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Part |I.
Lecture

1. Introduction

Definition 1.1 (Phase). A phase is an equilibrium state of matter, whose qualitative
characteristics do not change upon small change of external parameters. In this sense,
it is a “stable” state. This definition generally justifies the assumption that the thermo-
dynamic potential varies analytically when in a stable phase.

Phases are
e characterized by symmetry of the density operator p = y pjli)(¥;| and

e seperated by phase transitions.

Definition 1.2 (Phase transition). A phase transition is a point in parameter space at
which equilibrium properties of a system change qualitatively, hence the system is “unt-
able”. Here, the thermodynamic potential is nonanalytic.

Phase transitions can
e be continuous or discontinuous and

e occur at T' > 0 called thermal transitions or at T' = 0 called quantum transitions.

Definition 1.3 (Quantum phase transition, QPT). A quantum phase transition is a phase
transition at T" = 0, which occurs upon varying non-thermal control parameter such as
pressure, magnetic field, chemical composition, etc. Here, the ground-state energy is
nonanalytic in the control parameter.

Remark 1.4. A quantum phase transition is apparently driven by quantum flucutations.
At T = 0 the state is described by a single phase-coherent (many-body) wavefunction,
with flucations describing the deviations from a reference state.

Despite only occuring at zero temperature T' = 0, the quantum phase transition is exper-
imentally relevant, because it influences a systems properties even at finite temperature.
Signatures of this “novel state of matter” are the dynamical structure factor .S (E,w) as
shown in Fig. [I] and the heat capacity. The latter scales differently in a normal state
of matter than in the quantum critical region, e.g. ¢y « T for a Fermi liquid and
cy X e‘A/kBT/T for a gapped magnet with gap A as opposed to ¢y x T4% with d the
dimension d and dynamical critical exponent z in the quantum critical region.
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Figure 1: A quantum phase diagram with classical phase transition (CPT) and quantum
phase transition (QPT) at the quantum critical point (QCP). The behavior of
the dynamical structure factor S (E, w) is qualitatively different in the ordered
phases and at the QCP.
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Figure 2: Phase diagrams of different materials.

Example 1.5 (Quantum phase transitions). Examples for quantum phase transitions are
e a magnet in an external field, cf. Fig.
e a high-T, superconductor, cf. Fig.
e an interacting semimetal, cf. Fig.

disordered systems with “Anderson transitions”,

cold atoms on an optical lattice, or

e quark matter with “chiral symmetry breaking” in QCD.

2. Classical Phase Transitions

2.1. Definitions

Summary
e A phase transition seperates states of a medium with different characteristic
properties.

e It is probed by an order parameter, which vanishes in the disordered phase and
is finite in the ordered phase.

e The transition is discontinuous for first order transitions and continuous for
continuous transitions.
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Figure 3: Difference of the behavior of the order parameter between a first and a second
order phase transition.

e A continuous transition onsets at the critical point.

Definition 2.1 (Order parameter). The order parameter is an observable ¢, for which

(%) =0 in disordered phase
# 0 in ordered phase

with (-) the thermodynamic average (T # 0) or quantum expectation value.

Remark 2.2. The following remarks concern the order parameter:

e ¢ is usually a local observable ¢ = ¢(7,t), with the counter-example being the
volume enclosed by the Fermi surface of a metal

e ¢ is not unique

e ¢ is sometimes not known

Example 2.3. For a ferromagnet, one may choose qg(f;) = S the local magnetization at
site 1.

In a first-order transition, the order parameter changes discontinuously at the transition;
in a continuous transition, the order parameter varies continuously across the transition.
This is shown in Fig.

The critical point is the transition point of a continuous transition.

To describe correlations, for an order parameter ¢ = ¢(7,t), one defines the correlation
functions or two-point functions by



Definition 2.4 (Correlation length). In the stable phase, the order parameter correlation
function typically follows an exponential law

|7=]

(@()D()) = (7)) (D(7)) e

with the correlation length &.

Remark 2.5. The correlation length £ has the following properties:
e ¢ diverges at a critical point, then

(@(M)P(I")) — (B(7)) (B(7)) o I*“’lld_“"

r—r

where 7 is the anomalous dimension. Then correlation function becomes a power
law and is hence scale invariant.

e Near criticality, £ is large and becomes the only length scale characterizing the
low-energy physics a/§ — 0.

Definition 2.6 (Spontaneous symmetry breaking). Consider a Hamiltonian H that is in-
variant under a symmetry generated by S, i.e., [H,S] = 0. If the system’s density
operator p is not symmetric under S, i.e., [p,S] # 0, then the symmetry S is sponta-
neously broken.

Remark 2.7. e Spontaneous symmetry breaking requires nonanalyticity of the ther-
modynamic potential, otherwise [H,S] = 0 would imply [e™#,S] = 0. This is
satisfied for a phase transition.

e The singularity can be seen by including a small conjugate field h such that
Hw— H — ho.

Then spontaneous symmetry breaking occurs if lim;,_,q+ p(h) # p(h = 0).

e Spontaneous symmetry breaking is impossible in a finite-size system, because e =5
is not singular for N < co. For N = oo the operator e # may not be trace-class
anymore, i.e., tre ?7 = oo such that p is not well-defined. Therefore, spontaneous
symmetry breaking implies that

lim lim # lim lim.
h—0N—oco  N—ooh—0

e In nature, finite systems still exhibit spontaneous symmetry breaking.



— One approach to understand this is coherence. For large systems, the energy
gap between the ground state and the first excited state becomes arbitrarly
small. Then “stable” symmetry breaking states can be defined in the sense
that their coherence time 7. & 1/A is much longer than any interval between
reasonable measurements 7 < 7.. If the system is then measured in one
symmetry breaking state, it remains in it.

— Another idea is that through couplings to the environment a small bias to-
wards one state in the ground state manifold may be introduced. Any finite
extent (invariant under increase of the system size) of this coupling will even-
tually dominate the effective Hamiltonian of the system.

2.2. Generic Phase Diagrams of Fluids and Magnets

Summary

e The liquid-gas critical point is similar to that of a magnet with order parameters
p < M and external parameters H,T < p,T.

In Fig. [4] the phase diagrams of liquids and magnets is compared.

2.3. Landau Theory of Phase Transitions

Summary

e In Landau theory, the order parameter is treated as a parameter in the free
energy of the system.

e The free energy is then expanded to include all symmetry allowed terms.

e In Ginzburg-Landau theory, the order parameter is dependent on space ¢ — ¢(7)
and spatial variations are included in the free energy functional. Here, the
propagator G = (¢¢) — ($)? measures fluctuations around ().

e Below the upper critical dimension d < dI the fluctuations diverge as

(6¢d¢)/{9)? — oo.

e Above the upper critical dimension other length scales become relevant.

We assume that the phase transition is uniquely described in terms of a local order
parameter ¢. The idea is then to express a generalized thermodynamic potential f, the
Landau functional, in terms of ¢.
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Figure 4: Comparison of generic phase diagrams for liquids with pressure p, tempera-
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ture T and density p and magnets with magnetic field H, temperature T and
magnetization M; their remarkable similarity becomes apparent.



Example 2.8 (Ferromagnet). Specifying the magnetic field H and the temperature T
fixes the magnetization ¢ = M. The generalized potential is then

f(T,H) — f(T,H,¢)

with f(T, H) the thermodynamic potential and f(T, H, ¢) the Landau functional. We
assume that f(7, H, ¢) is non-singular. The equilibrium state is obtained from

of(T, H, )

ad) ‘(z):d)cq - O
and f(T, H) = f(T7 Ha ¢eq(T7 H))

One can expand the Landau potential (near criticality) as

(1)
2

f(T7H)_fn+f0<a ¢2+ ¢6+---_h¢>

where h = H/ fy is the magnetic field (called conjugate to the order parameter) and f,
is only weakly 1" dependent.

Remark 2.9. o f includes all symmetry-allowed terms, e.g., for H = 0 the Ising
symmetry

Loy: ¢ —¢
implies that only even power in ¢ are allowed.

e For vector order parameters <;§, the rotational symmetry
O(N): ¢ — R¢

implies that only (¢2) = ¢ - ¢ and higher order terms (¢2)2, (¢2)* are allowed.

e The coefficients a(7'),b(T),... are smooth functions of external parameters that
preserve the symmetry, in particular, of the temperature.

Discussion for h = 0 and b > 0. We have
02 by
[ = fu=56"+ 70,

as shown in Fig. If (T) > 0 for T =~ T, then we can neglect higher-order terms
oc O(¢%) for ¢ near ¢eq, which we obtain as

0, a > 0 (disordered state),
+4/7% a <0 (ordered state).

0% f
092

of

2l,, "

d)eq

>0 = gf)eq:{
deq

11



unstable stable

Figure 5: llustration of f — f, = %qf)z + ggb‘l for b > 0 and different a.

The phase transition occurs at T' = T, when a(T") = 0. Hence, we may expand a in the

reduced temperature t = % as
C

a(T) = at + O(t?)

where we assumed that a(7") is smooth across the transition. Then the order parameter
is

0 T>1T,

@NT) = {i:/z‘(—t), T <T..

Remark 2.10. e In general (¢)(t < 0) o< (—t)? with a critical exponent 3. In Landau
theory we have § = %

e For the spontaneously broken Zs, we have (¢)(t < 0) = £/ 3.

e For the spontaneously broken O(N), we have (¢)(t < 0) = |/ %€ with & an
arbitrary direction.

We find the following thermodynamic observables:
fn (T)7 T > TC

2

)~ h () T<

s_(af> ([ so(D), T>T.
v o\oT ), | so(T) - foo TRl T < T

f(T) = f(Tv ¢eq) =

20 T2
T<8S> o, T>1T:
CyH = — —_— =
v v\ar), co+f0%§Tlg, T <T.

In general, c,(T) = c+ [t|”“ + O(t?) with critical exponent o (a = 0 in Landau theory),
as shown in Fig. [6]

12
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Figure 7: Hlustration of f — f, = %qbQ + §¢4 — h¢ for b > 0 and different a.

Discussion for h 7% 0 and b > 0. The equilibrium state obtained from g—{; = 0 is given
by the implicit equation

ap +bp> =h

with a = a(T) = at+ O(t?). For a > 0 this has one solution, while for a < 0 either three
solutions for h < hg or one solution for h > hg exist, see Fig.

We can define the susceptibility x as
d(h) = dspont + X(T)h + O(h?)

with x = 0¢/0h|g,,.., the order parameter susceptibility and ¢spont the zero-field order
parameter.

For small h, we obtain from

5 0, T>1T,
a(T)[¢spont + X(T')h] + bldspont + X(T)R]” = h, Pspont = —a
=5 T <1,
that
Lo T>T,
X(T) = {atl T <T
Wa < C»

13



with limp_,7. x(T') = oo, see Fig.

Proof. We expand the cubic to obtain (labeling ¢ = ¢spont) as
(a+b¢*)d + (ax + 3b¢*x — 1)h + O(h?) = 0.

The first term yields the spontaneous magnetization as ¢ = \/—a/b, while the second
one yields the susceptibility with a = at

1 2
1 _{at, ¢ =0,

R

in the disordered and ordered phase respectively. O

In general x(7T) o [t|~ + O(?) with critical exponent 7; in Landau theory v = 1.

I
I
I
1
I
X 2a\t| | “a
|
|
|
1

C

Figure 8: Behavior of the order parameter susceptibility x near the critical point.

At criticality (T = Te, a(T') = 0), we obtain the critical isotherm for finite h as

B 1/3
=) -

In general ¢ ]h\% with critical exponent §; in Landau theory § = 3.

The phase-diagrams are depicted in Fig. [0

Remark 2.11. e The line of first-order transition at h = 0 for T' < T¢ is (a).

e Here, the two states at A = 0T and h = 0~ are related by Zs symmetry. Therefore,
the latent heat Q = AS = 0.

e Metastable states for h < hg and T' < T¢, result in a hysteresis near h = 0.
e Continuous transition at "= T, and h =0 in (c, d).

e “Crossover” for T'> T¢ (b) or h # 0 (e).

14
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Ginzburg-Landau Theory and Spatial Correlations. Now, we allow for spatial varia-
tions of the order-parameter or fluctuations

¢ — o(7)

where 7 is a continuous space coordinate and ¢(7) is a smooth function, capturing varia-
tions on length scales much larger than microscopic lengths (in the so-called continuum
limit description). The Ginzburg-Landau functional is then

(T, H,¢(7) = fa + fo [;¢(F)2 + %z»(?)‘* + & (Vo))" — ¢(Mh| +O(¢°, V1, V261,

Here, & can be thought of as an energy cost of spatial variations. We retrieve the
Ginzburg-Landau (free) energy F as

F:/Mﬁm.
The correlations are defined with the propagator G as
G(7,7) = ((F)o()) — (D) {(o(")) = (S(P)d (7)) — &5
with ¢g = (¢(7)) the homogenous order-parameter.

In the large-distance limit for T' < T¢, i.e., in the ordered phase, we have long-range
order such that

lim (¢(7)()) = ¢f # 0

|F—7"|—00

15



and thus G(7,7) measures correlations of fluctuations around ¢y.

We use this to obtain the critical exponent v by first expanding ¢ around ¢ as ¢(7) =
¢o + 0¢(7). The free energy is F(¢p(7)) = F(¢pp) + F with

OF = % / A4F5 () (ot + bz — E2V2)0(F)
with a(T) = at + O(t?) and the terms linear in d¢ vanishing due to the equilibrium

condition %‘ b0 = 0. The Fourier decomposition

-,

d_’ B
56(7) = / gﬁiw(mem

yields
_ kpT [ d% TP
oF = 5 W&b(—k}G (k)oo(k)
with
- - - kgT
G(k) = (0p(k)dp(—k)) = —
(k) = (0¢(k)dp(—k)) 1o (A(T) 1 €272)
at, T>1T,

A(T) = at + 3bp? = .
(T) & {at+3b¢3, T <T.

Upon Fourier back transform, one finds the spatial propagator

- Ak, - ik(F—7 e 3—d
607) = [ GO o S ()’

v
T
a

with r = | — 7| and the correlation-length

&
s TSI
V2alt]’ ¢

which diverges for T' — T¢.

In general, we obtain &(7T") o |t|”" with critical exponent v. In Ginzburg-Landau theory

1
V—2.

Remark 2.12. e A divergent length scale £ implies locally ordered “islands” of in-
creasing size.

e That ¢(7) varies slowly near criticality justifies the gradient expansion a posteriori.

e At criticality the correlation time 7. — oo leading to critical slowing down.

Here, at criticality with A(T) = 0, we have G(k) < k2 = G(r) x r27%. In general
G(r) o< r27971 with anomalous dimension n; n = 0 in Ginzburg-Landau theory.

16



Fluctuations and Ginzburg criterion. Landau theory can be “derived” as a saddle-
point solution of a field theory dormulated as a functional integral, while neglecting
fluctuations; hence leading to a mean-field approximation.

The Ginzburg criterion can check for the validity of Landau theory by considering the
effective relative size of fluctuations

r= 2—d d—4
(0= (1)) 36(0) 6P o 0. d>4,
95 |t] t1-0 | oo, d< 4,

using G(7,7) o< 127, ¢y o [¢t|'/? and € o |t|”¥/? in Landau theory. Therefore, Landau
theory is asymptotically exact for d > 4.
Remark 2.13. o d =4 is called the upper critical dimension.

e d} depends on (some general) system properties.

e Critical exponents in Landau theory called mean-field exponents are exact for d >
At

e There are logarithmic corrections directly at d = d.
e Landau theory fails at criticality for d < df.

e The mean-field exponents are still observable in systems in which the numerical
prefactor in the Ginzburg criterion is small, e.g., in conventional superconductors
with to, ~ 10710 < 1.

e A consistent account for fluctuations beyond mean field is obtained from the renor-
malization group.

2.4. Critical Exponents and Universality

Summary

e At criticality, observables follow power laws of the system parameters.

e Critical exponents define universality classes for microscopically different sys-
tems.

At criticality £ — oo and hence there are fluctuations on all length scales, i.e., emerging
scale invariance. There, observables follow power laws such as A o« ¥ with A the
observable, x some system parameter and y the critical exponent. Examples are listed
in Table [I

Remark 2.14. e The critical exponent 7 is called the anomalous dimension.

17



Observable Exponent Definition Conditions ~ MF value (GL) Example
d>d. Ising (d = 3)
Specific heat « C o |t|™™ t—0,h=0 a=0 a~0.110
Order parameter B ¢ o (—t)8 t 0,h=0 8= % 8 ~0.326
Susceptibility v X o [t]77 t—0,h=0 v=1 v~ 1.237
Critical isotherm 0 h o |¢5|‘S sgno t=0,h—0 0=3 § ~ 4.789
Correlation length v o |t t—0,h=0 v=3 v ~ 0.630
Correlation function n G(r) o |r|72" t=0,h=0 n=0 n ~ 0.0363
Correlation time z Tex & |t|™ t—=0,h=0 - -

Table 1: Common critical exponents

e The critical exponent z is called the dynamical exponent. It will play a special role
in quantum phase transitions.

e Power laws are scale invariant, e.g.,

Remark 2.15. Some comments on universality.

Co |t ™ x &V SNy Yo

e Critical exponents can be are identical for microscopically completely different

Systems.

e Systems fall into universality classes, e.g., Zy universality containing the Ising
model and the liquid-gas critical point.

e Universality classes are characterized by only very few general properties, such as
dimension d, symmetry of the order parameter, presence or absence of long-range

interactions.

e The phenomenological reason is that £ — oo and therefore microscopic details
become irrelevant.

2.5. Scaling Hypothesis

Summary

criticality.

e The free energy density is homogenous in its parameters

fs(t, h) = b= f (b¥t, b9 h).

18

e Below the upper critical dimension, £ is the only relevant length scale near



e In this regime, hyperscaling relations (Josephson’s law, Fisher’s law, Rush-
brooke’s law and Griffith’s law) hold.

We assume that ¢ is the only length scale near criticality. Then, we may perform the
scaling transformation on

T +— br length,
t— bY't reduced temperature,
h — b¥"h external field.

The scale invariance now requires that a change in length can be compensated by a
change in t and h for appropriate y; and yp,.

The scaling hypothesis for the free energy density is then
fs(t, h) = b~ fy(b¥ e, b¥" h)

with fs; the singular part of the free energy. We say that fs; is homogenous in both ¢
and h. The consequence of the scaling hypothesis is that in static critical phenomena
only two independent exponents, namely y; and y, exist and all other may be related
to them.

