TECHNISCHE UNIVERSITAT DRESDEN INSTITUT FUR THEORETISCHE PHYSIK

Exercises for “Quantum Phase Transitions” Summer 24
DR. L. JANSSEN Exercise 3 (27.05.24)
1. Generating functional for noninteracting real bosons (4 points)

Consider the (discretized) field theory of a noninteracting real scalar boson field ¢ =
(@k)kle with action

M
1
Slel = Z §SokKleOh (1)
k=1

and positive definite symmetric and real matrix K = K" (“kernel”).

(a) Show that the n-point correlation functions

(nr, .. p1,) = ﬁ/ﬂ %%% .1, exp(—S[]) (2)
k=1

can be obtained from the generating functional

M M
Z[h] = /g \/g;—WeXP <—SM +;hk@k> (3)

via suitable derivatives with respect to the external source (“magnetic field”) h.

(b) Show that the generating functional for a noninteracting real scalar boson field
theory can be computed in closed form as

Z[h] = (det K)~ eXP(Z %hk(K_1>klhl> : (4)

k=1

c) Use the above result to show that the propagator G = wrpr) and the four-point
kl

function G,(jznn

= (PrP1Pmpn) can be written as

G = (K wd G, = GRA + GRGR +aR6R.

2. Partition function for complex bosons (1 point)

Use the result of Problem 1 to show that the partition function Z = Z[0] for the theory
of noninteracting complex boson fields ®, ®* is

Mo, M
Z- / 11 d“ékff’“ exp <— 3 qs;;Kqusl) _ (det k), (6)
k=1

k=1

assuming a positive definite Hermitian kernel K = KT,
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3. Susceptibility exponent v in the large-N limit (5+3* points)

Consider the partition function for the theory of N complex boson fields ®, and @},
a=1,...,N, interacting via an ultralocal two-body interaction,

= / [[ P2 ()D2,(7) e 51" (7)

with action

spr,a] = [ a7 |3 (Ve |2+t|@<>|)+§<z|¢a<f>|2> o ®

t is the tuning parameter for a classical phase transition distinguishing the disordered
phase for ¢ > t. from an ordered phase for ¢t < t.. A denotes the quartic coupling.

(a) Show that the partition function can be written as

N
= /H’Dcp:(f)p(pa(f)'po-(f) e—So[é*ﬁbl—fddf[%02(5)+io(f)\¢(f)l2]7 (9)
a=1

where we have introduced the composite field o(Z) which couples to |®(Z)|? =
25:1 |®,(Z)|? and Sy denotes the Gaussian part of the action S. (This is the so-

called Hubbard-Stratonovich transformation.)

(b) Integrate over all components ®,, 2 < a < N, except the first one, to obtain an
effective theory in ®; and o. Consider the limit N — oo, argue that the saddle-point
approximation discussed in class becomes exact in this limit, and use it to compute
the free energy density.

Hint: The resulting free energy density reads

f
NkgT

2 ddk 2
= (t+0)|P1|" — V In(k*+t+0),

with the saddle-point conditions

k1
(t+0)®1 =0 and 0/\/( + \|® %,

2m) k2 +t+o
where V := [ dZ is the spatial volume, and we have assumed uniform fields |®1]? = - [ d?Z |®1(Z)?
and o = ‘1/ f diZo (Z) at the saddle point, rotated ioc — o, and rescaled <I>1/\F — ®q.

(c) Show that the theory exhibits a phase transition for d > 2 at t. = =\ [ (d kd k12 and

1

that the inverse susceptibility x ™ o t + o satisfies in the disordered phase ¢, =0

the implicit equation

(t+a)<1+A/(;’§dk2(k2+1t+0)>:t—tc, (10)

for t > t.. What happens for d < 27

(d) Assume an ultraviolet cutoff A in the integral over wavevectors and compute the
scaling form of the susceptibility in the critical region ¢t + o — 0 for (i) d > 4,
(ii) d = 4, and (iii) 2 < d < 4. Compare with the predictions from Landau theory
for the original model in Eq. (7).

Hint: (i) x oc [t —te| 7", (i) x oc 1, (1) x o [t — e[ ~2/(1=2),




