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Thermal critical point (TCP) vs. quantum critical point (QCP)
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Thermal critical point (TCP) vs. quantum critical point (QCP)
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TCP vs. QCP: Example

Liquid-gas transition: ..in 3D
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[Guggenheim, J. Chem. Phys. ’45]

Order parameter:
loL — ps| CJI—Tc|P, B=0.33

Transverse-field Ising model:  .in2D

H=-J S:S?—h S

h/J < (h/J)c h/J > (h/J)c |

Order parameter:
Im,| CJJ1— J.|P; . =0:33

... and other exponents also agree
[Elliot et al., PRL ’70]




TCP vs. QCP: Example

Liquid-gas transition: . in 3D Transverse-field Ising model: ..in2D
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Landau-Ginzburg-Wilson theory

Assumption:

e R ———— ==

Transition uniquely characterized by order-parameter fluctuations
| et 7

Continuum field theory: S[¢] = d9F 2(LEA + 2¢% + Ap* + ...

¢ ... order-parameter field

Mean-field theory (Landau):
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Landau-Ginzburg-Wilson theory: Successes

Ansatz works remarkably well ...

. magnets (%)
[Wilson & Fisher, PRL ’72]

k-
... superconductors (G151 )
[Halperin, Lubensky, Ma, PRL ’74]

T> TC T<Tc

.. Mott transition in Fermi-point systems (@, ¥, ¥)
2D Dirac: 2D QBT: 3D QBT:
[Herbut, PRL ’06] [Sun et al., PRL ’09] [Herbut & LJ, PRL "14]
[Raghu, Qi, Honerkamp, Zhang, PRL ’08] [Scherer, Uebelacker, Honerkamp, PRB ’12]
[Assaad & Herbut, PRX ’13] [Pujari, Lang, Murthy, Kaul, PRL ’16]
[LJ & Herbut, PRB ’14]
[He, Xu, Sun, Assaad, Meng, Lu, PRB 18]

... .and more
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Challenging Landau’s paradigm

(A) “Fluctuation-induced” quantum criticality

... 1.e., mean-field theory becomes invalid

TA
... Kekulé QCP
... despite the presence of cubic term in S[®]
[Li, Jiang, Jian, Yao, Nat. Comm. "17] xx (%)
[Classen, Herbut, Scherer, PRB ’17]
> Jt
Dirac semimetal FIQCP Kekule-VBS
(B) “Top()k)gica |’ qua ntum Critica“ty ... adjacent phase characterized by topological order
... 1.e., no local order parameter
... Kagome spin liquid ... topological insulator :
| 5 fopel
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(C) “Deconfined” quantum criticality

[Senthil, Vishwanath, Balents, Sachdev, Fisher, Science ’04]

/U

... continuous order-to-order transition

.. Characterized by fractionalized excitations



Deconfined quantum criticality

(1) Néel-to-Kekulé transition on honeycomb lattice

... anticommuting masses

standard deviation
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... emergent SO(4)?



(2) Strong-coupling limit U - oo :

[Senthil et al., Science ’'04]

H:JZSi.Sj—QZ (Si-Sj—%) (Sk'sl_%)
[j ]
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Breakdown of Landau-Ginzburg-Wilson

Continuum field theory for Néel phase: [Senthil et al., Science *04; PRB "04]
— _/dzrdﬂ (0_p —|—SB .. O(3) nonlinear o model

.. with “Berry-phase” term Sg

Néel order parameter: R oc (—1)'S, r ... lattice site
Spin Berry phase: Sg = iS _(—1)rAr A, .. area enclosed by r, (fi)

I

.. nonvanishing for monopole events: ) '\ '\, tt

.. e.g., creation of skyrmion with Q = 1 d?rn- (xR x @yR)

Order parameters:  Neel: (nq, no, n3) VBS: (Re M, Im M)

M ... monopole operator



Breakdown of Landau-Ginzburg-Wilson
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Field theory for deconfined criticality

Reform U |at|on: ... CP1 parametrization

4 z= (z1, z2) ... complex “spinon”

CP! model:

5= [ drdr | 3 1@0-=ib)z P = (1af +12F)’

| =172 .

b, ... “photon”
. monopoles = instantons in b,

Senthil et al.:  Monopoles irrelevant at critical point!

[Senthil et al., Science '04; PRB ’04]

Natural field theory: noncompact CP! model (NCCP?)