Example 2.16 (Correlation length). We perform the scaling transformation

v t—bYit z—bx blfyt,jg‘

€t R N T i

From scale invariance it follows that £ — £ and hence v = 1/y;.

Example 2.17 (Free energy density at h = 0). With no conjugate field, we have

fs(t,h = 0) = b4 £, (b¥1,0).

d
Now, choose b such that b |t| = 1, i.e., b=¢ = |t|v = |t|?, then

folt,h=0) = [t|" fo(£1,0) = fu(t,h =0) o< [t|".

Example 2.18 (Specific heat). We can obtain Josephson’s law from the specific heat as

2

cy OCTW o |t]

=2 s =2 dv.

Example 2.19 (Susceptibility). The correlation function at h = 0 scales as

fo (ehs)
G('I",t,h = 0) X W,
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which at the critical point turns into G(r;t = 0,h = 0) r274=1_ The susceptibility is
accordingly

_ 9(¢)

7%‘}1, 0 / ( ; ) / l JG(,‘ ‘t‘y)) n—/dl’fG(aj)aj‘l n’t’ (2 77)’/’
_)
\—/_/

const.

having substituted x = r [t|” and dz = |t|" dr. From this, Fisher’s law follows as

7=02-n
Josephson’s law a=2—dv
Fisher’s law vy=(2—-n)
Rushbrooke’s law  a+28+4+~v =2
Griffith’s law a+pB(0+1)=2

Remark 2.20. e The scaling hypothesis is an assumption that can be justified with
RG.

e It holds for d < d, but not for d > dF, in which the hyperscaling violation holds.
Here, additional length scales become relevant.

e Mean-field exponents violate Josephson’s law.

3. Statistical Mechanics and Path Integrals
3.1. Coherent-State Path Integral

Summary

e Coherent states are a prototypical example of bosonic quantum systems, which
allow to describe the groundstate of a BEC.

e By expanding the partition function, a field-theoretical approach in terms of a
functional integral can be derived.

e At criticality, only the wy = 0 mode contributes to the critical properties, as the
correlation time becomes greater than then finite extent of the system 7. > (8
and all other modes are gapped and therefore non-critical, otherwise the gap
would be a relevant length scale.

e At T =0, a continuum of small-w modes contributes because the gap vanishes.

As a prototypical example, we consider a system of many interacting bosons.
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The Fock basis of the many-body Hilbert space is

I (ab)

Ny, ..., NN) = 0),

‘ 1, ) N> alT1 m ‘ >
where |0) = |0,...,0) is the many-body vacuum state and al, (aq) creates (annihilates) a
boson in the a-th single-particle state. They obey the commutation relation [a,, a:;,] =
da,or and [aq,aq] = [aL, aL/] = 0. Any state may be expanded in this basis as

o0 o0
@)=Y .. > Py mylna, . ).
n1=0 ny=0

Definition 3.1 (Coherent state). A coherent state is defined as the eigenstate of an an-
nihilator as

aa|®) = @4|P)

foralla« =1,..., N where &, € C.

The expansion coefficients of a coherent state are

a=1 na'
such that
e c© N \n
(Poan)"™ t
@ =>" ... > ] %ym = e2a Patalg),
n1=0 ny=0a=1 o
Remark 3.2. e The coherent state |®) as defined above can easily be shown to satisfy

a4|®) = Bo|®) by using [aq, (al,)"] = n(ah)"  daqr.

e The coherent state |®) is a superposition of states with arbitrary number of par-
ticles.

The bra version (®| = (0|e2=a ®ad is the left eigenstate of the creation operator with
(@], = (0|23,

For the ket version, we have aL\CI)> = %\@). Two coherent states |®) and |®’) are not
orthogonal as

(B]D) = e2a Paar £,
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Proof. This can be shown by explicitly plugging in |®’) and using <<1>|aL = (9|},
yielding

@ 3 [T e S II T =TI M =i

Na a=1 a N

The resolution of identity for coherent states is
d®; dd x
I = ” amma =30, P01V (D
/ - 27TZ € ’ > < ‘ ?

therefore coherent states form an overcomplete “basis”, as they are not mutually orthog-
onal but still any state can be expanded in terms of them.

Proof. To show that this is indeed a resolution of the identity, consider the following

* P 2 OO 0\m 0\n
/d d o2 1©) (D] = / rdr/ d0e—"" (re') |m>(re ) |
271 o 0 vm! Vvn!
= 1 * —r2 2n
= Z ot dr2re™" r*"|n)(n|

=0 n: Jo
=S il = 1.

O
Partition function. The grand-canonical partition function is
7 =1tr e*ﬁ(H*NN)7
where 8 = ,”%T is the inverse temperature and g the chemical potential. A generic

Hamiltonian is

H= Zeaa Qo + Z ozﬁ]Vh/(S aﬁagay,
a,B,7,6

with e, the energy eigenvalues for V' = 0 and V a two-body interaction. The particle
number operator is N = ) a:&aa. In the coherent state framework, the partition
function reads

271'2
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which we rewrite by partitioning 8 = eM for M > 1, such that e BUH-uN) — HM e c(H-uN)
and inserting identities between the product as
do* kd% £ M1

/ H H - . H <<I>k!€_€(H_“N)!‘I’k+1>
k=0 « k=0

where &g = ®;; = ®. For normal ordered operators A(ajl, a,) as normal-ordered func-
tions of aL and ag, where all CLL are left of all a,, we have

(@[ A(af,, aa)| @) = A(®}, )X Pa®e,

since aq|¥’) = Wo|¥') and (¥|al, = (¥|T*. This allows us to rewrite the exponential of
the Hamiltonian as

(Ople” M| ®pp1) = (Bp|Ppy1) — (P H|Ppy1) + O(€%)
= e2a ParPoktt (1 — e[ (F 1, Pojr1))

_ Za ak ak+16_€H(¢’Z7k7 a,k+1)_’_0(62)‘

Now, the partition function can be written as the functional integral

Z =1l
k=0 «
7211:1016[}1(@& k> Dtk+1) N’Za ak ak+1]

- / DO (7)DD, (1)~ [Pa(r):a(T)]
«(0)=2a(8)

do* , dd i .
Rk k @ k Z]ku:ol Za (b%k(q)a,k*q’a,kjtl)

with the imaginary time ™ = ﬁﬁ and the action
B
S = / dr | 4(1) (=0 — p)a(r) + H[4(7), Ba(7)]
0 (0%

Remark 3.3. e The measures DP}, and DP, should be understood as the “sum”
over all complex functions ®,(7) that satisfy ®,(0) = & (5).

e The quantum number « labels states in the single-particle bases, e.g., momentum
¢, position & or lattice site .

—

Example 3.4 (Nonrelativistic bosons of mass m interacting via V(Z — ¥)).

272
S = /dT/dd <8—,u—hv><1>(f,7)
2m

+ [ dgE P vE - 5 ew ]
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Example 3.5 (Higgs bosons interacting via V (Z — ) = \o(Z — ¥)).

S = / dr/dd [ ) (=02 + m*)®(F,7) + A(Z,7)* |,
where (0,) = (0;/¢, V), p=0,...,d and m is the Higgs mass.
Example 3.6 (Dirac fermion coupled to order-parameter field).
p . 1
s :/ dT/dd:f[zp(f, TN Oup(F,7) + S O(F, ) (=) + m*)B(F,7)
0

+ g0 (&, T, T, 7).

where v are fermions, e.g., quarks, ® is the order-parameter field, e.g., mesons, g is the
Yukawa coupling and {y*,~v"} = 26" I are the Dirac matrices.

Neglecting the potential, the action can be diagonalized by performing the Fourier trans-
form

ddk: - T
For d k, Wn, ezkr+zwn77
-5 Y o)

B

forn=0,£1,4+2,....

Example 3.7 (Nonrelativistic bosons with V' = 0).
ar 27.2
=5/ g = (et gy ) E

yielding the propagator

. 2k‘2
o B8 Fiwn + LA —
G(wn, k) = 12k2 =p - 2o 3-
—iwn + 5 — W w%_’_ (h%l; )

Remark 3.8. e For T > 0 all modes with w,, # 0, i.e., |n| > 1, have a finite gap
AxT.

— Therefore they cannot contribute to a nonanalyticity in Z = [ DIDP*e "
and are called non-critical modes.

e A system at T" > 0 can be understood as having a finite extent § in imaginary
time 7 € [0, B).

— The correlation time 7, at criticality is 7. > .
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— Critical configurations have ®(7) ~ ®(0) for all 7 € [0, 5).
— Hence, only the w,—g = 0 mode contributes to critical properties at finite 7T'.
e Statics and dynamics decouple at T" > 0.
e For T'= 0 we have 7 € [0,00) and w becomes continuous
1 * d
Iy / dw
8 o 27
Wn,
— Now, a continuum of small-w modes contribute at a quantum critical point.

— Quantum critical behavior in d dimensions (often) resembles classical critical
behavior in d 4+ z dimensions.

3.2. Mean-Field Approximation: Landau Theory

Summary

e The mean-field approach can be obtained from field-theory in the quasistatic
limit using the saddle-point approximation.

Assume a critical point at T' > 0 and retain only the critical (wyp = 0) modes.

Example 3.9 (Bosons with V(Z — ) = Ad(Z — ¥)). The action reads

¥=p [ air [ VO - 8 A 8.

Using ® = ¢ + i¢o with a = 1, 2 real scalar fields, the action can be turned into

5 2
S[o) :B/dd [ V¢“ Zn ¢") +A(Z(¢“>2) ]
which is now as the “O(NN) model” or “¢* theory”.

The partition function Z = [ D(E@‘S 4] will be dominated by configurations that mini-

mize S[¢p|. Hence, we can use the saddle-point approximation or mean-field approxima-

tion

~51oo], L p—) 5
0o lg 0pdPT I g,

where fluctuations S[@] — S[dg] = 15¢T

is

J~e is positive definite,

3
Frire 5(;5 + O(¢”) are neglected. The free energy

F = —kgTnZ = kgTS[¢o),
such that we recover Landau-Ginzburg theory with parameters

(a,b,&3) o< (—2p, 4N, 1% /2m).
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4. Renormalization Group
4.1. Concept of the Renormalization Group

Summary

e In[Renormalization Group (RG)| high-energy modes are successively integrated
out and couplings become scale dependent.

In RG] one assumes that the relevant physics describing phases and phase transition is
governed by the behavior at large length scales, i.e., low energies, with typical length
scales L > a much greater than the microscopic length scales a.

Example 4.1 (Magnet). In a magnet (S7S7, ;) # 0 for all T', but

=0, T>T,,
£0, T<T..

Ji—j| o0

lim (S7S7) {

The idea of RG] is then to successively integrate out short-distance, i.e., high-energy,
modes to obtain an effective theory at large length scales and low energies, such that

S(91,92,---) = S(gh: 92 - -)

with action S and coupling g. Then the couplings become scale-dependent as g; — g;(L).
The [RG| flow is the change of these couplings under the successive integration of modes,
often depicted in [RG| flow diagrams such as in Fig.

“Gaussian”
noninteraction critical
fixed point fixed point
0 g g >
disordered phase ordered phase

Figure 10: Exemplary flow diagram with critical coupling g*.

4.2. Scaling Transformation and Scaling Dimension

Summary

e Beta functions describe the flow ¢; = Bi(g;) in time t = f(f dt’ with

. /
momentum scaling b = ¢4,

e Scaling dimension dim[g] of coupling are the first order terms in the flow and
say wether a coupling is relevant dim[g] > 0, marginal dim[g] = 0 or irrelevant
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dim[g] < 0.

e The ﬂow may have fixed points, which are stable (all coupling are irrelevant),
critical (exactly one coupling is irrelevant), multicritical or unstable.

We integrate out high-energy modes with momenta A/b < |E| < A, given by the mo-
mentum shell

The infinitesimal step is b = e with dt < 1 and t = fot dt’ the time. The
flow is given by the beta functions §; defined as

dgi
Fr Bi(g;),
with the fixed points of the flow satisfying
dg;
o] -0

Around the Gaussian fixed point (¢* = 0 in a theory with one coupling g), the flow
can be linearized as

Blg) =09 + O(g*),

with § = dim[g] = const. the scaling dimension of g. The integrated flow dg/dt = fg
yields g(t) = g(0)e".

Classification of couplings. According to the scaling dimension, we classify couplings
as

e a relevant coupling if dim[g] > 0 and g increases in time,
e a irrelevant coupling if dim[g] < 0 and g decreases in time and

e a marginal coupling if dim[g] = 0 and higher-order terms decide its fate (marginally
relevant, marginally irrelevant or exactly marginal).
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Classification of fixed points. Similarly, the fixed points can be classified as
e a stable fized point if all couplings are irrelevant near the fixed point,
e a critical fixed point if exactly one relevant direction exists,

e a multicritical fixed point if the number of relevant directions is 2 < n < ng where
ng is the number of tuning parameters,

a unstable fixed point, if the number of relevant directions is n > nyg.

4.3. Momentum-Shell RG for the O(IN) model

Summary
e Momentum-shell RG] consists of three steps,

1. eliminating fast modes by defining ¢ = ¢s + ¢y and integrating out ¢y,
2. rescaling of momenta k — k' = bk, and
3. introducing renormalized fields ¢/ (k') = bY¢s(K'/b).

The scaling dimensions can agree with the power-counting dimensions.

At the Gaussian fixed point, the couplings are irrelevant above the upper critical
dimension, where it governs the critical behavior.

At the Wilson-Fisher fixed point, the couplings remain non-zero. It governs the
behavior below the critical dimension.

The stability matrix linearizes the flow near the Wilson-Fisher fixed point and
gives the scaling dimensions of the couplings.

The O(N) model with tuning parameter (or mass) r and self-interaction coupling u has
the action

A d . .
_ / AE Lo B2+ et ()
0 ( 7T)

2m)d 2
A qd7. qd7. qdT.
u dk‘ldedk‘ga—» arT ari a - - -
* 4!/0 W‘ﬁ (k1)9®(k2)@" (k3) 9 (—k1 — k2 — k3),

where we have rescaled £3(¢%)? — (¢%)? and introduced an ultraviolet momentum cutoff
A, 0 < |k| <A, with, eg. A~ 7.

The transformation now consists of three stages.
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1. Eliminate “fast” modes ¢; with momenta £ < k| < A by defining

$(k) = O(A/b — |k])ds(k) + O] — A/b)gs(E) .

slow modes fast modes

2. Rescale momenta k — k' = bk with 0 < |K'| < A for slow modes.
3. Introduce “renormalized” fields ¢/(K') = bY¢(K'/b) with y chosen such that the

new action in terms of ¢’ has the same coefficient for the kinetic term.

Example 4.2 (RG| for the Gaussian model with u = 0). We first perform the mode elimi-
nation, starting from partition function

Z = / Ds / Dpe P21l

with

A gdi L o
Sudeor) = [ Gagou-RE 0.+ [

Seff [¢5}

The partition function may hence be written as

Z = const. X /'D(Z)se_Seff[d)S]

with the constant Zoy = [ Do re=0f = [detp p<pn(k* + )72,

Second, we perform the momentum rescaling in the effective action with K = bk and
d?k’ = b4dk, such that

AL qdg 1 - -
Seff :/0 (27)615%(—]?)(/62 +7)ps(k)

A ddE, 1 - . -
:/0 (%)db d§¢5(—k /D) (b72K" 4 1) g5 (K /D).

Third, we renormalize the fields with ¢/ (k') = b¥¢, (k' /b) yielding

- /A ddE/ 1¢/(_E/)(b—d—2—2y];/2 + b—d—2yr)¢/(];,’/)
which has the same form as the original action for

_d+2

Y= 9
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Then,
7= / Dle I 30 E2 0

with 7' = b?r. Hence, the beta function for the coupling r is

~dlnb
This corresponds to the follow RG] flow diagram:

2r.

Br

“stable” “critical” “stable”
ordered Gaussian fixed points disordered
r=u=20
—00 00
0 r

Example 4.3 for * model with w > 0 and N = 1). We start with the mode
elimination and obtain the partition function

Z:/Dgf)s/qufe_SOS_Sof_sirlt[¢s:¢f]
:/D%es‘“/%fes‘”(l — Sint[¢s, @5 + O(u?))

with
A/b

A 4 A
Sint[¢sy¢f] :% [ 0 ¢s¢s¢s¢s+/[\/b¢f¢f¢f¢f‘i‘ <2>/0 ¢s¢s¢f¢f] .

Again, let Zo; = [Dpre 507 and denote by (-) = [D¢re=%7()/Zys the average with
respect to the action of the high-energy modes. The partition function is then

“tree-level” “yvacuum”

U U
A/b >'< v CXO
Z = ZOf/D¢s€_SOS (1 — % |:/0 <¢s¢s¢s¢s>0> + /A/b<¢f¢f¢f¢f>0>

“1PI connected”

Q
+ <;L> /OA<¢s¢s$f¢f>0f} + O(u2)>.

By Wick’s theorem, we have (¢s¢sdrdr)or = (dsbs)or{dsds)os. This theory has the
Feyman rules for vertex, internal and external line as follows:

U - - - -
X = 10kt + k2 — ks — ka), — = (dr95)os — = ¢s.

30



Now, only one-particle irreducible connected (1PI) diagrams, i.e., diagrams that remain
connected after cutting one internal line, contribute to the [RG| flow. We reexponentiate
the partition function to obtain

Z =2 /D¢3€SOSZ![ ()A/b ¢3+(%)< UA/b ¢>%) <f,<\/b ﬁ)]JrO(uQ).

From Leibniz rule it follows that

A d
p— 1 l .
/A/bkz-i-r (2m)d AZ + 7 nb+O(In"b)

Second, we rescale momenta K = bk to obtain the effective action

A A d
_ u —2d 14 4 —d 2 Sd A 2 12
Ser = Sps + 1 [/0 b~ %o + (2> /0 b @) i lnb} + O(u®,In*b).

Lastly, we renormalize the fields as ¢/(k') = b=Y¢4 (k' /b) to obtain

M 72 4 32 Sa A 4—d A 14 2 1,2
seff:/ 50 (B S b)) ¢+ /(¢) + O, D).
0 2 ( m)¢ A+ 0
Then,
d
=0 4 = 2 (2 Sd)d A2A Inb+ O(u? n?b), u' = b4 % + O(u?, In?b).

By introducing the dimensionless variables r — ¢t = & and u +— g = (Sd we

obtain the beta functions
dt g
B =

1
s = 2t a1y T OV ba =

dg

g = @ g+ O(g?).

