2
kg = ?k’l—FﬁkQ =

6k + 2k,
21 '
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Since ged(6,2) = 2 the left side is substituted ks = 2k} and Eq. (A.41) reads
21k} = 3ky + 1k, .

For k4 = 0 the solution with minimal order is (ky, k2) = (1, —3) with order 2,y (0) = 4
from which according to Eq. (A.48) the upper bound kj < k5 < 12/21 < 1 follows.
Thus, the resonance —1 : 3 : 0 is indeed the resonance with the smallest order at the
junction and is the only resonance with that order.
The second example is the junction (v1,15) = (2/7,3/35) at the crossing of the
resonances 7:0:2 and 5: —5: 1. In this case, Eq. (A.36) reads
2 3 10k + 3k
ks = ki + —ky= ——— .
T 35
For k3 = 0 the solution with minimal order is (k1, k2) = (3, —10) with order z,;,(0) = 13
from which according to Eq. (A.48) the upper bound k3 < k5 < 10-13/35 < 4 follows.
For k3 = 1 the steps of the algorithm read
35 — 10k 1+k
by = ——— L =12 — 3k — +3 -
——

w

k:1:—1—3w—>w:0 lﬁ:—]_ ]{?2:15

Using Eq. (A.47) the minimal order is found

U ko | ko | K| + Ko
0-1]15 16

— 1 5 7
21 5] -5 10

for the resonance 2 : 5 : 1 with order (1) = 7. According to Eq. (A.48) this implies
the upper bound k3 < k5** < 10-7/35 = 2. Thus, the case k3 = 2 has to be considered,
which can be done by three different ways. Firstly, the steps of the algorithm for this

case read

70 — 10k 1k
kzle=23—3k:1+ -

——

w

k1:—1—3w—>w:0 k?lz]_ kf2:20

Using Eq. (A.47) the minimal order is found
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U By | ko | K] + el

0 20 21

1 10 14
2 0 7

3 (10| -10 20

for the resonance 7 : 0 : 2 with order z,;,(2) = 7. Secondly, one might use the algorithm
to find the solution minimized with respect to ks
70 = 3k 3ko

:7———>I€2:O k'1:7

k
! 10 10

and realize according to Eq. (A.47) that this solution has the minimal order. Thirdly,
one might multiply the solution for k3 = 1 with two, which leads to the resonance
4 : 10 : 2. While this resonance is equivalent to 2 : 5 : 1, such reductions do not have
to be considered, since the resulting resonance is already included in the cases k3 < 2.
From the resonance 4 : 10 : 2 according to Eq. (A.47) the resonance 7 : 0 : 2 is found to
have the minimal order. In conclusion, there are two resonances with minimal order at
the junction that is 7:0:2 and 2:5: 1.

Knowing the resonances with the lowest order at a resonance junction is interesting, as
these resonances may determine the orientation of the Lyapunov families of the junction:
In Sec. 3.3.1 it is demonstrated that for (as) the EE periodic orbit from a broken resonant
elliptic 1D torus one of the emanating Lyapunov families is embedded in the original
family of elliptic 1D tori. At (ay) a resonance junction also an EE periodic orbit with
two Lyapunov families is present and additionally the elliptic and hyperbolic families
of 1D tori of all the intersecting resonances. More precisely, the junction represents a
gap in the families of the resonances in which the periodic orbits are located. Thus, it
is reasonable to expect the Lyapunov families of the EE periodic orbit to be embedded
in one of these families as in the case (as). Indeed, it is observed that one of the
Lyapunov families of the EE periodic orbit at the junction v = (2/7,3/35) is embedded
within the elliptic family of the resonance 7 : 0 : 2. As there is an infinite number of
resonances at each junction the question is in which two of them the Lyapunov families
are embedded. One conjecture is that these two resonances are the ones of lowest order.
For the junction v = (2/7,3/35) these are the resonances 7:0:2 and 2:5: 1 and for
v =(2/7,2/21) one is —1 : 3 : 0 as calculated above.