Field theory for deconfined criticality
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‘ Deconfmed QCP = crltlcal pomt Wlth fractlonallzed eXC|tat|o

W|th fractionalized excitations being “confined” in either phase



Field theory for deconfined criticality

Reformulation:

... CP1 parametrization

jomplex “spinon”

CP1 mod o0
C
A4 ]
a, ... “photon”
... monog

Senthil e1 Neel o Y1) spin
O J. g %0 liquid

e ’04; PRB '04]

| [Senthil et al., JPSJ *05]
Natural fi
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‘ Deconfmed QCP = crltlcal pomt Wlth fractlonallzed eXC|tat|o

W|th fractionalized excitations being “confined” in either phase



Alternative formulations of deconfined QCP

Duality conjecture:
[Wang Nahum, Metlitski, Xu, Senthil, PRX ’17]

- | ]
‘noncompact CP! model 1 QJEDg—Gross—Neveu model
] - - |

(z1;22;2);20:b2) = (1 2 1 oal)

S Doz = (|4 +121P)° = > (%iDavi + dvid) + V(9)

... with V(@) tuned to criticality

Explicitly:

Z lﬂ) { < C?}(i) {
(N1; Ny N3; N4 NG) ~ (2 Re Mp;2ImMy; 2" 02,z 22" ) i
~ iee( IMa)i —Im (1 Ma)iRe ( oMa)iim (oMo

u(2)

... part of “duality web” in 2+1D:

[Seiberg, Senthil, Wang, Witten, Ann. Phys. '16]
[Karch & Tong, PRX ’16]

[Thomson & Sachdev, arXiv '17]

. naturally explains emergent SO(5)!



Consequences of NCCP! L_QEDk-Gross-Neveu

Predictions for critical behavior: [Wang, Nahum, Metlitski, Xu, Senthil, PRX *17]

T =z L _ o
(1) [z'o"z] =[¢] = MQEDs-GN = TNeel = NVBS - from ¢ [z
... TNnéel = Mves consistent with QMC
[Sandvik, PRL ’07]

|

(2) 2] =]

&DyGN — ﬂel—VBS o from (231 ::) L@ 22;27z;::0)

(3) [7'/;0-21/}] — [¢2] — [‘(/;O'Z’dj] =3 — 1/1/QED3—GN o from [F1 [Z'k

... hontrivial prediction fully within QED3-GN

... allows quantitative test of duality conjecture

S— - — ———
'Here: (a) Existence of QCP in QED3-GN m

odel? ... prerequisite for duality l‘

[ !
' (b) Critica| behavior? ... & comparison with duality prediction ‘

- - i i . __ ___ __|



QED3-Gross-Neveu model: GN [imit

Lagrangian:
_ B 2 4
Lyp = Z [ (@ — (—@,)[H-
1=1,2 ..in D =2+1
- . 2 i=1,....2N
Gross-Neveu limit (e - 0):
Gross-Neveu-Yukawa theory Gross-Neveu theory
o 4 N D=4 S nPsee
0 r 2 E (1 11N\2
Y gYY + 54" ~ ——(¥y)
o IR fixed point UV fixed point
, (L—) ° — — >g°
G W 0 (9°=r). r
[Herbut, Juricic, Vafek, PRB ’09]

- GN-QCP exists for all 2 D <4 and can be understood as either .. J
| ... IR fixed point of GNY or ... UV fixed point of GN )l

[Zinn-Justin, NPB "91]



QED3-Gross-Neveu model: QED3 limit

Lagrangian:
Lyp= Y [ i(0u—ieay),, i+g] ] +F>kH A
QED3 Iimit (g — O) : (a) —— .- ' ’ ............. T T .|
L A Thirring_.— —
1.0 I - % ——— -
0.8}
Nl 0.6
IJ|0 !
S04
S |
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AN T T T AN
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... conformal phase at large N e? /20D

[LJ, PRD '16]



QED3-Gross-Neveu model: QED3 limit

Lagrangian:

1=1,2

QED3 limit (g — O) :

... QCP and cQED approach each other

S

i_gg:\::ﬁ:;?//t N
K 2 AN
00 02 04 06 0.8 1.0 1.2
3(4—d)
62/W

[LJ, PRD '16]



QED3-Gross-Neveu model: QED3 limit

Lagrangian:
L:IIKP — Z [ i (@u _ ieau)au i+ 02T 4

QEDs limit (g - 0) : (o)

... collision of fixed points
[LJ, PRD ’16]



QED3-Gross-Neveu model: QED3 limit

Lagrangian:

Loe= Y [ @ —iea)o s +9TT TTi@=t)TH

1=1,2

S

QEDs limit (& = 0): @ (7777 TN < N1 T

- e — //

A - _—— - // ]
N A\\\\-

.. runaway flow!
[LJ, PRD "16]



QED3-Gross-Neveu model: QED3 limit

Lagrangian:

Coe= 3 [0 —iea). 1+ o LT T Ha—g T

1=1,2

S

QED3 limit (g — O) :

[LJ, PRD '16]

1000 ...................
_8¥m - — = Nt (2 4 ¢ exp.)
Tt/ —— N¢&onf (perturb. exp.)
100 F —— NX®B (F theorem)
N
conformal
10 F Lorentz
symmetry
breaking
1 e . . . 1, - P - . .
2.0 2.9 3.0 3.9 4.0
d
. | [Appelquist, Nash, Wijewardhana, PRL ’88]
... QED3 (potentially) unstable at low N! i, oo, L) Roscher, PRD 14

[Di Pietro et al., PRL ’16]
[Herbut, PRD ’16]



QED3-Gross-Neveu model: QED3 limit

Lagrangian:

1=1,2

S

QED3 limit (g — O) :

[LJ, PRD '16]

- - - NCOIlf (2—|—eexp)

5 ’ — —
ﬂ /
‘ J
| il
i\
|

10 F orentz -
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breaking
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i T breaking (allowed)  °N, .
2.0 2.5 3.0 3.5 4.0
d
. | [Appelquist, Nash, Wijewardhana, PRL ’88]
. QED3 (potentially) unstable at low N! o, s, Ly Roschor, PRD *14]

[Di Pietro et al., PRL ’16]
[Herbut, PRD ’16]



QED3-GN model: Fermionic RG

Integrate out L:

gL i+§ B ou( ; ;)

... uwill also generate other four-fermion terms

General four-fermion theory compatible with U(2N): Gies & L, PRD *10]

L = ;,-(0_—1ea.) ~+u( ; i)2+V( i »— i)2

One—loop RG: .. at large N

du
dinb

u— 8u? + 2¢*

v




QED3-GN model: Fermionic RG

Integrate out L:

gL i+§ B ou( ; ;)

... uwill also generate other four-fermion terms

General four-fermion theory compatible with U(2N): Gies & L, PRD *10]

L = i,_(0_—ieal) +u( i i)°+Vv( i, i)
One—loop RG: .. at large N
du
— g 2 + 2 4
dinp & o T e

gauge fluctuatlons stabilize” QEDg—GN flxed point! ‘

|n contrast to QEDg Thirring fixed pomt

| . . o __ ___ - = —



Fermionic RG: Flow diagram L) & v-C He. PRE 17

u, v ... four-fermion couplings
710 €2 ... gauge coupling
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Fermionic RG: Flow diagram L) & v-C He. PRE 17

(a) AV (b) U u, v ... four-fermion couplings
——— __ _E — T ——————3 1 () e2...ggecouling

= —_— — =

- Critical exponents: ,

|

|
Y ;
* [ L ] =2+ 0(1:N) = ”"ZGZ"/} — O(]':N) ... trivial ‘

| 1/v =1+ O(1/N)
‘ |
[1/“/}] =1+ O(l/N) — N 1+ O(l/N) ... large anom. dimension! |




Gauged four-fermion model: Large-/N expansion

Lagrangian:
L = ;(@_—iea) j+u( i i)
... without 8?¢? and ¢* terms
Critical exponents in 2 < D < 4. [Gracey, Ann. Phys. '93]
(D—1)r(D—1) 1 :
" ropr 52 v O
_ 16 .
_1+7T2N+O(1/N) ..inD=2+1
(D + 1
1 =D _2 ( 1)4_0 + O(1=N?)
2[M(D=2)]3T 5 N
24
=1 + O(1=N?
12N ( ) ..inD=2+1



QED3-GN model: 4-¢ expansion

Lagrangian:

IS

Ly = Z [_i(@p,—ieap,),p, i +g L] i}"'_ (\r_@i +

1=1,2

Engineering dimensions:
4 — D

[e] =4 — D, lg] = >

A =4-D

... become simultaneously marginal near D = 3+1 |

i‘ f— = __ _ ————— = g —— ’

. & eXpanSion n D = 4d-¢ possible! |

m— —l|



QED3-GN model: Flow diagram in D = 4-¢

0.0} ——=—=—=-¢¢

(R e yyyy AN (A
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... fully IR stable fixed point

.for N=1

[LJ & Y-C He, PRB ’17]



QED3-GN model: Critical exponents at O(¢)

[LJ & Y-C He, PRB ’17]

Gauge-field anomalous dimension:

11a:4_D

... consequence of Ward identity

a(p) I——I—I|2 Na |p|D 2 | ... exactly

... as In pure QEDs3

Gauge propagator:

Critical exponents:

2N+ 9 5
— +
M6 = Sn 43¢ O(e”)
1 10N? + 39N + f(N
YT T T 2aNeN et 0()
N + 6 ( +3) ... with f(N) = 4N* + 204N3 + 1521N2 + 2916N
— +
z — 2
Yo 9] =3~ J e+ O(e)

... large O(e) corrections



QED3-GN model: Critical exponents at O(&3)

[lhrig, LJ, Mihaila, Scherer, arXiv:1807.XXXX]

Gauge-field anomalous dimension:

N, = €+ O(c") . consistent with Ward identity
Critical exponents (Large N):
N ”1 + %ne j\QI 37\3/ + O(1/N?, €%
— :2—”1+%“> | ;Nz | >N3 - O(1=N2;5%)

... coincide with 1/N expansion of four-fermion model!



QED3-GN model: Critical exponents at O(&3)

[lhrig, LJ, Mihaila, Scherer, arXiv:1807.XXXX]

Gauge-field anomalous dimension:

n, = € + O(e*)

... consistent with Ward identity

Critical exponents (Large N):

T 3 e2 33

€
= 14+ — + O(1/N?,
N N € N AN (/ €)
23 6“ 7>2 >3
=1l _N12. .4
— 2 14 — | | - O(1=N?;
ty 2tan T O >)

|
QEDs-GN (IR FP) = gauged four-fermion (UV FP) {

) _ i

.. coincide with 1/N expansion of four-fermion model




QED3-GN model: Critical exponents at O(&3) for N =1

Critical exponents (N = 1):
N 2.2¢ — 0.222725¢° + 16.8838¢> + O(e*)

vt =2 —3.90514¢ + 7.47146€° — 90.5962¢> + O(€*)

[WoZy] =3 — 1.6€ + 1.987¢® — 17.46¢> + O(e*)

... large O(€®) corrections

Padé approximant:
ap +ap>+:::a.,>"
1+Dbyp>+---+Db,>"

[m=n] =



QED3-GN model: 2+1D estimates (N = 1)

Padé estimates for N = 1: [lhrig, LJ, Mihaila, Scherer, arXiv:1807.XXXX]
Order ‘'m/n] 1/v No Uao, P
2 0/2 0.6602 — 2.5964
1/1 0.6595 1.9978 2.2863
] 1/2 0.6774 - 1.9894
2/1 = 2.1971 1.6030

Mean values:

1= 0:67(1)

[T =] ~ 2:12(50)




QED3-GN vs. NCCP? duality: SO(5) scaling relation

[lhrig, LJ, Mihaila, Scherer, arXiv:1807.XXXX]

Scaling relation from SO(5) symmetry:

[ F1]=3—1=[

Our estimates:

= 2:33(1)

))

[ 1] =~ 2:12(50) 3—1=

... consistent with duality prediction!



QED3-GN vs. NCCP! duality: AFM-VBS numerics

[lhrig, LJ, Mihaila, Scherer, arXiv:1807.XXXX]

Duality prediction:

- QED3-GN — Neéel — VBS
We find:
TIQED;3-GN > 1 ... In agreement with 1/N expansion
[Gracey, Ann. Phys. '93]
AFM-VBS transition (MC): [Sandvik, PRL *07; PRL *10]
y . [Nahum et al., PRX ’15]
Néel =~ VBS < 1 [Shao et al., Science ’16]

. inconsistent with duality prediction! .. similar inconsistency for v



QED3-GN vs. NCCP! duality: Possible scenarios
QED3-GN critical behavior is ...
consistent with SO(5) duality relation

inconsistent with numerics for AFM-VBS transition

Three potential scenarios:

(A) Only Weak dua“ty hOIdS ... 1.e., not the same IR fixed points

... 1.e., emergence of SO(5) correctly predicted,
but absolute values incorrect

(B) Perturbative approach fails

(C) No unita ry fixed pOint ... i.e., annihilation & complexification of fixed point
[Nahum et al., PRX ‘15]



Conclusions

QED3-Gross-Neveu model ... [LJ & Y-C He, PRB '17]

. interesting due to possible duality with NCCP1

... l.e., theory of Néel-VBS deconfined critical point

has a sta b|e ﬁxed point ... even when cQEDs3 collides with another QCP
... prerequisite for duality to hold

... critical behavior computable within 4-¢ expansion

... all couplings simultaneously marginal
th ree—Ioop exponents: [Ihrig, LJ, Mihaila, Scherer, arXiv:1807.XXXX]

e consistent with SO(5) scaling relation

e inconsistent with AFM-VBS numerics .. large anomalous dimension 7
... however: large ne necessary for emergent SO(5)

[Nakayama & Ohtsuki, PRL ’16]