Remark 4.4. Regarding Example we note the following.

e The scaling dimensions dim[r] = 2 and dim[u] = 4 — d agree with power-counting
dimensions, which from

0=1[S]=[V?]+[¢*] + [d%2] =2+ 2[¢] - d = [¢] = ——

imply that [r] =2 and [u] =4 — d.

e To compute the leading interaction correction to 3, we need to compute the g°
contribution. This is given diagrammatically as

KXk (4 <¢¢¢¢><¢¢¢¢)< )2

2!
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. .. . . 2
with (—1) from the reexponentiation, % from expanding the exponential, (;1) ways
to choose the two contracted phi on each vertex and 2 ways to assign the contracted
[l

pairs and where ¢p¢ = (¢rpf)or. Thus,

3 1
=(A4-dg-=g° %).
By=4—-dg-59 TEE +0(g7)
e The generalization to the O(/N) model yields
R N+2 g 9
Pr=dme =M T 1 PO
dg N+8 g )
= =M4-dg——— O
Po=qmp = D9 5 e TOW)

The O(N) theory has two fixed points:

(a) The Gaussian fixed point at t* = g* = 0. Near this fixed point, the u (¢*) and ug
(¢%) coupling have the scaling dimensions dim[u] = 4 — d, rendering the u coupling
irrelevant for d > 4 and dim[ug] = 6 — 2d, rendering this coupling irrelevant for
d > 3.

(b) The Wilson-Fisher fixed point. For fractional dimension e =4 —d < 1 it is at

N +2

* 6 2 *
g e+ O(€), t* = SN T8

T N+8

e+ O(e2).

The contributions at O(€™) arise from n-loop Feynman diagrams.

We obtain the following RG] flow diagrams

d>4,e<0 d=4,¢e=0 d<4,¢>0
g A g A g deiaé/ -7 -
O e
b 6:9, -
f;é 7 ex_P.}path
e\ [ o\ | 22 \WE-(critical)
G G=WF - TG
” t t t

WF (unstable))

Remark 4.5. e The Gaussian (Wilson-Fisher) fixed point governs the critical behav-
ior for d >4 (d < 4).

e The upper critical dimension is d = df = 4.

32



e For d > df Landau theory becomes (asymptotically) exact because the theory is
effectively Gaussian at criticality.

e An experimental system at T, flows to the respective critical fixed point and the
system becomes scale invariant.

e The critical behavior is governed by the flow in the vicinity of the critical fixed
point.

Perturbations to the Wilson-Fisher fixed point. Consider the[RG|flow near the Wilson-
Fisher fixed point with t = t* + §t and g = ¢* + dg with 6t < t* and dg < ¢g*. Then the
flow equations may be linearized, yielding for the O(/N) model

d (&) _ <2_65g¢g LES (1+e%¢§)> (;&) Lo
9

dInd \dg 0 e

/

(Bij)
defining the stability matriz B;;. This matrix may be diagonalized Bz-jvjl- = 0l].
Remark 4.6. e The 0/ = dim[v’] is the scaling dimension of the coupling v’ at the
Wilson-Fisher fixed point.

e Any critical fixed point has exactly one 6 > 0.

By integrating the relevant direction, we obtain v*(b) = v (0)6?" with ' > 0 the relevant
coupling. The tuning parameter, e.g., the reduced temperature ¢, scales as

tr ot vt = s b0t = ' =y,

Hence, the correlation-length exponent is v = 1/61.

Remark 4.7. e At the Wilson-Fisher fixed point in the O(N) model, we have

1 N+2 9
=4+ — @)
Vot i T OE)
while at the Gaussian v = %
e For N =1 and e =1, we get
1 1

=—4+—=...%0.
v 2+12 0.58

e Higher-order calculations for D = 3 yield

v =0.629(3) Six-loop € expansion + Borel-summation
v =0.631(4) High-temperature expansion

v =0.6300(1) MC simulation

v =0.64(1) Neutron scattering of FeFs
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4.4. Field-theoretical perspective and anomalous dimension

Summary
e The idea of renormalized perturbation theory is to first perform and then
perturbative expansion in the couplings.

e The anomalous dimension can be obtained from perturbation theory as

1

<¢(—E)¢(E)> X m

with 7 = 7 — %(0) = 0 at criticality, hence $(k) — r = %(k) — £(0) gives trhe
anomalous dimension.

The idea is to first perform and then do the perturbation theory in the renormalized
coupling up. Then, the perturbation theory does not diverge at criticality. We define

N+8 , (A dk 1 5
=u— — —+0 .
URSMT T /0 @myi G+ T o)
Remark 4.8. e The up is the effective coupling after integrating out all modes.

e The dimensionless coupling

g Sy U
97 @m0

diverges for 7 — 0 when d < d} = 4. Hence the standard perturbation theory in
u breaks down at criticality.

e The renormalized perturbation theory in ug can be set up to yield finite result.
Example 4.9 (Anomalous dimension). We expect the critical correlator to have the form

(p(=k)op(k)) o< k=" with anomalous dimension 7. In standard perturbation theory,
this is given by

with the self-energy

R St

The tadpole contributes only to 3(0), because of momentum conservation and hence the
sunset diagram gives the leading nontrivial momentum dependence.
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Right at the critical point we have rg = r — X(0) = 0. In d = 4 — € dimensions, the
sunset diagram yields

Y(k) —2(0) = u? |c1k? ln% + O(k4, e)] +....

As to the leading order ug = u + O(u?), we have

(ORI o oy + O = g5 () + Ol

with gr = ¢g* at the critical point. After reinstating the constants, we read off

. N+2
n=c(g")? = AN+ 82 8)262 +O(é%).

c2g?

Remark 4.10. e The last step 1+ cog% ln% = (%)
infinite number of diagrams.

+ O(g%,) effectively resums an

e For N =1 and ¢ =1 (the 3d Ising model),

1
= —4+...~0.02
T=517

to be compared with the (almost exact) value from Monte-Carlo

mc = 0.0363(1).

4.5. Phase Transitions and Critical Dimensions

Summary

e Above the upper critical dimension mean-field theory becomes asymptotically
exact.

e Below the lower critical dimension fluctuations destroy order.

Universality implies that different microscopic models flow to the same fixed point
at criticality. The important critical dimensions are

e the upper critical dimension d}, where mean-field theory becomes asymptotically
exact for d > d7,

e the lower critical dimension d_

-, where fluctuations destroy the ordered phase at
any temperature for d < d_ .

The critical exponents typically depend on d for d; < d < d} and become d-independent
for d > dT, expect in systems with sufficiently long-ranged interactions.
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Example 4.11 (Classical magnets with short-range interactions, O(/N) models). Here, df =
4 and

d- =

C

2, N>2,
1, N=1.

The case N =2 and d = 2 is special.
Remark 4.12. The following physics hold near the upper critical dimension (in O(N)
models):

e For d < df = 4, the critical fixed point is the Wilson-Fisher fized point, ob-
servables are computable in renormalized perturbation theory in v* = u*(d) and
hyperscaling is valid.

e For d > dI = 4, the critical fixed point is the Gaussian fized point, observables
are computable in standard perturbation theory in u, exponents take mean-field
values and the hyperscaling relations are violated, which can be traced back to the
presence of a dangerously irrelevant coupling uf'_-], i.e., the free energy is non-analytic
at u=u*=0.

e For d = d = 4, there are logarithmic correlations to the mean-field behavior.

Analytic alternatives to € = 4 — d expansion are
e the 1/N expansion,
e the 2 + € expansion in T;(e) o< O(e),

e the conformal bootstrap, i.e., the use of symmetry and unitarity arguments to
constrain the scaling dimension of operators assuming conformal invariance.

5. Theoretical Models for Quantum Phase Transitions
5.1. Quantum Ising Model

Summary

e The quantum Ising model is given by the Hamiltonian

Hy = _JZUiZ f—JgZGf
(i5) i

e For g < 1 the spins prefer to align with the z direction, while for g > 1
the spins prefer an orientation along the x direction, hence yielding a quantum
critical transition.

'If, e.g., the order parameter still depends on the irrelevant coupling, it is called dangerously irrelevant.
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The quantum Ising model is given by the Hamiltonian
Hi= 1Yot~ 1o Yo
(g) i

defined on a regular d-dimensional lattice. Here, Hy describes quantum spins %, 5’; = %6}
with [Sf, SY] = iS?, in an external magnetic field H | é,.

It exhibits the Zy symmetry

The following limiting cases apply:

(a) For no external field g — 0:
e The groundstate |0) is a ferromagnet with |[f) = [[, [1); or [4) =11, [{)i-
e The Zy symmetry is spontaneously broken.
e There is long-range order with order parameter (0|c7|0) = +Nj.
e A small finite g will reduce Ny, but the system remains ordered.

(b) For vanishing coupling g — oc:
e The groundstate |0) is the polarized state [[; |—):, where of|—=); = +|—=);.
e There is no spontaneous symmetry breaking.

e A large finite g will allows admixture of |«-); spins, but the system remains
disordered.

Therefore, there must be a quantum phase transition at some critical ¢ = g.. The phase
diagram is

ferromagnet paramagnet

0 quantum — 9¢  quantum 9

Ising paramagnet

Experimental examples include LiHoF, (3d Ising with long-range dipolar interaction)
and CoNbyOg (1d Ising).
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5.2. Quantum Rotor Models

Summary
e The quantum rotor model is given by the Hamiltonian

Hgr = —JZﬁi'ﬁj—l-%ZL?.
(i5) @

e For g < 1 the rotors prefer to align, while for g > 1 the rotors prefer a maximally
uncertain orientation, hence yielding a quantum critical transition.

A quantum rotor is a particle on the unit sphere in N > 2 dimensions, with orientation
i and constraint 72 = 1. With the conjugate momentum p, the components satisfy the
commutation relation

[nﬂu p,@] - iéaﬁa

for a, 8 = 1,...,N. In analogy to the classical angular momentum, the rotor angular
momentum is

Loc,@ = NaPp — NP

with N(NN — 1)/2 independent components. The L,s are the generators of the O(XN)
rotations of 77 on the unit sphere.

Example 5.1 (Quantum rotors for N = 3). There are three independent components
L, = %eagfy[/gfy with

[La, LB] = Z'éag,yL,y, [La, ng] = Z'éag,),nw.

The kinetic energy is
Jg o Lo Li N =2,
Hyjn = —L;= —L -
b 9 "8 = o C 2 N=3,

with moment of inertia I = Jig and eigenvalues

o %F, N = 2 (two-fold degenerate for [ # 0),
kin = %l(l +1), N =3 (2l+ 1 degenerate),
with 1 =0,1,2,. ...

On a lattice of rotors, the Hamiltonian is

Hg = —JZﬁi'ﬁj—k%ZL?.
(i) i
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It has O(N) symmetry with 7; — Ri; where R is a rotation matrix.
The following limiting cases apply:
(a) For high moment of inertia g < 1:
e The O(N) symmetry is spontaneously broken.
e There is long-range order [(0[7;|0)| = No and limz, | (0|7; - 71;{0) = Ng.
(b) For low moment of inertia g > 1:
e The ground state is symmetric.
e There is no long-range order and (0|; - 7i;]0) oc e~ =7l/¢.
Therefore, there is a quantum phase transition at finite g = g.. The universality class is

the O(N) model in d + 1 dimensions.

Example 5.2. For N = 2 this is a lattice of superconducting islands and for N = 3 a
lattice of spin pairs, called “coupled dimers”.

5.3. Coupled-dimer model

The Hamiltonian is

Hcp = Z Ji;Si - S,
(ig)

with

J,  on intradimer bonds,
Ji]’ =

AJ, on interdimer bonds,

and J > 0 antiferromagnetic.

Example 5.3 (Coupled-dimer in 2d). The following Hamiltonian is a coupled dimer in
two dimensions.

J | Jg

Jg

39



The following limiting cases apply:

(a) For no coupling A\ = 0, the dimers are spin singlets with S = 0, and the triplets
with S = 1 are gapped with A = J.

(b) For weakly-coupled dimers A < 1, the system is disordered.

(c) For strongly-coupled dimers \ ~ 1, there is antiferromagnetic long-range order and
the SU(2) symmetry is spontaneously broken.

(d) For decoupled spin lagges A < 1, the system is disordered.
The phase diagram is

antiferromagnetic
disordered order disordered

0 >\cl ~ 0.3 )\CQ > 1 A

The universality class is the O(3) Heisenberg model in d 4+ 1 dimensions.

Experimental examples include T1CuCls, a 3d coupled-dimer system with A o« p, and
BaCuSiaOg, as 2d layers of dimers.

6. General Aspects of Quantum Phase Transitions
6.1. Classical and Quantum Fluctuations

Summary

e In classical systems, dynamics and statics decouple as [T, V] = 0, while they do
not in quantum systems with [T, V] # 0.

e At finite temperature the energy scales kT and hw. ~ h/7. compete. Near
criticality, 7. — oo, hence any critical point is asymptotically classical.

The partition function in the canonical ensemble is

Z = tr[e PH],
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Classical systems. In classical systems, statics and dynamics decouple, at H =T +V
with [T, V] = 0. Hence,

Z = trfe PTe PV].

P;
2m

Example 6.1. For the kinetic energy T'= ), 5t and potential V' = V(z;), the partition

function factorizes as

Z = tr[e T tr[e PV
——

analytic

and any nonanalyticity can only arise from tr[e™#V].

Hence, in classical systems the critical exponents (except for z) are determined by the
static (momentum independent) piece of H and therefore yield static universality classes.
The dynamical exponent z is an independent exponent.

Quantum systems. In quantum systems, statics and dynamics are generally coupled
as [T, V] # 0. The dynamical exponent z is therefore an integral part of the universality
class.

Quantum versus classical transitions. At criticality, both correlation length and cor-
relation time diverge as £ — oo and 7. — oo. The energy scale for order-parameter
fluctuations hence vanishes as
h
hwe ~ — — 0.

Tc

For a classical transition it has to hold that the thermal fluctuations are greater than
the quantum ones, i.e., kgTc > hw.

We conclude the following:

e Any critical point with T > 0 is asymptotically classical, in the sense that long-
distance fluctuations are governed by classical statistical mechanicsE]

e Any critical point at T = 0 is quantum, in the sense that quantum statistics is
needed to describe order-parameter fluctuations. Often the quantum critical point
is an endpoint of a line of thermal critical points.

6.2. Phenomenology: Phase Diagrams and Crossovers

2Note that this is not a statement about the physics underlying the different phases, e.g., in supercon-
ductivity.
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___non-universal non-universal
‘. quantum ,’ thermally\\ quantum ,’
+ critical / disordered \\\critical/'
thermally \\\ / quantum classiz 5 \ // quantum
disordered ' , disordered o ‘Cf’lé‘,'q\?/v / disordered
\ / [
W QCP ordered \/QCP
ordered Te r Te r
(a) System without a thermal transition (b) System with a thermal transition

Figure 11: Quantum phase diagrams for systems with and without a thermal transition.
Examples of systems without thermal transition are the 1d Ising and 2d
Heisenberg model. Systems with a thermal transition are the 2d Ising and 3d
Heisenberg models.

Summary

e In the quanutm disordered and ordered regime there are well defined quasipar-
ticles.

e The classical critical regime is fully described by classical power laws.

e In the quantum critical regime, no quasiparticle description is possible, with the
crossover scale given by kT ~ A o |r — re|”*.

e In the non-universal regime microscopic details become important.

Figure[l1|shows the phase diagrams of quantum critical systems. There are the following
regimes:
(a) Quantum disordered (r > r., T small)
e There are well-defined quasiparticles with gap A > 0.
e The density of excited quasiparticles is n o exp(—kﬂ%).
(b) Ordered (r < 1, T < T¢(r))

e There are well-defined quasiparticles.

e The gap vanishes, i.e., A = 0, if a continuous symmetry is spontaneously
broken (Goldstone modes), but is finite of only a discrete symmetry is broken.

(c) Classical critical (r < re, T~ T¢(r))

e (lassical critical power laws hold and the system is fully described within
classical statistics.
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e The width vanishes for r 7 r. (T \,0).
(d) Thermally disordered (r < r¢, T' > Tc(1))

e Thermal fluctuations destroy long-range order.
(e) Quantum critical (r = r¢, T small)

e No quasiparticle description is possible.

e There is a gapless continuum of excitations.

e The system exhibits unconventional thermodynamic and transport properties.

4
o The crossover scale is kpTqc o< A o< 7+ o (%) o |r—re|”*

(f) Non-universal (T" large)
e Microscopic details become important.

e The crossover scale if kgTinic ~ J, where J is the relevant microscopic energy
scale.

6.3. Quantum ¢* Theory

Summary
e In quantum ¢* theory, the action is given by

2 4
s= [ ["ar [Jo07+ G007+ o7+ ot

e Due to space-time symmetry, z = 1 and the quantum critical point is a classical
critical point in d + z dimensions.

The partition function of the quantum ¢* theory is

_ / Do(7, 7)e~51

S = /dd / dT[ 0r9)° 2(3i¢) + ¢>+ ¢

with action

with (0;)i=1,..a = V and ¢ some velocity.

Remark 6.2. e The form of S follows from Zs symmetry ¢ — —¢ and time-reversal
invariance 7 +— —7.
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e Higher-order terms o< ¢% or o< 92¢?, etc., are irrelevant in d > 2.
e The dynamial exponent z = 1 from 7. o £* due to space-time symmetry.
e For T'=0 (8 — o0) T enters as an additional spatial dimension.

e From the quantum-to-classical mapping, the quantum critical point in d dimensions
is the classical critical point in d + z dimensions.

e In general, z may take any value.

e For T > 0 (8 < oo) fluctuations for 7. 2 8 are frozen, implying ¢(Z, 7) ~ ¢(Z) and
foﬁ d7 ~ (3, i.e., the theory becomes classical.

e In the quantum critical regime 7. ~ § and therefore thermal and quantum fluctu-
ations are equally important.

6.4. Quantum Scaling Hypothesis

Summary

e The quantum scaling hypothesis includes the absolute temperature in the sin-
gular part of the free energy as

fs(t, h,T) = b=947% f (bYet, b9 h, BYTT).

e The specific heat and Griineisen parameter, i.e., the ratio between thermal ex-
pansion 0S5/0T x (0V/OT), and specific heat, are signatures of the quantum
critical regime.

The classical scaling hypothesis of the singular part of the free energy density was
fs(t,b) = b4 fo(tb¥, hb¥r) for d < df with tuning parameter ¢, e.g., the reduced tem-
perature, and external source h, e.g., the magnetic field, and rescaling factor b > 1.