Another idea is that the resonances are selected by the order of the uncoupled res-
onance which represents the junction in the frequency space of the resonances, see
Sec. 3.3.2. In detail, the periodic orbits at a junction can be interpreted as the rem-

nants of the break-up of resonant 1D tori from the families of the resonances. For
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instance, the junction v = (2/7,3/35) corresponds in the frequencies of the resonance
7:0:2tov, =v =7-3/35 =1—2/5 which represents the resonance 5 : 0 : 2.
Indeed, in Fig. 3.5(f) all the points from the junction fall on this resonance. In case
of the resonance 5 : —5 : 1 using the unimodular transformation & = ((0,1),(—1,1)),
see Sec. 3.3.2, the junction corresponds to vy, = 5-3/35 = 3/7, i.e. 7: 0 : 3. For the
resonance 2 : 5 : 1 using U = ((1,2),(2,5)) the junction corresponds to v, = 16/35, i.e.
35:0:16. Likewise, the junction v = (2/7,2/21) in terms of the resonance 7 : 0 : 2 cor-
responds to v, = 7-2/21 =1 —1/3 which is not within Fig. 3.5(f) anymore. The same
junction in terms of the resonance —1 : 3 : 0 using U = ((0,1), (1, —3)) corresponds to
v, = v{ =2/21,i.e. 21 : 0 : 2, which is visible in Fig. 3.5(d). Which resonance in fact

governs the orientation of the Lyapunov families is left for future studies.

A.5 Action space

For generic symplectic maps with a mixed phase space it is challenging to find the
local action—angle coordinates as introduced in Sec. 2.1. In this section, the method for
computing the actions for 4D symplectic maps from Ref. [38] is reviewed by generalizing
the crucial equation to arbitrary dimensions. The method is used to present regular
tori and a trapped orbit of the two coupled standard maps Fs¢ in action space, which
demonstrates that the edges in frequency space indeed correspond to the families of
1D tori, see Sec. 3.1. While the action computation only works for non-resonant tori,
a method for estimating the actions on resonances is proposed. It is also explained
how actions of regular tori can be zero and even negative in higher-dimensional maps.
Finally, a comparison with the action space for the coupled twist maps Frys illustrates
the generic nature of this map.

In Ref. [38] the Fourier coefficients of orbits on regular 2D tori in 4D symplectic
maps are used to compute the actions of these tori. In the following, the method
is reviewed by generalizing it to arbitrary dimensions. Consider a 2N-dimensional
symplectic map with an orbit @ (t) on a regular torus in momentum-position coordinates
x(t) = (p,q)(t) € R?N and corresponding action—angle coordinates (I, ©(t)) € RY x TV
and frequencies v(I) = v € [0,1)V, i.e. ©O(t) = 27wt. The Fourier series of the signal

z(t) also used for the frequency analysis, see Sec. 2.6.2 reads
z(t) = q(t) —ip(t) = > ay exp(i2mvkt)
k

= 2(0) = Y _ayexp(ik©)
k
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with integer vectors k € Z”" and Fourier coefficients a;, € CV. From this follows for

Fourier series of the momentum—position coordinates

a©) = (=(0)+20)= 3 (arexp(ik®) + ayexp(-ikO))
pO)= 3 (:(0)~2(0)) = > (aexp(ik®) — ayexp(~ike))

The actions I can than be calculated using Eq. (2.4) over the closed paths 7, with

constant angles ©,,,+;

Using the Fourier series of the coordinates from above one obtains for single term

27

dql 1 1 ’
i Joonit i [ (D5

X (aj exp(ik®) — a; g exp(—ik®))
X (al,k/ exp(ikz'@) — Qg eXp(—ik/@))

27

1 1 ,
=5 [ 49, (‘Z) > kjx
0

k,k’
(al,kal,k/ exp(i@(k: + k,)) + al kal k! exp( @(ki + ki/))
—al,kal,k/ exp(l@(k — k‘l)) — C_Lngal,k;' eXp(—l(")(ki — k/))) .