The quantum scaling hypothesis now includes the absolute temperature as
Fo(t, b, T) = b2 £ (6% hb¥n THUT),

where the tuning parameter ¢, i.e., the distance to criticality, is, e.g., t = % in quantum

¢* theory, or t = p;% for a pressure-induced quantum critical point, etc. The scaling
transformations are now

T +— b, T = b1

The correlation-length exponent is still v = 1/y;, while the dynamical critical exponent

follows from T oc 7~ 1 as

1

1
— = b P = x bT =0T = 2z =yr.
T T
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By setting bt¥* = bt'/¥ = 1, we obtain the scaling relation

h T h T
3 T) — v(d+z) (+1 = v(d+z) F e
f (t7h’7 ) |t| f ? ’t’Vyh? ’T|VyT ‘t‘ + ’t’Vyh? ’T|VyT

with scaling function Fj.

From the second component, we find the finite-temperature behavior

T {>> 1, quantum critical regime,

WTZ < 1, stable phase regime.

Hence, the crossover line are at T ~ [t|"*.

Example 6.3 (Specific heat in the quantum critical regime). For no external field, i.e.,
h = 0, we have the scaling relation

di ~
Folt,T) = [ Fo (0,7 [1]%) = T Fo(T/ 1),
with Fly = m_szjFi(O, x). In the quantum critical regime 7'/ [t|”* — 0 and hence
fs(0,T) = 7% x const.,

leading to the quantum critical scaling of the specific heat as

62fs da
orz * 1

Ci=o=VT

for d < df.

Griineisen parameter. To probe for the quantum critical point, one can use the Griineisen
parameter I defined as

—
Il
Qlw

with B = 95/0t.

Example 6.4 (Griineisen parameter for a pressure-induced QCP). Let the tuning parameter

be t = (p — pc)/pe and
B—a—soc a—S = — a—v X
ot Op T_ oT »

with a the thermal expansion coefficient. In the last step, a Maxwell relation was used.
Hence,

o
Noc —.
ocCp
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The Griineisen parameter scales differently at a thermal critical point than at a quantum
critical point. Using S = dfs/0T, we find for the thermal expansion

62f5 vd—1 1~(B) vz d_1 ~(B) vz
Boc A = e EP Ty o) = 78 EO (o)),
Similarly, for the specific heat
8zfs v C vz d ~(C vz
C o Ty = [t FE(T/ 417%) = T2 (T 4]).

Hence, the Griineisen parameter is

r_B_ G lt|™t, T=0,t—0,
T C | GeT v, t=0,T =0,

and I" diverges at a quantum critical point, but not at a thermal critical point with only
one tuning parameter ¢. This is a unique signature of quantum criticality.

6.5. Quantum-to-Classical Mapping

Summary

e The quantum-to-classical correspondence follows from writing the partition func-
tion with a classical Hamiltonian H. or equivalently with a quantum Hamiltonian
H, as

q

Z = Ze_Hc(i) = tre Ha,
i

6.5.1. Classical Ising Chain
Summary
e The transfer-matrix formalism allows to solve the quantum Ising model.
e The quantum-to-classical correspondence follows from
Z =trTM ~ tre Ha/T

for appropriate Hamiltonian H, with “temperature” T' oc M ~1 o L' and gap
Ao &L

The Hamiltonian is

M M
H = _KZO-/L'O-/L'+1 — hZO'Z
i=1 i=1
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with o; = j:l periodic boundary conditions op;+1 = 01, and the dimensionless parame-
ters K = T and h = kBT

The tmnsfer matrixz method allows to compute the partition function as a matrix prod-
uct

M
Z = Z e = Z HT(O‘i,Ui+1)

{oi} {oi}i=1

with T(0;,0;) = exp(K0;0; + %(0; + 0;)). In matrix notation, this yields the transfer
matriz T as

€K+h efK
€

T = (oltlo) = 7= (S

The partition sum can then be evaluated as

M
Z =Y [lwilTlois1) = > (o1|T|o2)(0a|T|os) ... (opr|T|o1) = tr T,
{o:}i=1 {o:}

By diagonalizing T'as T = ODOT with OTO = I and D = diag(ey, €3) with eigenvalues

€12 = e cosh h + \/eQK sinh? h + e2K
the partition sum can be computed as

Z ="+

Example 6.5 (Correlation function at A = 0). The transfer matrix framework allows to

compute the correlation function as
M—j+i j ) M—j+i j i
1 . . . € + €
§ e — [T ST e M it 1 a_
O-Zo-] { } UZU] Z [ } 61 + 62
(o4

having defined S = diag(1, —1). In the thermodynamic limit (M — oco), this turns into

(oioj) — <62

j=i »
> = (tanh K)i
€1

Now, defining 7 = ja and o(7) = 0, we find the scaling limit (K — oco) as

7|

(o(m)a(0)) =e €

with the correlation length £ = a/Incoth K ~ %eQK > 1.

6.5.2. Scaling Limit and Universality
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Summary

e Taking the scaling limit {/a — oo and h/a — oo with allows to derive the
scaling functions for the Ising model in terms of L/¢ and hL.

The relevant length scales in our problem are

e large, as the correlation length £, the observation scale 7, the systemsize L, = Ma,
or

e small, as the lattice constant a.

In the scaling limit, we assume that large length scales are much larger than small length
scales, i.e., go to the continuum limit.

Example 6.6. We send a — 0, while £, 7 and L, are kept finite.
Example 6.7 (Universality of the free-energy density). For the classical Ising model, the
free-energy density is

nz _ln(e{\/[ + )

f:_Ma Ma ’

with transfer-matrix eigenvalues

€L~ %5 (1 + 2%\/1 +4i}2§2>

for 2¢/a ~ €*! > 1 and h = h/a < 1. Now, for a — 0, this yields the free-energy
density

[ =€ — Li In [2 cosh (LT (26)-2 + 52)]

T

®y(Ly/EhLy)

with ¢ = —K/a the ground-state energy for " — 0 and h = 0. The universal scaling

function
7N 2
Ps(x,y) = —In |2cosh (5) + 92

is valid for all 1d systems with Zo symmetry in the scaling limit!

Example 6.8 (Universality of the correlation function). For h = 0, the correlation function

1S
e_ITl/S + e_(LT_lT‘)/g L>¢
- T —I71/¢
<U(T)U(O)> - 1 + e_Lr/f € )

as before, where in the last step we took the thermodynamic limit. The scaling function
is then

(o(1)0(0)) = ®y(7/Lr, L, /€, hL,).
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6.5.3. Mapping to a Quantum Spin

Summary

e The Ising model maps to one quantum spin.

In the scaling limit, the classical Ising Hamiltonian can be mapped to a quantum spin
as follows from the transfer matrix

K+h -K I z I — g%
_ (€ e _ K+h [(LHO K—h o -K
L G o R G A
= X (I 4+ ho® + e ") + O(h?).
By using K = —¢ga, h = ah and e 2K ~ a/2¢ for a — 0, we find
T = e 02" ho") | O(h?,a”) = e *Han

with Hamiltonian operator

Hqyy =€ — 50”6 — ho?

and A = ¢71.
The partition function of the classical system changes as
Z =trTM = tre Ha/T

with “temperature” T' = 1/L, = (Ma)~!. Now, Z represents the partition function
of a single quantum spin 1/2 in two perpendicular field A and A/2 at a “quantum

temperature” T'=1/L..
1 /A2 -
2cosh | =1/ — + h?
cos (T 1 + )

is equivalent to the energy of a quantum spin 1/2 in external field ’ﬁo‘ =4/A2/4+ h2.

In conclusion, a quantum system at temperature 7' is equivalent to a classical system of
finite length L, = 1/T. This can is summarized in the following quantum-to-classical
correspondence

Similarly, the free energy

F=Ey—TIn

one-dimensional classical spin chain zero-dimensional quantum spin

system size L, inverse temperature 1/T

correlation length & inverse excitation gap 1/A

Remark 6.9. In classical systems the temperature can always be absorbed in rescaling of
the coupling, while in quantum systems temperature enters as an independent parameter.
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6.5.4. Mapping the XY Chain to the O(2) Quantum Rotor

Summary
e The classical XY chain maps to an O(2) quantum rotor.

The classical XY chain is given by
M M
Ho=—-K il flipg1— Y h-ii;
i=1 i=1

with 7i; = (n¥,nY) € S, ie., i =1foralli=1,..., M.

The equivalent quantum system with & || €z is

2

0 -
Hy, = _Aﬁ — hcosf

where 7i; — (1) = (cos 0(7),sin 0(r)) with 7 = ia, h = h/a and A = £~ the energy gap
as before.

6.5.5. Mapping the Heisenberg Chain to the O(3) Quantum Rotor

Summary

e The Heisenberg chain maps to an O(3) quantum rotor.

The classical Heisenberg chain is given by
M M
Ho=—-K il g1 — Y h-ii;
i=1 i=1

with classical spins it; = (n¥,n?,n?) € S2.

The equivalent quantum system is

with angular momentum operator L.

Remark 6.10. e The classical spin maps to O(3) quantum rotor, not to a quantum
spin.

e (QQuantum spins have nontrivial dynamics, so-called “Berry-phase terms”, without

classical analogs.

6.5.6. Rules and Exceptions for the Quantum-to-Classical Correspondence
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Summary
e A QCP in d dimensions is equivalent to a TCP in d + z dimensions.

As a general rule
a QCP in d dimensions is equivalent to a TCP in d + z dimensions.

Remark 6.11. e The correspondence applies in the scaling limit, i.e., for a QCP at
T — 0.

e The real-time dynamics at 7' = 0 may be obtained by Wick rotation T — it such
that

Z = / Dge19) / Dge 519,
The analytic continuation is typically not easily obtained.

Remark 6.12. The following exceptions to the quantum-to-classical correspondence need
to be considered.

e Systems with quenched disorder, i.e., disorder frozen in imaginary time.

e Systems with quantum of Berry-phase dynamics, e.g., single quantum particle

5= [ dr (00,0~ cus?]

with Berry-phase term ¢0;¢.

e (QQuantum phase transitions in metallic or semimetallic systems with fermionic low-
energy excitations.

e Topological phase transitions with no local order parameter.

7. Magnetic Quantum Phase Transition
7.1. Order Parameters and Response Functions

Summary
e Observables O are given by an order parameter d)(]:f) and an ordering wavevector
Q as

(O(R)) = Re[e"*"o(R)].

o1



e The dynamic structure factor

fw) = [t [ do(rp(0, 0)e Rt

and dynamics susceptibility

. B L
x(k,iwn) = /ddf/o dr(¢(7, 7) (0, 0) e~ kTtiwnT

with w, the Matsubara frequencies are related through the fluctuations-
dissipation theorem

The local order parameter ¢ is a function of spatial and temporal coordinates, defined
as

- =

(O(R)) = Re[e'9F(R)),

where ¢(§) is a slowly varying function of R. It can be scalar, vector, tensor, etc.

Here, O is some local Hermitian observable, and Q is the ordering wavevector, with @R
chosen such that it captures (possible) fast oscillations in O.

Example 7.1 (Charge density wave, CDW). In a CDW, the order parameter is

(p(R)) = po + Re[e",(R)],

with p(ﬁ) the charge-density operator, pg the average charge density and ¢. a scalar
with N = 1 component.

Example 7.2 (Spin density wave, SDW). In a SDW, the order parameter is
S(R) = Re[e'¥"64(R)],
where ¢; is a vector with N = 3 components.

Example 7.3 (Antiferromagnet on a square lattice). The SDW can be used to define the
order parameter of an antiferromagnet on a square-lattice with @ = (b1 + bg) (Z, %)

and gZ_); the “staggered magnetization”.

Remark 7.4. e Vanishing Q = 0 implies that ¢ can be chosen real for Hermitian O.
e Finite Q with Q =+ ZZ 15 b implies that ¢ can be complex.
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e The phase of complex ¢ is discrete for commensurate Cj, i.e., for Q => qii);- with

g €Q

The following classes of spin density waves (vector orders) exist:

e Collinear waves, with (S;) || 7@ for all i implies that ¢g(R) = e0(B) 7

—

The O(R) is called the sliding degree of freedom and can be used to shift the spin
density wave.

e Spiral waves, where ¢ = i + ifly with iy - iy = 0, 711,72 € R3
bl

Definition 7.5 (Real-time correlation function). The real-time correlation function is mea-
surable, e.g., through neutron scattering, and defined as

C(r ;7 t) = (p(F, 1) (i, t)).

Definition 7.6 (Dynamical structure factor). From this, one may compute the dynamical
structure factor

S(k,w) = / d7 / dtC(F,t;O,O)e‘iEF+th,

assuming translational invariance of the correlation function C(7,¢;7,t") = C(F — 7, t —
';0,0).

Definition 7.7 (Imaginary-time correlation function). The imaginary-time correlation func-
tion is defined as
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Definition 7.8 (Dynamical susceptibility). From this, we may define the dynamical sus-
ceptibility

- B L
X(k’iwn) = /ddF/ dr C(F,T;0,0)e_lkr-i‘zwn‘r
0

with the (bosonic) Matsubara frequencies w,, = 27nT, where T is the temperature and
n=0,+£1,£2,...

Theorem 7.9 (Fluctuation-dissipation theorem). The dynamical susceptibility is related
to the dynamical structure factor, i.e., it is possible to move from imaginary-time to
real-time, such that

- 2 -
S(k,w) = mlmx(lﬂ,wﬁ

with Imx(lg,w), where the practical problem is in the analytical continuation of X(E, iw)
to the real axis, i.e., iw, > W+ 10]5-0-

7.2. Properties of the Quantum ¢* Model
Consider the action
B c? 1 r U
S= [d¥% | dr | =(V$)?+ =(8:0)> + =¢> + —¢* ) .
Jair [Car (G502 + 5002 + 5o+ o
It has the following zero-temperature properties:

e Dynamical exponent z = 1.

e Quantum-to-classical correspondence: QCP(d)=TCP(d + 1).

Critical two-point correlator

- 1
X(k7w) X -, —_n
[2k2 — (w +i6)?] ="

which corresponds to the critical continuum of excitations with w + id|s_g <> iwp.

Dynamical structure factor (from the dissipation fluctuation theorem) S (E,w) o
Imy(k,w), having no quasiparticle excitations for n # 0.
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Disordered Phase (» > r.). In the disordered phase, we have

o - 1
S(k,w) o< Imx(k,w) =Im | — =
k2 +r— (w+1i)? — X(k,w)

= — [0w—ep) —d(w+ep)],

for small w with quasiparticle dispersion e% = ?k?> +r — %, ¥ the self-energy from

perturbation theory in the %& term and quasiparticle pole A.

Remark 7.10. e Self-energy ¥ modifies €;; and A, but does not remove quasiparticle
pole.

e Energy gap A = \/r - Z(E = 0,w = A) is the frequency of quasiparticles at k= 0.

e Dispersion near k =0 is ez = A + %kz + O(k%).

e Higher energies with w > nA, n =3,5,7,... are the n-particle continua.
A —
S(k,w)
Ad(w — eE)
3-particle
continuum
w;

€ = A+ O(k2) € = 3A + O(/{ZQ)

e In the limit r \, 7.

1 ck w
X(kvw) = mfx (Aa A> )
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implying that the single-particle pole needs to go to zero as A o A" o (r — r.)"
(z=1)

Ordered Phase (r < r.). In the ordered phase, we have
S(k,w) = N2 (2m) 1 6(w)d(k) + O(w)

with Ny the order parameter. The spin-structure factor exhibits the Bragg peak at
k=0.
The susceptibility (N > 1) has the following features:

e transverse susceptibility x| with poles at w = 0 called Goldstone modes,

e longitudinal susceptibility x| with poles at w # 0 called Higgs mode.

In summary

Quasiparticle weight A t Ordered moment Ny ‘Energy gap A

x (r — rc)ﬂ

Te

7.3. Quantum lIsing Chain

Summary

e The quantum Ising chain can be diagonalized in 1D using Jordan-Wigner trans-
formation and subsequent Bogoliubov transformation.

The Hamiltonian of the Quantum Ising chain (after Jordan-Wigner transformation) is

Hy=-J Z(CICZ‘H + CICZTH + Cip16 + C;f+1Ci —2gclei +g),

(2

which after Fourier-transform turns into

Hy = JZ {2(9 — cos(ka))czck - isin(ka)(cT_kcL +c_ker) — gl -
k

To remove the anomalous terms, we perform the Bogoliubov transformation

Ve = UkCk — ikaik =  Ck=UpYk + z‘umik’
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with ui + fu,% = 1 such that the ~; satisfy fermionic commutation relations. We parame-
terize ug = sin %k and vy = cos %’“. For

the anomalous terms cancel and the Hamiltonian becomes diagonal in the new basis.

Proof. In the following, we ignore the £ = 0 mode, for which the above is straightfor-
ward to show, as the Hamiltonian is already diagonal. Furthermore, we already use
{", 7;;,} = Jpr and the parameterization of uj and vy with up = —u_j and v = v_g.
We may then compute the contribution of the first term for the remaining modes as

CZCk = Uiv,ifyk — tvpug (Y—k Yk + ’YT_;C’Y;D + v;%%mik.

For the second term, we obtain

CT—kcch = —UiVT_k’YZ + ikak;(VT_k’Y—k — %%1) - U;%’Yk’Y—m
c_pep = —uiy_ ke + pur(Yive — v-kyl ) — viviAL .

Their sum 1is

el el + corew = —(uf — ) (YLl + k) + 2iveur (Vv + ).
If all mixed terms are to cancel one another, we require that —2(g — coska)iviug +
1sin ka(ui — v,%) = 0. Note that upv, = % and ui — v,% = —cos ). Therefore, we
require
sin 6, sin ka

tan 6, = = .
kT cos 0, coska—g

For the remaining Hamiltonian, we have

H; = JZ {Q(g — cos ka))(uzfy;i’yk + U,%'y,kfyik) + 2u,uy, sin ka('yikfy,k + fyli'yk)]
k

= Z(2J\/1 + g2 — 2g cos ka)%i%.
k

We have

1
Hy = Zék <'Y]1'7k - 2>

k

with dispersion €, = 2J\/1 + g2 —2gcoska > 0. The band gap scales as

A=¢€-_0=2J]1-g|=0 <<= g=1=g..

o7



Its eritical behavior is

1 1\? vz
M(x(g) x |9 — gol"*

Te

implying that vz = 1.
Further results from the exact solution. From the results shown in Fig. we find

8= é and n = %.
We obtain the finite-temperature phase diagram depicted in Fig.

8. Quantum Phase Transition of Bosons and Fermions

8.1. Bose-Hubbard Model

Summary
e The Hamiltonian of the Bose-Hubbard model is

H=-w) ( (blb; +bTb Zn,+ UZnZ

(4,9)

e For no interaction U = 0, the bosons condensate, while for small interaction
U < w, they form a superfluid. For large interactions U > w a Mott insulating
state can form for integer filling.