The crucial step is to realize that the calculation of the action is independent of the
coordinates of the remaining angles ©,,.;. Thus, it does not affect the result to average

the equation over these angles, i.e. replace

1 27 N 1 27
0 m= 0

Using the Fourier representation of the Kronecker delta

1 , ,
- /d@ exp(£iO(k — k")) = Sppr
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the action term reads then

21
1 dql

1 _ 2
o d@jpzd—@j = (Z) zk: kj(aray,—k + G etk + 2|ai i)
0
where the first two terms vanish over the sum as

Z kjalykaly,k = Z (kjahkal’,k + (—kj)al7,kal,k) =0.
k

keK
Vi k' CK: kt—k'

Thus, for the actions I follows

N

1
I =3 SN kjlal] (A.49)
=1 k

In order to compute the action for a regular torus, an orbit x(t) on this torus is required
from which using frequency analysis, see Sec. 2.6.2, the fundamental frequencies v
and Fourier coefficients aj up to some maximal order k., = Ef\il |k;| are obtained.
Depending on how deformed the regular torus is this order has to be quite large in order
to approximate the torus sufficiently well, see Ref. [189] and references therein. From

these coefficients the actions are obtained according to Eq. (A.49).

Note that for resonant frequencies this method does not work as an orbit on a resonant
torus is restricted to a closed lines and thus the averaging over all angles is not possible.
However, as mentioned in Secs. 2.1 and 3.2.3, the action along such a closed line is a
superposition of the fundamental actions. For instance, in a 4D map for a torus with
the resonance k{ : kS : k§ this action is I* = kS +k{I,. In a non-integrable system this
action can be computed from the 1D tori remnant from the family of broken resonant
2D tori and extrapolated beyond gaps due to junctions, for examples see Sec. 3.2.1 or
Refs. [186,189]. At such a junction another independent equation I° = k31, + k%I, from
the crossing resonance k¥ : kb : kb exists. Consequently, the fundamental actions at the

junction can be computed by

keI® — K1
Kokl — Kbk

kI — R

J =1
" kgkS — KDk

I, = (A.50)
which resembles Eq. (3.5). Knowing the fundamental actions at sufficiently enough
junctions may then allow to interpolate the actions on the resonances.

In Fig. A.10 the action space for the maps Fsc and Fryis is shown with some regular

tori in gray and a trapped orbit colored by its iteration time. For all calculations
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Figure A.10: Action space for (a) map Fsc, (b) horseshoe of Fgc, and (¢) map Fryist
computed by Eq. (A.49) up to order k = |ki| + |k2| < 20 with regular tori in gray and
the trapped orbit from Fig. 2.4 in color. For (a), (b) the regular tori from Ref. 72| are
used and for (c) the ones from Fig. 3.6(c), from which the most important resonances
are sorted out. In (a),(c) the lines I; = 0, Iy = 0 are indicated as dashed lines in the

background (only o = 0 for (b)).
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the maximal order kpyay is used. In Fig. A.10(a) the actions of the regular tori used
in Ref. |[72] excluding the horseshoe are shown. The two sharp edges known from
the frequency space and corresponding to the families of 1D tori /\/lflp and Mgp nicely
coincide with the lines I, = 0 and I; = 0, respectively. This confirms the explanations
from Sec. 3.1 according to which the edges correspond to either one of the two actions
going to zero. The EE fixed point uf, corresponds to the tip I; = I, = 0 in Fig. A.10(a).
In Fig. A.10(b) the actions for the regular tori of the horseshoe of Ref. [72] including the
trapped orbit from Fig. 2.4 are shown. Again, the edge known from the frequency space
coincides with the I = 0 line. Several segments, mostly blue green and orange, of the
trapped orbit are scattered at positions which are not expected from the arrangement
in frequency space. The frequencies of these segments are too close to resonances and
their actions are numerical artifacts. In fact, it is surprising that so many segments
have reasonable actions as chapter 4 states that trapped orbits are exclusively governed

by resonance channels.

Another remarkable feature of the actions of the horseshoe in Fig. A.10(b) is that at
some point also the action I; gets zero and even negative. This is despite the regular tori
of the horseshoe being extended objects in the phase space. The explanation is that in
higher-dimensional phase spaces the action equation Eq. (2.4), or see above, essentially
integrates over projections to the individual degree of freedoms. In these projections
regular tori can for instance appear as figure eights, encircling two separate areas with
opposite sense of rotation. Such scenarios are not possible in 2D maps and can result in
both zero and negative action. This situation may not be confused with fold and cusp
singularities in the frequency space [76,187|, e.g., the bending of the horseshoe away
from the family Mﬁp due to the resonance 3 : 1 : 1, see Sec. 3.4 and Figs. 3.1 and 3.2.
Such singularities of the frequency map induce a change of the torsion év/dI [12,15].

In Fig. A.10(c) the actions for the regular tori of the coupled twist maps Fryis, shown
in Fig. 3.6(c). In contrast to Figs. A.10(a) and A.10(b), regular tori on resonance lines
are sorted out beforehand to avoid artifacts. The relevant resonant lines are obtained
from the results presented in Fig. A.8. The action space strongly resembles the frequency
space as expected from the construction of the map. The resemblance of the action
spaces of Figs. A.10(a) and A.10(c) with the edges and the surface towards the chaotic
sea again nicely illustrate how the coupled twist maps Frys displays features of a
generic map. Note how the folds in the frequency space of Fig. 3.6(c) are no longer

present in the action space Fig. A.10(c) as they are due to the frequency map.
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A.6 Action from fixed points in higher dimensions

At any fixed point of a symplectic map of arbitrary dimension, the linearized dynamics
is a combination of elliptic (2D), hyperbolic (2D), and complex unstable (4D) degrees
of freedom. Any elliptic degree of freedom can be approximated in first order by an
harmonic oscillator. This produces linear approximations for the actions I of the Lya-
punov family belonging to the degree of freedom. In this section, expressions for this
action with respect to different parameters of the family are derived. A comparison

with numerical results is presented in Sec. 3.2.1.

Consider a harmonic oscillator described by the Hamiltonian [1]

2

2
H = G% + F% — only = IVGF

with position-momentum coordinates ¢, p, the action I, the frequency v € [0,1), and
coefficients G, F', and R = y/F/G. The orbits of this system lie on ellipses

121
q= Esin@:asm@ p=V2IRcos® = bcos©

with an angle coordinate ©, and the half-lengths a,b of the major and minor axes. Thus,

the action on a ellipse can be expressed by its area

1 mab  ab
I = — d = — = —
on J P T o T 2
where the integral describes the path around the ellipse © € [0, 27). The action can be

expressed in terms of the average squared radius E[r?] along an ellipse

on 12 = p? 4+ ¢
1 ———— 242
E[r’] = — fﬂd@ > @t
27 2
0
using R =b/a
E[r?]
I(E[r?]) = Rl (A.51)
R
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The action can also be expressed in terms of the circumference s of the ellipse

/2 /2

1
524/\/azsin2@+b2C082@d9:4a\/}_%/\/Esin2@—l—R0052®d@
0 0

J/

-~

so(R)

that is

2

Is) = 3250(R)

(A.52)

In order to obtain the coefficient R, consider the fixed point being at the origin 0 with
the Jacobi-Matrix M (0) and the two normalized eigenvectors vy, ||vs,|| = 1 belonging
to an elliptic degree of freedom with corresponding eigenvalues Ay, = exp(+27iv). Since

the eigenvectors are complex conjugated to each other v, = v_,, real vectors v ™
can be defined

v = Re v, o™ =TIm v, (A.53)

for which the eigenvalue equations transform to

M(0)'v® = cos(2mvt)vl® — sin(2mut)v™

v

M(0)'v™ = sin(2mwt)vR® + cos(2mut)v™

with an arbitrary ¢ € N. Since the frequency v is irrational, any angle © = 27t is
realized for some iteration ¢ and thus any point on the ellipse is reached by the orbit
z(t) = M(0)'v}* . The angles O, at which the orbit is on the major or minor axis of
the ellipse are the extremal points of the norm squared f(©) = ||[M(0)'v}® |2

f(©) = cos® O|vEe ||? +sin? O||v™ || — 2cos Osin O(vE® - v™)
df(©ayp)