The Hamiltonian is

H=—-w) (bb; +blb;) - Zm—% UZnZ

(3,5)

with w the hopping parameter, ,u the chemical potential, n; = bgbi the number operator,

U the onsite potential and [b;, bj] = 0jj.

This model exhibits the following low-temperature (kg7 < w) phases:

1. U/w = 0 leads to non-interacting Bosons forming a Bose-FEinstein condensate with
all particles in the single-particle ground state (d > 2).

2. 0 < U/w < 1 leads to a superfluid with (b;) # 0.

3. U/w > 1 leads to a Mott insulator for integer filling ((n) = 7 >_.(n;) € N),
because all hopping is highly suppressed, and to a superfluid for non-integer filling
((n) € N+ dn), because the energy penalty for two bosons on the same site is
already incurred.
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Figure 12: Further results of the exact solution of the quantum Ising model, yielding 8 =
1/8 from the order parameter scaling, 7 = 1/4 from the dynamic structure
factor and nv = 1/4 from the flipped-spin quasiparticle weight.
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dynamics

Figure 13: Finite-T phase diagram of the quantum Ising chain.

Experimental realizations are ultracold atoms on an optical lattice and magnons at a
field-driven QCP (u <> B).

8.2. Mean-Field Theory

Summary

e The mean-field order parameter ¥p = zw(b;) vanishes for localized bosons in
the Mott insulating phase and spontaneously breaks the U(1) symmetry in the
superfluid phase.

Define the order-parameter

1
\I/B = ZIU(bi), bi =

= —WUg + db;,
ALY

with z the lattice coordination number. Upon mean-field decoupling the in kinetic term,
we obtain

1 *
Hyrp = Z |:—AL7”L¢ + iUnz(nZ — 1) — \IfBbl' — \I/]_:;blL .
(2
This Hamiltonian is local.
The possible phases of the mean-field Hamiltonian are

e a superfluid for Up # 0 with U(1) symmetry, i.e., Up = |Up|e'® — || e (@H0?),
spontaneously broken, and

e a Mott insulator for ¥p = 0 with localized bosons and no long-range order.
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Figure 14: Mean-field phase diagram of the Bose-Hubbard model.

For w — 0, the mean-field groundstate is ¥g = 0 with

0 foru<0
1 for0<p/U<1

n=) =9 for 1< /U < 2

Remark 8.1. The groundstate for finite w can be computed in standard quantum me-
chanical perturbation theory.

Figure [14] shows the mean-field phase diagram of the Bose-Hubbard model.

8.3. Superfluid-Insulator Transition - Universality Classes

Summary

e The phase transition in the Bose-Hubbard model can be studied using the
coherent-state path integral with bosonic variables ®; and ®; with action

B P,
5 0

B
—w Z/O dr(®;0; + 1 P;).
(i3)

e The Hubbard-Stratonovich transformation allows to decouple the local fields,
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by introducing the additional fields ¥p; with action

' or

ot Z \I’Biwigl\I/Bi} .
Z7J

B oD, 1
5 = / dT[Z <<1>’f L P, + SULTi(2]D; — 1) — Up;®] — ‘Ifgiq>i>
0 i

e Symmetry arguments yield the form of the action after integrating the ®; as

A 1
Sh = /ddf/ dT(Kl\I/EaB + K,
0 87’

U
—I—K3|V\I/B|2+2|\IJB|4+...>

2

ov

or

e From the U(1) symmetry of the Bose-Hubbard model, it follows that K; =
—0r/Ou. Hence, if the transition is not tunable by changing p, then K; = 0.

— The transition through the tip of the lobe has K; = 0 and therefore z = 1.
— Otherwise, the transition has K7 # 0 and therefore z = 2.

In the superfluid phase, there are lines of constant density, as shown in Fig. In the
following, the universality classes of the phase transitions are derived.

The coherent-state path integral
Zg = / D, (1) DD} (1)e B2 27 (7)]

with action

g O, U B
Sp = Z/ dr [@; 5~ HPIDi+ S OTD(P] D, — 1)] — wZ/ A7 (P[0 + BLD;).
o (i) °
We perform the Hubbard-Stratonovich transformation

7S * *
ZB = /D(I)i'D(I);k'D\I/Bi'D\I/*Bie B2, 27, Up;, V]

with action

A oL 1
Spy = / dr[z <<1>;.* 87’ — PR + SURT (PP — 1) — W] — ‘IfEfI%)
0 i

+ Z ‘I’Bz’w;\I’Bi]
i’j
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n/U 0(2)

universality class

T =0 BEC
universality class

=2 /n<1

Figure 15: One Mott-lobe with the lines of constant density in the superfluid phase. In
the non-interacting limit w/U > 1 the lines must be evenly spaced, as the
particle density should increase linearly with the chemical potential. The tip
of the Mott-lobe merges with line at integer n, because there the least energy
penalty needs to be overcome.

and hopping matrix

w, if 15 are neighbors,
wij =

0, otherwise.

Integrating over ®; and ®] yields
Zp = / DUpDUhe Vs VE]
with effective action (continuum limit ¥g,(7) — ¥g(7, Z)). We obtain

A o
Sh = /ddf/ dr (lepgaB + K>
0 87’

by symmetry alone.

ovp

or

2
U
+ 7 |Up|* 4+ K3 |[VU|2 + 5 g +)

Using the “simple” U(1) symmetry restricted to the temporal variable 7, we relate
P, — (piew(T)
Ug; — Upe'?7)
9¢

—> ) ——
1 M+Z87’

with the “gauge field” ¢(7). Now, we demand the gauge invariance of Sf; and obtain
the relation

or

K =-—=—.
1 o
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Proof. Schematically, the Lagrangian is
* 0 2
L= K\V5—9Yp +7r |\I/B| ,
or

in which (g + 0p) = r(p) + &5/1 + ... may depend on p with du = Za Performing

the gauge transformation W — W Bequ and r— 1 +ig- ;o g¢ we find

or a¢

0
L= Kl\IfBa \I/B+’LK1|\I/B| £+ |\I/B| “+ 1 a a

Upl.

For this to be gauge invariant, it has to hold that

or

Ki=——.
1 o

O

This implies that either » depends on p and changing p allows to tune the model, or r is
independent of u, hence K7 = 0 and we cannot tune the system using p. In other words,
the K; term is present, if the transition can be tuned using pu. Comparing quadratic
and linear time derivative, we find

(a) Density (n) is fixed across transitions
e Transition through tip of “Mott lobe”, tunable by w only
e K1 =0 = 2=1
e O(2) universality class in d + 1 dimensions
(b) Density (n) varies across the transition
e Transition is tunable using u
e K1 #0 = z =2 (in the non-interacting limit)

e T'= (0 BEC universality class with n =0 and v = % (fully quantum, without
classical analogue)

8.4. Dilute Bose Gas

Summary
e The dilute Bose gas can be utilized to understand the BEC transition and has

action
oo 1
SB:/dT/ddf 9% L Lvep—pep+ Y |<1>\
or  2m

e For 1 < 0 it has no particle density (®) = 0, while for x> 0 it is in a superfluid
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phase with (®) # 0. The point g = 0 described the Mott-superfluid transition.

To further understand the BEC universality class, we investigate this transition as it
occurs in the dilute Bose gas. The Hamiltonian is

7.2
Hp = Z ;TanEbﬁ — Z,Lmi + % Z Un;i(n; — 1)

k

and corresponding action in the continuum limit
) 1
S = /dT/ddf 22 L Lvop o+ Lot
or  2m 2

The phases at T'= 0 are
(a) < 0: (®) =0 with density (®*®) = 0, i.e., no particles.
(b) > 0: (®) # 0 superfluid with (®*®) # 0.

The QCP at u = 0 describes the Mott-superfluid transition in the Bose-Hubbard model,
modulo the integer background density.

The RG flow near u =0 is

du u? Sq 2mU
—U—d—u—L ith u = —d4_ 2%
dnb Ju= 5 W onyd a0
dji i o
=92 h -
dlnb WILh 4=

with n = 0 and z = 2. We find the following critical behavior:
e Above the upper critical dimension d > df = 2,
— wu is (dangerously) irrelevant, and the system is at Gaussian criticality with
zzQ,nanndl/:%.
— The density of the bosons is

* Oa M<O,
(270) =1, 2
E‘FO(M), w > 0.

e Below the upper critical dimension d = 1,
— u is relevant, the critical behavior is governed by a non-Gaussian fixed point
with z =2, and still n =0 and v = %
— It is equivalent to dilute Fermi gas QCP in 1D.

The phase diagram of the dilute Bose gas is depicted in Fig.
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Figure 16: Phase diagram of the dilute Bose gas in d = 3 dimensions. In the empty area,
there are no particles.

8.5. Dilute Spinless Fermi Gas

Summary
e The action of the dilute spinless Fermi gas is

so= [ar [ata (v Sl L ivup - o).

e The critical exponents are the same as in the 1d Bose gas.

Hamiltonian for free fermions

—»

HF:Z;W ~c~—z,uc Ci
k

with {¢;, cj} = 0;;. The action is
d= 2
se= [ar [tz (w52 4 o 190k - ulvP)
where 1) and ¢* are Grassmann variables, 1/ = (¢*)? = 0.

Remark 8.2. e Any on-site interaction impossible, as |¢]4 =

e Non-local interactions, such as [¢|? |[Ve)|? are always irrelevant.

The particle density is

for p < 0,

0,
WW:{ 5y (2m??

o d for p > 0,
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Figure 17: Phase diagram of the dilute spinless Fermi gas.

with Sq = 13&7(1//22) the surface area of the hypersphere. This transition is also called
Lifshitz transition and is related to a change of the topology of the Fermi sphere. The
free energy density is

fF=—T/(dd]§;d1n [l—i—e (u 2m>/T}

2

—

We substitute k = f and d%% = T-%244k finding
di2 ~ a2 T
fr=T"72 op (T) p2 Pp ()
I
with universal scaling functions ®p and ®p. This yields the critical exponents

2 1
fo(u = 0) x T = 2=2, Fo(T = 0) o< |1 = v = 2.
The phase diagram of the dilute spinless Fermi gas is depicted in Fig.

8.6. Fermi-Hubbard Model on the Square Lattice

The model is described by the Hamiltonian

H=—t Z (c;-racjo + c »Cic) uz Nig + UZ Nt M| -

(ij),o

The simplified phase diagram of the Fermi-Hubbard model on the square lattice is de-
picted in Fig. [T§

There is antiferromagnetism in the Mott insulator.

67



n/U,

metal

1/2 |- Mott N
insulator (n) =1 t/U

Figure 18: Simplified phase diagram of the Fermi-Hubbard model on the square lattice.

(a) Without hopping, i.e., at t/U = 0, the spins are localized, and the groundstate is
2N _fold degenerate.

(b) For small hoppings (0 < t/U < 1) virtual hopping processes lead to an energy
gain of antiferromagnetic states.

e The effective model is

. _ $2 o
with J =45 and S; = ¢isTo0'Cio

Remark 8.3. The phase diagram is not fully understood, but presumably rich with
magnetic phases, superconducting phases, nematic phases, spin liquid phases, etc.

8.7. Fermi-Hubbard Model on the Honeycomb Lattice

Spinless fermions with nearest-neighbor repulsion

H=—t> (albj +bla;) + V> ala;dld;.
(i5) ()
The energy dispersion relation and phase diagram are depcited in Fig.
The Gross-Neveu point may be described by the effective model

_ _
S = /dT/d2f {\If’yuaull’ + gov Vv + 5(—82 +7)p + Ao

with
a(I?—i—(ﬁw)
. b(K + ¢,w
W(gw) = | P TEw)
a(—K + q,w)
b(—K + q,w)
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Figure 19: Phase diagram at ;. = 0 and energy disperion at V' = 0 of the Fermi-Hubbard
model on the honeycomb lattice.

and U = Ulyy with {y,7v,} = 20,1, and p,v =0,1,2.

The critical behavior obtained from 1/N expansion, € expansion, QMC, and conformal
bootstrap is described by the critical exponents

ng ~ 0.51, ny =~ 0.087, v~ 091, z =1,

which define the 24+1d Gross-Neveu universality class.
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Part |l.
Exercises

9. Landau functional for a first-order phase transition

Consider the free-energy density
a5 by cg
a Z - 1
f(@) =507+ 107+ 0, (1)

which depends on the real order parameter ¢. The parameter a = a(7) depends on
the temperature T, the coefficients b and ¢ are temperature-independent constants, and
b<0,c>0.

(a) Determine the extrema of the functional f(¢) in Eq. (I)). List all possibilities and
sketch f(¢) in each case.

The first derivative of the free-energy density functional is
F'(6) = dla +bs” + co?),
yielding the extrema at

 —bEVb? — dac
- 2¢ '

¢0 = Oa ¢3:

While ¢g is always a valid solution, the ¢3 may turn negative or imaginary,
corresponding to vanishing extrema for real f(¢). The respective conditions are

b2 > dac,
such that both ¢% remain real and
a >0,

for ¢2 to remain positive. The respective cases are sketched in Fig.

(b) Calculate the critical value a. of the parameter a where the position ¢eq(a) of the
global minimum of f(¢) changes discontinuously.

The critical value may be obtained when the global minima is at ¢g and qﬁi
becomes a local minima. The two minima are degenerate global minima, when
f (qﬁ, ac) = 0, representing the critical value a.. This expression may be evalu-
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T

—b% < dac
—a <0 |
—— No Violation

free-energy functional f(¢)

order parameter ¢

Figure 20: Illustration of the different extrema behaviors of the Landau free-energy func-
tional in Eq. . If > < 4ac, all extrema vanish, while for a < 0 (and
b2 > 4ac) only the ¢? term vanishes. If both conditions are respected, one
minima and one maxima apart from the minimum at ¢ = 0 emerge. Values
area=1,b=—-1,c=1 (red), and a = -1, b= —1, ¢ = 1 (blue), and a = 1,
b= —2.1, c=1 (green).

ated as
c b
0= f((ﬁiaac) = %(_b+ M) + 1672(—6—1— Vb2 — 4acc)2
c c
1
b s dap,

48¢2
which after some algebra yields

30

CLC—TGC.

Exactly at the critical value, the equilibrium order parameter ¢eq is not defined,
but is instead degenerate between the values ¢oq = 0 and

3b
¢<23q = ¢i(a0) = _%

(c) Sketch the free energy f(¢eq) as a function of the parameter a in the vicinity of

the phase transition. Why is it a first-order phase transition?
Hint: Expand f(¢eq) up to first order in da = a — a. around da = 0.
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Figure 21: Illustration of the equilibrium free-energy close to the critical value a. for
b=-5and c=1.

This is a first-order phase transition because the difference between the order
parameters before and after the phase transition does not approach zero, i.e. the
parameter itself is discontinuous.

We expand f(¢eq) for gq = ¢% (ac) around da = a — ac up to first order O(da).
First, the equilibrium order parameter ¢¢q is

—b 4+ Vb? — 4ca, — 4cda 3b 2
Peq(ac + da)? = 20 =T 5(5a—|—0(5a2).

This allows approximating the free-energy density as

2
ﬂ%w%+MD=afHM<—%+2m>+b<J%+2M>

2 4c b 4 4 b
c 3b 2 3 9
+ 6 <—40 + b5a> +(9(5a )
3b
= —da.
8¢ @

For a < ac, i.e. da < 0, the equilibrium order parameter is ¢oq = 0 and hence
f(beq) = 0. The general behavior is sketched in Fig.
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10. Phase diagram of a two-order-parameter system

Consider a system with two real order parameters ¢; and ¢o, whose free-energy density

is given by
F(@1,62) = 5(8% +63) = $(61 — 63) + 7 (61 + 63) + 563, (2)
where u,v > 0.

(a) Determine all extrema of the functional f(¢1,¢2) in Eq. (2). Which values are
taken by ¢? and ¢3 at these extrema?

The function f(¢1, ¢2) is extremal if

- [ 1(r — g+ ud? +vp3)
0= Vitene) = (00 L1 LN

Therefore, possible pairs (¢, #3) of solutions are

ot ¢
(I 0 0
(I1) 0 —
(I11) -4 0
V) —am s —am a
These are the values taken by (¢2,$3) at the extrema of the free-energy func-

tional.

(b) Which conditions have to be posed on ¢? and ¢3? Discuss which phases (i.e.,
configurations of ¢1 and ¢2) are physically reasonable in which areas of the (r,g)

plane.

In order for the solutions to be physically reasonable, they have to be positive,

hence
¢t >0, ¢ >0,
has to be imposed. This restricts the respective extrema to the following domains:

(I) No restrictions.

(II) From —% > 0 it follows that r + g < 0 and hence

r < —g.

(ITI) From ——¢ > 0 it follows that r — g < 0 and hence

r<g.
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2 2 2 2

(IV) The respective bounds need to be computed for u® > v* and u* < v
separately. Starting with u? > v?, from ——2— + -2 > 0 it follows that

u+v u—v —
U+ v
r< g
uUu—v
while from — ' — - >0 it follows that
< u + v
uU—1v

Here, the second inequality is more restrictive for g > 0, while the first is
more restrictive for g < 0.

If, however, u? < v?, the respective bounds are

u—+v U+ v
r<-— 9, T < 9g-
v—u v—u
In summary, we find
U+ u—+v
r<— lg|  for u® > 0% r<— lg|  for u? < v?
U—v v—u

(c) In each case, determine the state with the lowest free energy as function of r and
g. Distinguish between u? < v? and u? > v2.

The free energies at the respective solutions are

fI('ﬁQ) = f(0,0) =0,

2

fur.g) = 10, -9y = I
=g o (r—g)
fIH(rag)_f(_ u ’0)__ Au 5

u+v u—v u+v u—v 2\u+v u—w

T T 7"2 2
fiv(r,g) = f( + 4 - )=—1< 4+ 9 >

In particular, we have at the boundaries of (II) and (III) derived in (b) that
fu(r,—g) = 0 and fi1(r, g) = 0. In their respective domains, we have fij < 0
and fi1 < 0, and hence especially fi1, fii1 < fi. The two extrema are equal for

(r—g)*
4

(r+g)?

fH(Tvg) == A

= fu(r,g) = — — g=0,
i.e. along the g-axis. The respective extrema (II) and (III) are lower than the
other in the following domains (irrespective of the restrictions posed in the pre-

vious task):
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r<0 r>0
g<0 11 11T

g>0 III 1I
To incorporate (IV), we check

u—v u+v
fiv(r,g) < fulr,g) = 0<r? +4° — 2rg,

U+ v uU—v

u—v uw+v
fiv(r, g) < fun(r,g) = 0 < r? + g +2rg

U+ v uU—v

In the case of u? > v2, we have (for the solution of the above inequalities valid
in the domains in which (IV) is physically feasible)

u-+v
fIV(Tvg)<fH(Tag) — 7 < — g,
u—+v
fv(r,9) < fn(r.g) =1 < ———g.

However, if u? < v2, we neither find frv(r,g) < fu(r, g) nor fiv(r,g) < fui(r, g)-
Hence, the phase (IV) does not materialize.

d) Sketch the phase diagram in the (7, lane for u? < v? and u? > v?, respectively.
b g g9)p p y
What are the orders of the different phase transitions?

The phase diagram is sketched in Fig.

The transitions from (I) to (II) or (III) are second order, because the order
parameter ¢2 and ¢3 change continuously; the transition from (IT) to (III) at
g = 0 is first-order, because the order parameter (¢7, ¢3) change discontinuously
from (0, —r/u) to (—r/u,0). Transitioning from (IV) to (II) or (III) is second-
order, as again the pair of order parameters change continuously.

11. Tricritical point in an antiferromagnet

An external magnetic field h applied to an antiferromagnet couples to the total magneti-
zation m instead of the antiferromagnetic order parameter, the staggered magnetization
n. Assume that the coupling between m and n is described phenomenologically by the
Landau free energy density

t o 2 2

B b 4, v o w
f(n,m)—2n +4n +2m + Fnm — hm, (3)

where t = (T — Tp)a, and a, b, v, w are positive constants.

(a) Show that this model features a paramagnetic phase with magnetization mg. De-
rive a temperature-independent relation m = m(n?) between the magnetization m
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Figure 22: Phase diagrams for the free-energy density in Eq. for u? > v? (u = 2,
v = 1 in the sketch) and u? < v? (u = 1, v = 2 in the sketch). First-order
transitions are depicted solid, while second order transitions are dashed.

and the staggered magnetization n in the antiferromagnetic phase, i.e., for n? > 0.

Hint: Equilibrium states are given by minima of f(n,m).

We find the equilibrium states, by considering

B [t +bn?+wm?)n
0=Vfnm)= < (v+wn?)m —h
From the second component, it follows that for v 4+ wn? # 0, that
h
2y
m(n’) = v+ wn?’

The first component then admits the solutions n = 0 and
bw?n® + (tw? 4+ 20wb)n* + (2tvw + bv*)n? + (tv? + wh?) = 0.

Here, the solution n = 0 and m = h/v = mg corresponds to the paramagnetic
phase, which we check to be stable by considering the second derivative

_(t+ o)
n=20 0 v ’

t+3bn +wm?2  2wmn )
2
m = h/v

2umn U+ wn

V2f(n = 0,m = h/v) = (

which is indeed positive. Hence, this is a minimum and at least a metastable
paramagnetic phase.

(b) Consider the antiferromagnetic phase near the phase transition, i.e., for small
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values of n?. Write m = mg + dm, expand m(n?) for small n? and derive a
relation between dm and n?.

We expand
h 1 h w hw
m(n®) oI+ Zn2 v( i + O(n%) mo = g +0(n"),
om
finding
hw o
5m: _Q]T

(c) Show that the effective free energy density for the staggered magnetization

g9(n) = f(n,mo + om) — f(0,mo)

can be written as

— B —
g(n) = 5n* + oot 4 2n® 4 O, (4)
with to-be-determined temperature- and field-dependent coefficients @, b and @.

The two terms are
J(0,mq) = %mg — hmo,

t b
fn,mo+om) = ing + Zn‘l + (g + %nQ) (md + 2modm + dm?) — hmg — hom,

such that the effective free energy density is

t b
g(n) = §n2 + Zn‘l + g(2m0(5m +0m?) + %RZ(mg + 2modm + dm?) — hom

t . 2w\ 4 b w?h?\ . w3h?
=|lz+-5]|n - — n n
2 202 4 23 20t
——

<
6

g
(S|

yielding the to-be-determined coefficients

h2w w?h? B w3h?
, c=3—;

a=t+—r
v2 )’ v3 v

(d) Show that the model in Eq. features a tricritical point at temperature T; and
field h¢, where

bv 5  bvd
hi=To—5 0 M=55 (5)
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Hint: Here we define a tricritical point as a point where first- and second-order transition lines
meet. Depending on the sign of the coefficient b in g(n), the transition between the paramagnetic

and antiferromagnetic phases are first or second order, cf. Problem 1 on Exercise 1.
The values of our previously determined coefficients at the tricritical point are

w3h? _ 3
2 2w’

hZw

_ 2h2
atc:a(jjt_jﬂO)‘Ft72:0, th:b_Qw b —
v

=0, ¢Cic=3

3

In Problem 1 on Exercise 1, we found that the effective free energy in Eq.
exhibits a first-order phase transition for b < 0 and ¢ > 0 at

3p°

Ao = ——,
“ 16¢

which for b = 0 yields the value @. = 0 = G at the tricritical point. Hence, this
is a point at which lies on the first-order phase transition line.

For b > 0, the phase transitions are second order, because the order parameter

smoothly changes from n? =0 (@ < @,) to n? # 0 (@ > @a).

(e) Show that the second-order phase transition occurs for h < hy at

and the first-order transition occurs for h > h; at

3wh? bv L b2t
dav?  daw = 16aw3h?’

T. =Ty (7)

To show Eq. , we use the criterion derived in Problem 1 on Exercise 1 for the
first-order transition, namely
w?h? ! b3

<0 = h?®>_— =h

b=0b—2
3 2uw?

i.e. the first-order phase transition occurs for h > hy. Furthermore, from the
derived condition on the critical value a., we obtain

Rw 36 1 [/ b2t bv wh?
Ge=a(T, —Tp) + oo = o = — [ — 4™ 4
G =a(Te —To) + v? 16c 16 <w3h2 w TR ) ’

such that

_ 3wh? _ bv b2t
4av?  daw = 16awdh?’

T. =1To

Turning to Eq. @ describing the temperature at which the second-order phase
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transition occurs, we notice that the minima of Eq. are given by

—b+1/b — 4ac

2c

ng = 0, ni:

If b > 0 and hence h < hy, the n% are always negative or imaginary, i.e. invalid
solutions, for @ > 0, while ni always exists for @ < 0. At @ = 0, we have
ny = 0 = ng making this transition second order. It occurs at

n? n?
O = L =Ty-—

e =0=a(Te~To) + 5 —

12. Static scaling hypothesis

Consider the static scaling hypothesis for the free energy density
fs(t,h) = b4 f(b¥"t, bV h) (8)

with scaling exponents 1 for the reduced temperature ¢ and y;, for the external field
h.

(a) Use the static scaling hypothesis to derive the relation

6_d+2—n
Cd—2+7

between the critical-isotherm exponent § and the anomalous dimension 7.
Hint: Use the relation y; = 1/v and Fisher’s law v = v(2 — 1) derived in class.

We seek the scaling exponent § relating the external field h and the order pa-
rameter ¢ as

h o ¢

The Ginzburg-Landau functional is
a b
6,0 8) = f+ fo | 50° + 76" + & (V)* — 6h| + O(¢°, V!, V24",

hence

of
= —+0O(h).
¢ =5 +0(h)
From this, we obtain the scaling behavior of the order parameter ¢ as
o(t, h) = Ofs(t, h) hbYh b g Ofs(bYet, b¥rh) O(bY h)
’ B oh bt 8(byhh) Oh

= bR (bYeL, bIR D).
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Setting h = 0 and b~¢ = t%_ c¢f. Lecture notes, we find
O(t,0) o 1= (b1, 0) oc tP(b*1, 0),

yielding 8 = v(d — yp,). To repeat this same trick with the external field h, set

d
t =0 and b¥»h = 1, such that b=¢ = h¥n. Then, the free energy functional scales
as

d d
£(0,h) = h# £(0,1) oc b
Now,

d
of  ohw
O=on > an Xk

=

and therefore § = dﬂﬁ. By considering the inverse susceptibility, we obtain

1 oh 8¢5 §—1 B(s5-1) !
—=_—x - =¢"  xt x t7,
x 0d¢ 09
ie. B(6—1)=1.
We hence found
B =v(d ), =56 -1), 5=
—Yn
By eliminating S and rewriting the first two, we obtain y; as
Y 2—1
=v(d— d—1 =d— ——=d— —.

Hence,

_d0—-1)—(2—mn) _d+(2-n)
0= 2 :>5_m.

(b) In principle, critical exponents above and below a transition could differ from each
other. Show for the example of the correlation-length exponents v and v/ above
and below the transition, respectively, that the static scaling hypothesis implies
that they are equal, v(T > T¢.) = V(T < T¢.).

Hint: For fixed h # 0, fs(t, h) should be a smooth function of ¢, because the only singularity that
we expect is at t = h = 0. Show that fs(¢,h) can be written in the form

_ oy d/yn ot |t]
fult,h) = b/ F (W) (10)

and explain how the smoothness assumption mentioned above constrains the analytic form of the
function Ffi ().

80



In the free energy density in Eq. , for fixed h, we set b¥»h = 1 resulting in
d
b=¢ = hun , finding from the scaling hypothesis

d 1 d t
fs(t,h) :hyhfs Ttt’]' :hyhfs 71,1
hvn hvvn
By defining

F}"— % Efs +ﬂa1 ’ Ff_ ’i Efs _‘1“71 I
h'/yh hl’yh hV’yh hl/yh

we obtain the form in Eq. (10)). For fs(¢, k) to be smooth except at t = h =0, it
needs to be in C'*°, i.e. its Taylor expansion needs to exist. This means however,
that also the F' ;[ need to have a Taylor expansion at the chosen point and that
they have to be equal on their shared domain. The first order term ensures that
yp, is the same at T < T, and T > T,, while h=1/*%» and h=1/*'¥» entering the
higher-order coefficients ensures that also v = /.

13. Generating functional for noninteracting real bosons

Consider the (discretized) field theory of a noninteracting real scalar boson field ¢ =
(¢>k)£4:1 with action

M
Sl6) = Y 3onKuon (1)

k=1
and positive definite symmetric and real matrix K = KT (kernel).

(a) Show that the n-point correlation functions

M
) =5 | II b+ o, exp(=S[e) (12)

can be obtained from the generating functional

Mg M
Z[h) = /kl_[l Vo P <—S[¢] +;hk¢k) (13)

via suitable derivatives with respect to the external source (“magnetic field”) h.

The respective translation is
1

(¢, .- d1,) = Z[0] Oy -0, Z[h]|—g -
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(b) Show that the generating functional for a noninteracting real scalar boson field
theory can be computed in closed form as

k=1

M
Z[h] = (det K) /2 exp (Z ;hkwm) (14)

From now on, we use the Einstein summation convention. The real and sym-
metric matrix K = KT is decomposable as K = QAQT with @ orthogonal, i.e.

QAT = 1.

/H Ao exp <_;¢kKkl¢l +hk¢k>
/H d¢k exp <_;(¢kam>)\m((QT)ml¢l) +hk¢k>

Now, we substitute ¥ = (QT)r¢; and Vi = ¢ Qui, and dyoy, = det Qdoy, = doy
as det Q = 1. Then,

= /H ?/1% exp <—;1/1m)\m1bm + thkmi/Jm)

= /H 31% exXp <_;)\mw72n + ilmwm>

(i duy 1 o\
= exp (2)\m> /H mexp (2 (\/ﬂiﬂm - m) )

with i = (QT)pihe. Now, let O = Astn — fT’L and A, 24y, = dy,

yielding
- N
o -1/2 hi, diy, 1o
Z[h] =\, /% exp <2>\ ) /H o exp( 5 Yk

:(detK)_l/Qexp( M Qrem A (Q)m lh,)

= (det K)fl/Z exp (2hk(K1)klhl> .

(c¢) Use the above result to show that the propagator Gl(j) = (¢r¢1) and the four-point

function Gl(clznn (P d1PmPn) can be written as

G =(K Yy and Gy

klmn

=G0ac? +ala? +clal.  (15)
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(2)

For the propagator G};’, we find

1
G(z) = (Pr) = makﬁlz[hﬂhzo
_ ; —-1/2 1 -1
= e k)1 00y (det K) exp <2hm(K )mnhn>

= 5 000 K D ) (Y (€ ))

h=0

2

h=0

1 1

(1 (K™ Yinhn + b (K™ t) + (KD + (K_l)kl>

h=0
= SUE e+ (K )

If K is symmetric, then K ! is symmetric as well and hence
Gl(j) = (Kﬁl)kl.
Now, for the four-point correlation function lemn = (PkP1PmPn), we find

4 1
G - A I

14. Partition function for complex bosons

Use the result of Problem 1 to show that the partition function Z = Z[0] for the theory
of noninteracting complex boson fields ®, ®* is

M * M
:/H %GXP - Z Pr Ky | = (det K)~1. (16)
k=1

k=1

assuming a positive definite Hermitian kernel K = K.

If K =K', then K = UAU. Hence,

/H dd)kdék (— e Knon)
/H“M“ (— (@ Ubm)An (U 60))
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Now, we consider the decomposition into real and imaginary part ¢; and gb}; of ¢.
This is given by the transformation
¢k

p\ _ 1 (1 1\ [(on) _

?, 2\~ i) \¢;
with det A = % = %, therefore det A=! = —2i. Hence, using qy,;/ UTldf/l,
integral transforms into

= [T % e (6% 60U A (U 67 + i61)
/ T] 22kdok dgbrd‘f” exp (~Am (5,0 + (3,)?))

= )\ = (det K)™!

15. Susceptibility exponent ~ in the large-IN limit

Consider the partition function for the theory of N complex boson fields ®, and @},
a=1,...,N, interacting via an ultralocal two-body interaction,

with action

N

2
si* @)= [ a's Z<rv¢a<f>\2+trcba<f>\2>+z§v(Zrcbaw) )

a=1

Here, t is the tuning parameter for a classical phase transition distinguishing the dis-
ordered phase for t > t. from an ordered phase for ¢ < t. and A\ denotes the quartic
coupling.

(a) Show that the partition function can be written as
N B )
= / H D@;(f)pq)a(f)pg(f)efSO[@* —[d [ (Z)+i0(Z)|P(Z)| ] (19)

where we have introduced the composite field o(#) which couples to |®(F)|? =
Zi\;l |®4(7)|* and Sy denotes the Gaussian part of the action S. (This is the

so-called Hubbard-Stratonovich transformation.)
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The Gaussian part Sy of the action S is
So[®*, @] = [VDa(T)|* + 1 |a ()] .

The equivalence of Eq. and Eq. can be shown by explicitly performing
the Gaussian integral with respect to o, by first rewriting

/HD(I' —So o+, /Da — [ d4E[ 3502 (@) +io(8)| ()]

The exponent can be used to complete the square as

[ga%f)m( )| ( ﬂ—(\fw \f@I) v (2%
hence

7 2
:/HDCI)Z(Q_C')'D(I)CL( 7)e —So[@*,@]— A (| @] )2/'D ,fddf{\/gmr% W)‘|‘1>|2}

L P - —S[0*,®]
e [[ P®; ()D& (5)e 171,
a=1

The partition function does not care about the constant prefactor, hence Eq.
and Eq. describe the same physics.

(b) Integrate over all components ®,, 2 < a < N, except the first one, to obtain an
effective theory in ®; and o. Consider the limit N — oo, argue that the saddle-
point approximation discussed in class becomes exact in this limit, and use it to
compute the free energy density.

Hint: The resulting free energy density reads

Fo_ 2, o ;/ Ak
NigT = CT 0 =55+ 7 | Gra ¥ +t+0),

with the saddle-point conditions

t+0)P1 =0 d =\ Al |?

(t+o0)Py an /27rdk2+t+ + AP

where V = f d?& is the spatial volume, and we have assumed uniform fields |®; |* = + [ d4Z|®, (2)]?
and o = L [d%% o (Z) at the saddle point, rotated ic — o, and rescaled <I>1/\/N — @y

We factor the partition function

/ HD‘I’ (F)Do(@)e | SHTRD P +1io@)]a @)+ £50* (@)

_ /Dg(f)e_ HI

Hl
y\z
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with

_ / DO (7DD (7)) VR P+ (i () #0(2)]
= / DO (F) DD, (F)e~ | 'T50(@: P0.0),

The action S, may be rewritten (using the assumption, that the fields vanish as
|x| — 00) into

- / 4158, (@7, By, ) = — / ALE (VL) (VD,) + (¢ + i) D]

- / Al | V(07 (Vy)) — 05 V2D, + (1 + ic) DDy
——

vanishes

= —/ddf [ (=V2 + (t +i0)) Dy = —PLK, D,

Using the result from Exercise 2, we find (up to a prefactor, which is irrelevant
for Z), that

I(0) = (det K,)7t
and hence

/Dae Jd'@3xo® /ch DPye~ J FEPL210) (et J, )~ (VD)

i i e—fddzﬁo N
= / Do DO DPe ] 1 F51(P1.210) qet(K,) k|
€l Ny

which is an effective ﬁeld theory for ®; and o. In order to obtain the saddle

point, let o = f dd 7) be umform and independent of Z. Then, consider the
Fourier transform ®,( f (gﬂl)“d D, ( k) exp(ikZ), which yields the eigenvalues of
K, as
dp.  adrr - . e
— K, D, = — / 44z (gw’;d (C;:;d [@;(k')(ﬂkk’ + (t 4 i0)) Dy (k)eTHR=K)
ddE Tk 70 2 %
= [ (BLE)E + (¢ +i0))Ba(F)
1 ~ -
= _V Z (ba’]z(kZ + (t + ZO’))@a E
k
giving

; og(k2+ ited
det K, H(k,2 + (t + ZU)) _ EZk log(k?+(t+i0)) _ EV (2 7 log (k2 +(t+ ))
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For the action S1[®*, &1, 0], we obtain in real space, assuming uniform field |®;]?
and vanishing derivative, that

S1[®F, @1, 0] = (t + io)V |y |
By plugging this into the partition function equation, we obtain (up to prefactors)

.
~(tio)V |12 = [ 5 [V (N—1) log (k2 +(t4i0))] ~ ¥ o2

Z = / DoD® Db e

- / DO’D@TD@IQ_S[CDT (k)7<1>1(]<:)70-]

with action

o
S[@%(k), B1(k), 0] = (t + o) |®1) + ]\2[7;\/02 + / (;];dV(N — 1) log(k? + (t + iv))

After rotation io — ¢ and rescaling ®;/v/N +— ®;, we have (with N — 1 ~ N)

.
S[®;(k), ®1(k), 0] =~ NV <(t +0) |01 ° + / (‘;7:;[ [log(k* + (t +0))] — 202>

For the saddle point approximation, we require

6S

=N Py =
557 V(t+o)P =0,
08
—— =NV®; =
50, V®i(t+o0) =0,

8 d’k 1 1
e =NV <(t+0)|¢>1\2+/(2ﬂ_)d [l{:?—l—(t—i—a)] —)\0> = 0.