—LZabl g
4o

that is

1 2(vle . plm) T
O, = - 1 v v O, =0,+ - A .54
p e a“(uvﬁeutuv,w : 2 (A-54)
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from which the half~widths ¢ and b follow

a,b=|| cos((9(1717)1)Re — sin(@mb)vim | (A.55)

v

from which R = b/a follows. Note that the notation of a and b is arbitrary and nothing
is implied about which is bigger. There are some special solutions for Eq. (A.54): If the
vectors are perpendicular (vR° - o™ ) = 0, then R = ||[v}e ||/||v™ ||. If the norms of

the vectors are equal ||[vRe ||2—||vI™ || = 0, then ©,;, € {7/4,37/4,...}. If the vectors

are both perpendicular and of equal norm, then the ellipse is a circle and R = 1.

A.7 Sticky regions of 4D map Fsc

Chaotic orbits are trapped at the surface of regular regions as rehearsed in Sec. 2.6.3. In
Sec. 4.1 the power-law trapping at individual regular regions of the map Fyc is evaluated
by associating each trapped orbit to one of these regions. The regions are introduced

in Sec. 2.6.1. In this section, the protocol for this procedure is listed.

For all trapped orbits x;(¢) with recurrence times 7; > 10* the two frequencies of the
middle segment ¢ € [(T; — At)/2, (T; + At)/2] are computed for the projections onto the
two degrees of freedom (21, 29) and only the transformation i) is performed, as explained
in Sec. 2.6.2, giving a set of frequency 4-tuples Q = {(v;1,v,2)}i, vij € [0,0.5)%. These
frequency tuples are attributed to the regular region closest to them in frequency space.
Due to artifacts of the frequency analysis some frequencies lie in areas unrelated to
any regular region. For each of these areas the according segments and orbits are
inspected in phase space using 3D projections and compared to regular tori. By means
of proximity and geometry the corresponding regular region is identified. This allows
to assign problematic areas in frequency space to the proper regular region. From these
examinations the following criteria are obtained, which are applied consecutively to the
set Q, i.e. (vy,10) €

forj=1orj =2 vj9 <1215 -v;; —0.066, v;2 > 0.273, 0.289 < v;; < 0.2973 =
horseshoe

for j =1orj=2: v <0297, vjo > —0.338 - v;; + 0.336, 0.121 < v;; < 0.144 =
central island

for j =2: v;9 <0.14, v;2 > —2.969-v;14+0.997, vj 2 = 0.121, v; o < —=3.02-v,, +1.02,
124v;; — 7| > 107* = central island

for j = 1orj =2 0108 < v;o < 0.121, vj9 > —2.969 - v;; + 0.997, v;» <
—3.02- v, + 1.02 = central island
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forj=1orj=2 |—v;;+3v <3-107% 0.25 < vj; < 0.295 = region around
the resonance —1:3:0

forj=1orj=2 —vj;+3v;2<-3-107% v >1.932-v;; —0.485 = top tower

for j=1or j=2: 0.28 <5 <0.295, 0.165 > vj5 > 0.146 = outer ring

forj=1orj=2 |51+ lr;0 — 1] <1073, 0.154 < v;; < 0.166 = outer ring

forj=1orj=2:|7y;;1—1] < 51073, (0.162 < v;5 < 0.165) or (0.271 < vj5 < 0.276)
= period 7 islands

forj=1orj=2:|Tr;; —2| <5-107%, (0.162 < 2 < 0.165)0r(0.271 < vj5 < 0.276)
= period 7 islands

for j=1orj=2: byj; +5v;; —2<0, —vj1+3v;2>3-1073, 0.285 < ;5 < 0.295,
and not assigned yet = inner end of the horseshoe

forj=1orj=2: v < —v;;-3.84241.256, bv;1 +5v;1 —2 > 0, 0.1 < v < 0.135,
and not assigned yet = horseshoe

for j=1orj=2: [20v;1 —2v;2 — 5| < 5-107%, 0.26 < v;2 < 0.27, and not assigned
yet = top tower

for j =1: 0.28 < vj9 < 0.295, 0.12 < vj; < 0.135, and not assigned yet = horseshoe
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