The first two conditions yield
(t + O')(I)l =0.

By the third condition, we obtain

=rf <§j§d (e +1P)

The (Landau) free energy density is then given by

f 1

=— log (k* :
NigT ~ NV og(k“ +t+o)

1 d’k
S0t 0,0 = (4o ot = o+ [ 5

87



(c) Show that the theory exhibits a phase transition for d > 2 at t = —\ [ %,}2
1

and that the inverse susceptibility x™ o t + o satisfies in the disordered phase

®; = 0 the implicit equation

ddk 1
(t—i—a)(l—i—)\/(2W)dk2(k2+t+0)):t—tc (20)

for t > t.. What happens for d < 27

In the ordered phase, ®; # 0 and hence t + ¢ = 0. Therefore,

%%k (1
o= [ oy (g 147 = .

In the limit ]@1\2 — 0 close to the phase transition, we obtain

/ %k 1
to=-N[ S5
(2m)d k2

In the disordered phase, we have

/ A%k 1
o=A .
@2m)dk2+ (t+ o)
By partial fraction decomposition, we decompose

1 A B

k2(k2 +t+o0) k2 e
finding A = —B = 1/(t + o). Hence, Eq. is

troy (140 2 /ddE1_ A /ddE 1
t+o) 2m)ak?2 t+o0) 2n)k2+t+o

= (t+0) (1—tc+0) —t—t,

t+o

For d < 2, the critical tuning parameter t. diverges, as

Ad—2 d>2

49 1 A pd-1 A i3
A2-072 d=1

(d) Assume an ultraviolet cutoff A in the integral over wavevectors and compute the
scaling form of the susceptibility in the critical region ¢ + o — 0 for (i) d > 4, (ii)
d =4, and (iii) 2 < d < 4. Compare with the predictions from Landau theory for
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the original model in Eq. .

Hint: (i) x oc [t —te| 7, (i) x o B2, (i) x o [¢ — te[ 72/ 472

We take the following two Taylor series for granted:

o (_1)k$2k+1

(o]
arctan(x) = Z T—H’ ].Og ]. + ﬂj Z
k=0 k=1

We begin by rewriting the implicit equation

d?k 1 1
t—t)l=v1{1+x -
o=l =x (* /|,;|<A<2w>dk2k2+x—1>
1 A s 1
—v(1+cC dkkd—
X <+ X/o 1+><kz2>

—x! <1+CX/ dkk® 32 ”k2")
0
_ Xfl +CZ(_1)nxn/ dkkd*3+2n’
n=0 0

for some constant C. If (i) d = 4 + x, then

o0 A
t—te] =x" + CZ(—l)”X”/ dkk!teren
— 0
o0
Aac+2n+2
-1 n.n
= C -1 .
X o+ Z:( )X T+ 2n+2
Up to leading order, this yields
x o< |t —te| !
If (ii) d = 4, then

> A
It —t]=x""+ CZ(—l)”X"/ dkkiten
0

n=0
A2(n+1)
_1 AT
=xo e Z (n+1)

C/ -1 Z XA2

=x =0 log(l + xAz)
~(1—C'logA*)x ' —C'xtlogy,
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as xYA? > 1, which in leading order yields
X" Hlog x oc [t — |
Now, since 0 = —t. + O((t + o)), we have

log |t +o| _logl|t —t|
|t_tc| |t_tc| '

Lastly for 2 < d =3 < 4, we have
00 A
It —to| =y ' + CZ(—l)”X”/ dkkm
-1 -1 )P AP

=X T OWx Z 2n + 1

=x 14Oy V2 arctan(xA)

= X_l + C/X_1/2a
hence in leading order (with arctan(xA) — 7/2)

X o [t —te| 72 = |t — te| 72

16. Anisotropic perturbation to the O(2) Wilson-Fisher fixed
point

Consider the O(2) model for the two-component boson field ¢ = (¢1, p2) (with ¢1, @2
being real scalars) in the presence of an anisotropic perturbation:

1 2
5= [da [ (VoL + 5(Voo)* + 5 (0 +63) + 55 (61 + 08) + rotad|  (2)

For v # u the continuous O(2) rotational symmetry is explicitly broken, but a residual
Z4 symmetry (fourfold rotations by integer multiples of 7/2) remains intact.

(a) Classify all possible symmetry-allowed operators with respect to their scaling di-
mension. Are there any relevant or marginal operators near d = 4 dimensions that
have been omitted in Eq. (21])?

The unbroken Z4 symmetry corresponds to the following rotation:
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—

yielding the 4 mappings

(¢1,02) = (b2, ¢1) = (—¢1, —¢2) = (P2, —¢1) = (1, d2).
For any operator to be allowed by this symmetry, it has to

(1) act on an even number of fields, such that the minus-signs cancel, i.e. it
has only terms such as gﬁzqﬁ? with 7,7 € N and

(2) for each term with d)iqb% a partner term <Z>{d>§ has to occur.

Now, let n be the number of spatial derivatives V occurring in the operator, 2i
(27) the number of ¢; (¢2) terms and let g be the coupling of the operator. Then
power-counting (in terms of inverse length units) yields

0= (8] = [d%] + [V"] + [67] + [#3'] + [9]
= d[dz] + n[V] + 2i[¢1] + 2j[¢2] + [g]-
Using [¢;] = %52, [dz] = —1 and [V] = 1 yields the scaling dimension
l9] =d—n—(d-2)(i+])

with the constraint i + j > 1 (at least one field in the term). We require [g] > 0
for the coupling to be marginal ([g] = 0) or relevant ([g] > 0). Consider first
i+ j =1, ie. one field term ¢ occuring. This yields

[9]22—’0,

which is relevant for n = 0, 1 and marginal for n = 2. While the n = 0 and n = 2
case occur in Eq. , the n = 1 case has been omitted; this is however, because
such a term ¢(V¢) may be absorbed using a total derivative and hence does not
change the action. For i 4+ j = 2, we have

[g)]=4—d—n=€e—n,

which for n = 0 is relevant (marginal) for € > 0 (¢ = 0) and does indeed occur.
For ¢ 4+ j > 2 close to d = 4 no other terms are relevant or marginal.

(b) Show that the one-loop RG flow of the suitably rescaled couplings in d = 4 — € can

91



be written as

dr 1

dmp -2ttty (22)
du 3, 1,

dnp ¢ 2% 7§ (23)
dv 2 5

dlnp V7 3v T W (24)

First, we perform the Fourier transformation gbz(l;) = fOA (gjfd e_“gfd%(i’) with
high-energy cutoff A. This yields the action

A di . ) ) )
o= /o <§7rl>€d [ 50 FH + 1)1 (=F) + S 62(FY (2 + r)n(—F) |

550,1 ESO’Q

A%, ddiyddls . o
i / 1 (k1) ()1 (k) n (—hy — Ko — Fis) + (1 4> 2)
4! (2r)

Sint,2

Sint,l

2 [ d%d%addks - o
40 / W(ﬁl(k1)¢1(k2)¢2(k3)¢2(_k1 — Ky — k)

Smix

We begin the RG by eliminating the high-energy modes through integration. Let
o5 (¢5) and @7 (¢5) be the high and low energy modes of ¢; (¢2) respectively.
While for Sp; 4 Sint,; we use the results from the lecture, for Spnix, we need to
derive the contribution. Hence,

Smix = Z)/¢1¢1¢2¢2
9 AJb A
_ 2 T PTS 65 + / 6707 6563
41\ Jo AJb
A
+ / (650563 63 + 67670503 +¢1>¢1>¢2<¢2<>>

Now, taking the average with respect to the Gaussian action of the high-energy
modes

(o> = Zi /D¢1>D¢2>(. e Souldr]=So,le5]
0

we find
2 AJb A
S = ( | wiereione + [ (6rorzenn
! ~—_———— ———
0 tree level A/ vacuum—rconst.

A
+/O (6T ¢T3 3 )o> + (DT 67 05 63 o> + <¢1>¢1>¢2<¢§>o>)>
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In the Gaussian theory, ¢1 and ¢2 do not mix, hence we obtain using Wick’s
theorem

A
(650583 63 o> = (6505 )05 (63 03 Jo> = (656 )0> / !

A/b ]{32 —|— 7"’
(PT07 65 03 o> =

A
(07 O7 5 63 )o> = (7 07 o> (95 83 )o> = (5 b3 o> /A/b P

In the lecture, we solved the integral

A d
= Inb+ O(In”b).
/A/b k2+r  (2m)4AZ+7r nb+O(n"b)

Hence, in leading order of v, this does not provide the RG flow equations and we
need to consider the leading order correction, given by the Feynman diagram

v v —20\?
><>< = (—1)% <42|> (P1010202)(P1010202)

with the Feynman rules

AR sten K (S

T <¢i>¢i>/>0>5ii’a - = z<
i1 7
Hence

(61016262) (6161 6262) = (2(67)" + (2 x 22(67)2(65)? + 2(65)* ) I,

where I, = f AJb (E s the factor 2(¢5)* is obtained by the two permutations

+T)2 9
of (¢;)? and 2 x 2 is obtained from the ways to choose the surviving ¢ from the
two pairs (¢;)2. We may compute I, to first order in Inb by using the Leibniz

rule

b(t)
i/(t) ft,x)dz = f(t,a(t))d’(t) + f(t,b(t) / B, (t, 2)d

which yields for the Taylor expansion

I,
I, =0+ d Inb+ O(In?b)
dInbd |, -
with
a,  d Sy /A " kL Sy A
dlnb  dInb (27)d mo (K24 71)2 (2m)T (A2 + )2
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finally

S A4

b= Gra e+

2
5 Inb + O(In?b)

Lastly, we need to consider the Feynman diagram coming from wwv interactions,
namely

L2 (46267
— 205 SIEE (D) oo os

where (3) comes from choosing the elements of (¢;)* and one 2 comes from
permuting ¢1 and ¢2, while the other is obtained from the two permutations of
the contracted fields. Now, the action after integrating the high-energy modes is

B u A/b A 4 S, Ad A/b 5 3 A/b A
S Sofr"ﬂ /o (¢5) +<2>(27r)dA2—|—rlnb/0 (67) _QU/O ()1,
2 AJb ) ) S, Ad AJb )
3| [ e+ gt [ @)
120 (A 20w (4 [P
-5 QD)+ 6T)(93)) L«] —441!’1!@ /0 (67)*(65)° I

We can reorder this, to obtain the same form as the original action finding (with
C= 34 A 1npand I, = AQL_H)

(2m)d A2+r
1 c C 1 v? C 3 C
< _ — A< 2 ~ ~ < = _ 2.2 {4
S —/2% <l<: +r—|—2u+6v>¢z—|—4! <u Az, 2" A2+’I")(¢Z)
2 2 C C
+ ? (U — §U2A2 g —’U,UA2 +7n> (¢1<)2(¢2<)2

Next, we rescale the momenta K = bE, such yielding

S< = /;gi)fbd (b2k’2 +r4 %u + §v> o

1 v C 3 C
—3d 7 2.2 <\4
+/b 4|< 6 A2 47 2uA2+r>(¢’)
2 2, C C
—3d 2 2 2
+/b !(03” A2—|—7“UUA2~I—7‘>(¢1<) (65)"
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After rescaling the fields ¢/ (k') = lf%gﬁ(ly /b) to obtain an invariant form of
the k% term, we find the RG action

S< = /1¢§ (k:’2 +b2r+b20u+b20v) o5
C

1 v? O 3
4—d + 22 <\4
+/b 4!(“ 6 AZ+r 2" A2+r>(¢l)

C C
LT O [ S

This yields the three renormalized couplings (having removed the Inb contribu-
tion from C, i.e. C'— C'lnb)

1 1
r = b*r +b°Cln biu +b%C'ln bfv,

1 3
/ 4—d 4—d 2 4—d 2
_ _ 1 In e
u =b"%u—2> nb— r6 —b b— r2u ,
C 2 C
/ 4—d 4—d 2 4—d
vV =b"%—-0b"%Inbd 5 —b*"%Inb 5 Tuv.

We now use b In(b) = e*™?Inb = (14+zlnb+...)Inb=Inb+ O(In?b), plug in
¢ =4 — d, redefine 7 = A2, § = -4 A4y and @ = id)dAd_‘lu, finding

(2m)d (2
1 1 1 1
~/ 2Inb~ ~
= — l b 1 b,
e T+ 2u1 = no—+ — 6 1 + n
1 1 1
i = by — 71727~1nb — fu 7~lnb,
6 (1+472)2 2 (1472)2
2 1 1
~/ elnb~ ~2 -~
= -V ————Inb— 00——-—=1Inb.
e 3v (1 T f2)2 n vu(l T f2)2 n

Which for 7 +~2 ~ 1 and upon differentiation with respect to Inb, yields the
RG-flow equations in Egs. (22]) to (24)).

(c) Show that these equations reduce to the expected flow equation of the O(2) model
in the limit v = v.

Let v = w + J, then the RG flow-equations in Eqs. to read

dr 2 1
— %t Syt
dnp " Tgu g%
du 5 45 1 9
g — % 3 + 3u5—|-0(5 ),
diu_i_ d6 _§ 2 _ § + 5
dlnb dlnb ¢ 3¢ 34T
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For § — 0, we retrieve

dr L+ 242 du 2+8 ,
dinb  ~ "6 " - B
which are the expected flow equation for the O(N = 2) model as derived in the

lecture.

(d) Determine the linearized RG flow in the vicinity of the Wilson-Fisher fixed point

at r=7r*and u =v = u*:

3
g = 2 Bibe + 0@g?),  dgi =gi— g, (25)
=1
with the “stability matrix” B;; = dgé/g (jlnb)| g and (gi) = (r,u,v). Is the Zy

anisotropy o< u — v relevant or irrelevant at the Wllson Flsher fixed point? What
is the corresponding eigenvalue of the stability matrix?

From the RG flow equations, we have

ut =3t =
and find
dor . 1, 1 B 1 1
dlnb—Q(r —|—5r)+§(u +6u)+6(v+5v)—25r+§5u+65v
ddu . 3, 5 1, 2 9 1 2
= —_ - - — — 1_7 - —
Tinb e(u* + ou) 2(u + du) 6(u + dv) ( 5> edu 56(51)—1—(’)(5 )
dév * 2 * 2 * *

4
= <1 —— = 3> edv — §e5u + 0(6%),

hence the stability matrix is

SIS
o

o=l
o

oy

I
o oN

|

For the Z4 anisotropy, define a = u — v, hence da = du — dv and

déa_déu_dév__l(; +1(5 __15
dlnb _ dlnb  dlnb 5 4T FOvVT T

i.e. the anisotropy has scaling dimension —e/5, which for € > 0 is negative and
therefore is irrelevant. The eigenvalues of the stability matrix B are

A =2, Ao = —¢, A3 = —¢€/5
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with corresponding eigenvectors

1 ~30+0 0
- - - 1
U1 = 0 ) 1 = 1 ) V3 = -3 ’
0 1 1

The eigenvalue and eigenvector corresponding to the Z, anisotropy are A3 and
U3.

17. Interchange of limits in the classical Ising chain

Consider a classical Ising chain with M sites and nearest-neighbor exchange (K > 0):

H=—- Z Koioi. (26)

(2

(a) Write down the partition function
Z = Z e (27)

in transfer-matrix representation.

We assume periodic boundary conditions, i.e. oa; = o¢ and hence find for the
partition function

{os} {os} {oi} 1 {oi} 1
where we defined the transfer-matrix
K -K

Kojo; _ (€ e
(T)Ui70i+1 =e "= T= <e_K K > .

Then sums correspond to matrix products, such that

zZ= Z ZTUOval ZTUMT‘Z T Z TUM&JMATUMA,UO

oo 01 o2 OM—1

= S = T

o0
(b) Evaluate Z as well as the spin-spin correlation function (o;00) exactly.

To evaluate Z, we diagonalize T', finding the eigenvalues

AlzeK—i—e_K, )\gzeK—e_K
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and note that
Z =T = AT AT = N (2

with z = )\2/)\1.
Now, for the correlator we find

1
<O’Z'O'o> = = {Z;O'Z‘O'()(BH

1 ; i
-7 Z 950,00(T") 30,0100, (TM ' 1)%00

00,074

1 . .
= _troTioTM—i71

with o = (1 0 > We diagonalize T' as

0 —1
C1/1 1 A\ 1 1
T_2<1 —1>< )\2> (1 —1)’
such that
T”:l 1 1 A} 11 _ 1, (1+a" 1-a"
2\1 —1 A\l —1) 27t \1—an 142

Then,
)\iwfl zt + pM—i=1 i  M—i-1 zt + pM—i—-1
(0i00) = — tr 20 i oMt i M- || T AT
VA 4 xt — Ml gt g Mt 14 xM-1

(¢) Investigate now two possible routes to obtain the correlation function in the limit
of large K (small T).
(i) Approximate (o;00) first for large K and then take the limit M — oo.

For large K, we need to approximate the eigenvalue ratio x first, finding

A K _ _—K 2K_1 2
x:l:e € :e -1 — " ~1 22K,
AN e 4 e K 2K 41 e?K 1

Therefore, for the correlation function (o;00) we obtain
( > (1 _ 26—2K)i 4 (1 _ 26—2K>M—i—1
0;00) =
o 1+ (1 — 2 2K)M—1
2—2ie K — (M —i—1)e 2K
2—2(M — 1)e 2K

=1,

independent of M.
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(i) Take first the limit M — oo and then approximate (o;00) for large K.
Expanding the chain first, i.e. taking M — oo yields

<Ui00> ~ b= eilnx _ eiln(1—2e*2K) ~ e—Qie*QK = e—é
with correlation length ¢ = €25 /2, which is ¢ = (a/2)e” with a = 1 the lattice

spacing.

(b) Why are the results different? Explain which different physical situations the two
routes correspond to.
Hint: Determine the energy A required to create a domain wall between a region with all spins

up and a region with all spins down, and think in terms of domain walls.

We may rewrite the Hamiltonian as

H=-KM-) K(oioi1 —1) = Eg+ AN,

)

with Fg = —K M the energy of the ground state, A = 2K the energy needed to
create the domain wall and Ny the number of domain walls. Now, by first sending
K — oo, we increase A and render the formation of domain walls extremely
costly. Now, keeping the energy-scale fixed and increasing the system size M,
we have A/Ey < 1/M, i.e. domain wall excitations away from the ground state
are associated with small energies compared to the whole system and do not get
suppressed immediately.

18. Classical Ising chain with next-nearest neighbor
interactions

Consider the infinite (M — o0) classical Ising chain with first and second neighbor
exchange (K7, Ko > 0)

H=- Z<K10i0i+1 + K30,0i12). (28)
A
(a) Write down the partition function Z as a transfer-matrix product.
Hint: Think of the model in terms of “superspins” with 4 states, each of which represents a block

of two neighboring Ising spins.

Let |s;) = |0, 0i41) be such a superspin with |++), |+ —), | —+) and | — —) the
basis order. The Hamiltonian can be rewritten as a sum of local terms in this
super spin formalism as H = — ), h; ;11 with

K,
hiiv1 = 7(0’101'“ + 0i110i42) + K20i0i42

99



Then the transfer-matrix is

KitKs Ko 0 0
-K _
(Tisivr = (sile™ "4 [si41) = e*OKz e*K?Jer ’ (1)+K2 ) OK2
0 0 e~ K2 KitK
Then the partition function Z is
Z=uT".

(b) Is it possible to diagonalize the transfer matrices using a unitary transformation?

Yes, the matrix may be diagonalized with the following eigenvalues

Ay = e (cosh K1 + {/sinh? K 4 e—4K2),

Aot = el (sinh K3 + cosh? K; — e—4K2),
The larger two eigenvalues are Aj4 and Aoy respectively.

(¢) Determine the energy A required to create a domain wall.

We apply the same rewrite as before, finding
H=-K\M-KyM — Z(K1(0i0i+1 — 1) + KQ(O’Z'O'H_Q — 1))
i
=—-K\M - KyM+ 2(K1 + 2K2) Ny,
—_———
=A

because two next-nearest neighbor terms give a contribution per domain wall
(assuming that the domain comprises more than one spins). Hence, the energy
to create one domain wall is

A= 2(K1 + 2K2)

(d) Determine the correlation length £ of the model for large Kj, Ko, and show that
¢ = (a/2)e” (a is the lattice spacing).

Hint: Recall the lesson learned from Problem 1.

In Problem 1, we obtained first taking M — oo, that the correlation function
scales as
i

(0500) x T

with © = Aa/\; the ratio between the largest (A1) and second largest (A\2) eigen-

100



values. We find

. 4K
Ao sinh K1 + cosh K14/1 — CSS;Q;{I

xr= — =
A cosh Ky + sinh K4 /1 + an;iK;l

and approximate y/1 +x ~ 1 + § to obtain for large K; and K>

. e K2 —4Kx—2K
. SlnhK1+COShK1_2coshK1 ~ l1—e ’ ' ~1—2 4
= “AKy T e 4K 2K T .

cosh K7 + sinh K7 + 221r17hK1
With the same form of the ratio x, we obtain the same correlation length
£ = (a/2)e”

as before in Problem 1.

19. Relation between energy gap and correlation length

We wish to show now that the relationship ¢ = (a/2)e® holds quite generally, i.e.
independently of the model and, to some extent, temperature. To this end, we think
of the spin configurations in terms of domain walls and assume the domain walls to be
statistically uncorrelated from each other (i.e., we neglect possible interactions between

the domain walls).

(a) Argue that the density of domain walls is given by p = (1/a)e™®. Consequently,

it is sufficient to show & = 1/(2p).

The density of domain walls is the ratio between the number of domain walls N

and the total length of the chain L = Ma, i.e.
N 1IN
P=Ma ™ aM

The Hamiltonian H = —FEy+ AN of the spin models depends only on the ground
state energy Fy = eM and the number of domain walls. Therefore, by noting
that there are approximately M” ways to assign the N domain walls to the spin
chain (having assumed that their positioning is independent and that M > N,

such that no overlap occurs), the partition function is
Eo
_ N _—H(N) _ N _Eo—AN __ _E —A\N _ €
ZfZMe *ZM e feOZ(Me ) = T Mfe=A"
N N N
The expected number of domain walls is similarly

1 Ne-HN) L g
<N>_Z;NM e = —(-04)Z = -0aIn Z.
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WithInZ — Eg = —In(1 — Me™®) ~ Me™ this yields
(N) ~ Me™™,

such that

(b) Consider a long chain of length Ma > ¢ with N = pMa domain walls. The
probability that any given domain wall is between 0 and z > 0 is ¢ = x/(Ma).
Use the statistical independence of the domain walls to argue that

A . NI
(o(x)o(0)) = (=1)V¢’ (1 - Q)N_jm- (29)

i=0 I

The probability p; that there are j domain walls between 0 and x is binomially
distributed, as the domain walls are independent and therefore

pj = (]D F1—g.

Furthermore, every time a domain wall occurs, the sign of the correlator flips
from +1 to —1 and back; i.e. for zero domain wall occurrences, the correlator
if +1, for one occurrence —1 and so on. Therefore, the expected value of the

correlator is

N
(o(2)a(0)) =D _(=1)’p;,
=0

J

which is exactly Eq. .

(c) Evaluate the above expression in the limit N, M — oo, while p = N/(Ma) is finite,
to show the desired result.

By the Binomial theorem

(@+y) = i (?)zijﬂ

7=0
we find that Eq. may be written as

o) = (a1 = (122 )7 = (1 2) 7 Mo, e

Hence, the correlation length is

€= 5 = (a/2e™
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as desired.

20. Quantum lIsing chain with second-neighbor exchange

Consider a quantum Ising chain with second-neighbor exchange in a transverse field,
Hy= =) (Jojo51 + J207,0% 0+ Jgoy). (30)
n

Here, the spin-1/2 operators are represented by Pauli matrices o and ¢7 that fulfill the
algebra:

z __Z __ xr T __
0,0, = 0,0, =1,
zZ T T _z
O0pO0p = —0p0np,
Z T _ T =z
oLoy =005, for m # n. (31)

(a) Determine the dispersion relation of a domain-wall excitation to lowest order in g.

For ¢ = 0 the groundstate manifold of the Hamiltonian Hp is spanned by the
fully polarized states

() =] 11T, [y =] L),

Let |Ey) be the groundstate with energy FEy chosen by the system. Then, the
domain-wall excitations are created by flipping all spins up to some point, i.e.,
their creation operator is

with the excited states |j) = w;r»\E()).
Now, upon turning on g, these excited states mix because of the action of o} close
to the domain-wall. In first order of perturbation theory (for small g, therefore
neglecting spin flip excitations away from the boundary), the energy correction
is given by

Hilj) = Eolj) +2J15) + 4215) — Jglj — 1) = Jglj + 1) + O(g?).
This Hamiltonian may be diagonalized by inserting the Fourier transformation
l7) = \ﬁZk ¢¥|k), such that

\F Zew Hi — Eo)|k) = \er”k (27 + 42 = Jg(e™* + %)) + O(g).

By comparing coefficients, we find the dispersion relation of a domain-wall exci-
tation to lowest order in g as

e(k) =2J +4Jy —2Jgcosk ~ Ay — Jgk?

103



with Ay =2J(1 — g) + 4.Js.
(b) Determine the dispersion relation of a flipped-spin excitation in the limit g > 1.

Similarly, for g > 1 the groundstate is fully polarized in the positive = direction,
ie., it is

’:>>:|_)_>_)>7

with energy E_.. The flipped-spin excitations are created by f;f = 07, such that
the excited states are |j) = f;-r | = ). We again find the energy correction

Hi|j) = Eolj) +2Jglj) = Jj = 1) = J|j +1) = Jolj — 2) = Ja|j +2) + O(g?),
such that the dispersion relation obtained from Fourier transform is
e(k) = 2Jg —2J cosk — 2Jo cos 2k ~ Ay — (J + 4.Jo)k?,
with Ag =2J(g — 1).
(c) Interpret the results.

First, consider the case with Jo = 0.

e There, both excitations are gapped, with energy gaps A; and As of the
excitations vanishing for g = 1 in both cases.

e Furthermore, both dispersion relations can be transformed into one-another
by making the substitution g <+ 1/¢ (up to a prefactor in the energy).

Therefore, both domain walls (in the high coupling limit ¢ < 1) and flipped-spin
excitations (in the low coupling limit g > 1) seem to describe similar quasi-
particle physics of the excitations in their respective validity regime. While they
are different excitations, this hints at the self-duality found in the Task 2.

For Jo # 0 the energy gap of the domain-wall excitations increases. This is
simply because it becomes more costly for next-nearest neighbors to have oppo-
site orientation. In the case of the flipped-spin dispersion relation, the effective
mass of the excitations decreases more than one would expect from the duality
observed for Jo = 0. Namely, (2mso)~! = J + 4.J5, while A; would suggest that
(2/m2)~! = J+2J5. This is because in the case of a single flipped-spin excitation
the additional hopping term Jooy07 | 5 acts on both sides of the excitation, while
the energy penalty for the domain-wall is only incurred on one. Hence, the spin
hops faster (is lighter) than expected from the simple duality argument.
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21. Self-duality of the quantum lIsing chain

We wish to derive the dual representation of the one-dimensional quantum Ising chain

in a transverse field,

Hy = —J Y (07071 + 90%). (32)

(a) First, introduce spin operators on the dual lattice, i.e., the lattice where the sites
are given by the bonds of the original lattice,

T __ __z z
Tn = On4+1%n
z __ T
TF = H fopi (33)
m<n

and show that they satisfy the algebra in Egs. [31| as well.

First, we notice that

z z __Z zZ __ Z Z _ X X _
Ta Ty = =0,110,0,.110, =1, T Ty = | | | | OOy = 1
m<nm/<n

giving the first part of the algebra. Second, we compute the onsite commutator

term finding

7L z T 2z T _ FELE
TnTn H 0m0n+10 On+19n9n H Om = _0n+10 H J TnTn-

m<n m<n—1 m<n
Lastly, to obtain the third condition, consider n > m + 1, such that
Z_T __ x __z z _ z xr _z x xr __ 2 . x_z _ T _z
Tm = H Ok0m+19m = Om+19m+19m9m H 0 H 0; = (_1) TmTn = TmTn
k<n i>m—+1 <m

and forn <m —1

S

= O'iO'm+10'm—O'm+1O'm O; =TTy -

<n i<n
Therefore, the 77 and 77 satisfyy the same algebra as the o7 and o} in Egs.
(b) Express the Hamiltonian in Eq. [32[in terms of the dual operators.

Note, that

Z -z _ x T —_ x
TnTn+1—HO'm H Ot = Oy

m<n m/'<n+1
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Therefore,
Hy=-J Z(UTZLUZH +gop) — Hi = —Jg Z(Tﬁﬂfﬂ +g7'm).
n n

(¢) Use the dual Hamiltonian to derive a relation between the energy eigenvalues at
coupling ¢g and coupling 1/g.

By the similarity of the Ising Hamiltonian and its dual, and the fact that the
7 and o abide the same algebra, we can conclude that the energy eigenvalues
E(J,g) map to the eigenvalues E(Jg,1/g) in the dual problem.

(d) Argue that the critical point of Hy is at ¢ = 1. Which further assumptions are
needed?

If we assume that the energies are continuous functions of the coupling param-
eters, then the critical point must occur at ¢ = 1. There, the two energies
are equal and therefore the domain-wall excitations and flipped-spin excitations
become in some sense equal.

22. Shift exponent in the quantum ¢* theory

The ¢* field theory with the action

1
S = [ atadr |3 (AT, + 0007 + o) + 55 (62 (39)
with ¢ = 1,2,..., N, has a quantum phase transition at T' = 0, rg = 7.. The shift
exponent 1) is defined via the temperature-dependent phase boundary

Tc ~ (rc - 700>w; (35)

where T, is the critical temperature. To calculate T, note that the phase transition
occurs when the renormalized temperature-dependent mass 7(7) of the order parameter
vanishes. The upper critical dimension for the quantum phase transition is df =4 —2z =
3.

(a) Below the upper critical dimension d_, use a simple scaling argument to relate
to other critical exponents.

The key idea is that the finite temperature T' =~ T, > 0 introduces a length scale
&1 which competes with the correlation length. We consider a small temperature
difference 6T from the critical point, i.e., T = T, + 4.

The thermal energy scale is proportional to Ey, = kT and the correlation time
Eo = hr—1. Now, Ey, ~ Eg yields

-1 —z
Toct " oc&p”.

106



As T « T, we have &p o< T—V/%,
Using the correlation length scaling, we find

§oc [t]™ oc (ro —re) ™
These two quantities compete for £ ~ &p, yielding
&r TC_I/Z ~Eox(rg—re) ",
We find T, o (19 — r¢)”* from which we identify vz = 1.

(b) For d > df, the naive scaling analysis above becomes invalid. However, a perturba-
tive calculation of r(T") becomes feasible. To this end, calculate the self-energy of
the ¢ propagator in bare perturbation theory to first order in ug. The temperature
dependence of 7(T) at rg = r. allows to obtain 1 in this case.

For finite T' we perform the Fourier transform

d -
a / d k Z d)a n zk:ﬁ—l—iwnﬂ-’
where w, = B712mn, n € Z are the bosonic Matsubara frequencies, yielding for
the bare propagator in our theory
Gg = —5(62672 + w2 + 7'0).

Hence, the first interaction correction to the mass term 7y is given by the Feyn-
man diagram

*Qiocuo/ 27)d TZCQ

The crucial observation is then, that one does not need to evaluate this integral
exactly to obain the scaling behavior. Instead, by substituting ¢ = T'¢ and
d?q = Td%¢ we can write the integral as

27mT) +ro

5r(T) o< T ug f(ro/T?),

having defined the function

ddq 1
f(z) = (2m)d £~ 22 + (2mn)2 + &
- q
Therefore, close to the critical point

1
Te oc drd—1

and hence ¢ =1/(d —1).
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(c) Apply the procedure of (b) to a situation with z = 2 where the bare propagator is
G~! =iw, — k% — rq (instead of G~! = —w?2 — k% — ry).

We apply the same procedure as above but replace the propagator to obtain the
self-energy correction in first order as

d4q 1
or(T) x —UQO— x uo/ (27r)dTZ

2@ — i2nnT +rg

n

We use a similar trick, but substitute § = T 5’ and d9q¢ = T 2dd(j' instead,
obtaining

5r(T) o T2 uog(ro/T)

with function

() / d4q 1
r) = :
g (2m)? &~ 2q* —i2mn +

Therefore, 1 = 2/d.

23. Quantum critical point in the dilute Bose gas

Consider the quantum critical point in the dilute Bose gas with the action
S = /dd:cdf(@*&@ + 0 |0:®)? + |VO|* — pu|®* + X || (36)
in d = 2 — € dimensions.
(a) What is the scaling dimension of v?

We perform the rescaling « — bz, 7 — b*7 and ® — b¥®, such that the rescaled
action reads

S = / b2 Al dr (B0 20, P + b % 0,82 + b 2|V
— b | + M |B[Y).
To temporal term invariant, we require
d+2z4+2y—2=0 = y:g.

Therefore, the coupling v scales as

v bR =22, =2y,
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Hence, the scaling dimension is —z, which renders this coupling irrelevant.
This may also be obtained by power-counting with [dz] = —1, [V] =1, [d7] = —=z
and [0;] = z, yielding for the dimension of the field [®] in the temporal term

0 = [S] =d[dz] + [d7] + [0;] +2[®] = [®] = .
Then, for the term with the coupling v, we find

0= [S] = d[dz] + [dr] + [v] + 2[0:] + 2[®] = [v] = —=.

(b) Show that the RG flow of the quartic selfinteraction A is given by

=eX—\? (37)

with suitably rescaled dimensionless .

The linear term can already be obtained from the scaling arguments above. For
this, note that the kinetic term scales with b%t212v=2 = p*=2. By choosing z = 2,
we make this term scale invariant. Then, for the coupling A, we have

A = bd+z+4y)\ — bz_dA — b€A7
for z =2 and d = 2 — ¢, such that

a
dlnb

€N

to first order in A. Furthermore, we know that the coupling v is irrelevant and
ignore it from now on.

To this end, note that the chemical potential term y scales as b%*+2Y = b% hence
the RG flow for this term is

To compute the higher order corrections, we need to consider the renormalized
action in momentum space given by

AJb d¢a % q
Set = / <4 / (2,0 iwd + Zo® PO — Z,ud" D)
0

(2m)d J_ 2w
A/bdd—»dd—‘dd—» % Juwrdwsd
0 (27)3d (2m)3

where Z, are the respective constants obtained by integrating out the high-energy
modes.
The first-order interaction corrections to the coefficients can be computed from
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the following Feynman diagrams

Fw () (1))@ b0 ) x 22

A
A d~ 0o
d d 1
A (2m)F oo 2 +iw + G — p

=0

where in the first term, —1 comes from reexponentiation and 22 are the ways to
choose the contracted ® (®*). The integral is zero, because its only pole is at
i(q®> — p) and hence for suitable regularization this integral vanishes.

The second-order interaction corrections are similarly

>©< (_)‘)2 * * * * 2 2
= (1)L (0700 D) (B DD* D) x 22 x 2
i\ A 2!

A d=~ 0o
d%q dw 1
= —8)\2(D*PP*D / / — — . ;
( ) A (2m) oo 21 (iw + @ — p)(iw + ¢ — )

=0

because all poles are in the same complex plane and

A

(_)\)2 * [—**:}T * 2
A = (—1) 5 (270D D) (20" P) x 2

A d= fe’e)
d%q dw 1
= —9)\2 <1>*<1><1>*<1>/ / — — ;
( ) oy @ ) om o T @ ) t &)
= a?
A d=
d“qg 1
= —2)\? <1>*<1>c1>*c1>/ — +0(p
( )y @myaag T OW
Sq d—2 2
- — A2 In b2 (D DD* P Inb).
2 n A% ( ) +O(p, Ind)

The last term provides the correction to the coupling A. By defining ii = p/ A?
and A = (Sg/(2m)1)A/A?~?, we hence obtain the RG flow equations

di . D
dlnb_z'u’ =€\ — \°.

(c) Determine the critical exponents v, n and z to the leading order in € for d < 2.
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We already determined z = 2 in part (b). For v, note that the mass term gets
rescaled as p — b?p and therefore v = %

For the anomalous dimension 7, we consider the self-energy up to first order in
A, for which we found

S (k) = ko)

A

Hence, n = 0.
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