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Introduction: Dualities in field theories

Dualities in SUSY theories
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Dualities in condensed-matter field theories: Three examples

Ex #1: \T

BKT transition in classical planar magnets: l <—/l
2D XY—Sine-Gordon duality A NN
1 Y

Ex #2:
Superconducting transition in type-ll materials:
3D XY —Abelian-Higgs duality

Ex #3:
Deconfined QCP in quantum planar magnets:
241D NCCP!—QEDs3-GN duality




Dualities in condensed-matter field theories: Three examples
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BKT transition in classical planar magnets: l 4—/ l
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Ex #1: Planar magnets [Herbut, CUP 07

Classical 2D XY model:

B . B _ [cosfO(r;)\
%XY — — ;S, . SJ Wlth S,‘ — S(r,') — (sin 9([’,)) : R2 —> 51
ij

... In continuum limit



Ex #1: Planar magnets [Herbut, CUP 07

Classical 2D XY model:

(cos@(r;)) 2 e

HXY —_ — ;S, : SJ with S,‘ — S(r,-) sin Q(I’i)
1)

... In continuum limit

Closed contour C € R?: Example: )

w = i %dr - VQ(I‘) c / ... winding number T f / ‘ 4 ,' T

2

S, /l Ny ,

vortices ... gi. vortex charges

in C



Ex #1: Planar magnets [Herbut, CUP 07

Classical 2D XY model:

(cos@(r;)) 2 e

HXY —_ — ;S, : SJ with S,‘ — S(r,-) sin Q(I’i)
1)

... In continuum limit

Closed contour C € R?; Example:, C N\
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W = — %dr ' ve(r) - 2, ... winding number

2
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Ex #1: Planar magnets [Herbut, CUP 07

Classical 2D XY model:

B . B _ [cosfO(r;)\
HXY — — ;S, . SJ Wlth S,‘ — S(ri) — (sin 9([’,)) : R2 —> 51
ij

... In continuum limit

Closed contour C € R?:

1
W = E dr ' ve(r) C Z ... winding number
vortices ... gi. vortex charges
in C




Vortex excitations

|Isolated vortex:

0(r) = qa where r=r (

COS O
sin o

)

N
— O —

/1IN



Vortex excitations

|Isolated vortex:

sin o

N %
o(r) = g where r:r( ) 71;<>

Energy: = system size
1
2 2 R— o0
Ev == [ d°r(VO(r))" = mg°In — > 00
2 ... vortices suppressed at low T
“vortex size’ ... short-distance cutoff rn 2 a



Vortex excitations

|Isolated vortex:

sin o

N %
o(r) = g where r:r( ) 71;<>

Energy: = system size
1 R— o0
... vortices suppressed at low T
“vortex size’ ... short-distance cutoff rn 2 a
Entropy:
R 2
R— o0
SV = InQ~In|[ — > OO ... (same) logarithmic divergence
iy ... vortices proliferate at high T



Vortex proliferation

Free energy (isolated vortex): Phase diagram:

AF =Ey — TSy

210 X o7 in & j;; o ©
= mqg° In n —
ro o AR ©®0®®
{>o for T < 7g? s ¢ ¢
<0 forT > Tq? —_— e
2 TBKkT I
vortices suppressed vortex plasma
Transition temperature: algebraically ordered disordered

T
Iekt = 5

... above which g = 1 vortices proliferate



Duality transtormation: Sine-Gordon model

XY model:
27T 27T
T — do, —Hxy /T _ do, - I“ cos(0i—0i+p)
XY — 5 € — > e N ,
0 n / 0 n ~Nju ... “current” with V-n=20

= original lattice

.......................................

dual lattice”



Duality transtormation: Sine-Gordon model

XY model:
27T 27
Z o '|—|' del e—ny/T . ]_[ d@, e% ia COS(G, 9"|'IL)
Y 2T N 2T v
0 [ 0 ~Nju ... “current” with V.n=0
= original lattice
Dual model:
‘ role of T inversed!
T )2
Z — E e_ 2 ;,ﬂ(m’+“ m’) ... using Villain approximation 8 ~ 27Z -+ 66
dual ... and Hubbard-Stratonovich n;,, ~ 0; — 0;1
{m } ... and n(r) = (8, m(r), —8xm(r))

~ / DQDe_f drLsc(e)

......................................

with Lo = © (V(r))” — 2y cos (2mp(r))

... “‘sine-Gordon model”

... assuming low “fugacity” y = efr « 1

dual lattice’
8



Renormalization group

Flow equations:

dy s |
L 3 ... irrelevant for T < T
d |n b o (2 T) y _|_ O(y ) ... relevant for T > %

2
dT L | O 4 ... marginal for y =0
d In b — 27— | (y ) ... relevant for y >0
Flow diagram:
Y XY model
dielectric metallic

-z T

... Justifies a posteriori simple energy-entropy argument

N | S

noninteracting!



Critical behavior and algebraic order

0
For T< TC: )7/-:7-00<g

. : 1
<e’9(r)e_’9(o)> X [ Tou/ 2 “algebraic order”

W ... on line of fixed points

FOF T — TC: y — 0
I — 3
i0(r) .—i6(0) 1
€ € X |r|]_/4 .. ile,n=1/4
For T> T

<ei9(r)e_i9(0)> x e I"/& with correlation length

10
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dielectric

¢ o eCA/Te/(T—T.)

metallic

T
Tkt = >

... essential singularity
... since T marginal at y=20



2D XY —Sine-Gordon duality

XY model Sine-Gordon model
T 2
Lec = §(V<p) — 2y cos(2Tp)
.. with8=60+2r 77 PN ... without any constraint on ¢
spin angles vortex density " vortex fugacity )

AP

A o

AP

AR A
spin piCtU re ... vortices gapped vortex piCtu re ... “Coulomb plasma”

Phase diagram:

N — -

0 ordered Tkt 0 disordered I

Y disordered Y ordered ... “disorder variables”

“dielectric phase” “metallic phase”
11



Dualities in condensed-matter field theories: Three examples

Ex #2:
Superconducting transition in type-ll materials:
3D XY —Abelian-Higgs duality

12



Ex #2: Superconducting transition in type-ll materials

3D Abelian Higgs model:

[/AH — \(V — 2iea)

Phase diagram (type-ll superconductor): Meissner effect:

H %

magnet

13



Duality transformation: 3D XY—Abelian Higgs

3D XY model: B
27T
d@,’ lz cos(0;—0;.4)
Ixy = / eT &ip U _TH
U 0 27(- ~Nju ... “current” with V-n=0
Resolution of constraint:
n(r) =V x m(r) with gauge invariance m(r) — m(r) + Vx(r)
Dual model:
2
ZaH = /ngDqS*Da e Lar with Lan = |(V — lﬁa)gb\2 r|gl>|2 )\|¢\4
’(\c\eﬂ “magnet'\c moﬂopo‘e"
vl \ .
Correlation functions: <e'9(r)e—'9(r)> _ ZanMa(r), Mi(r)]
XY Zan|0, 0]

14

2(V x a)°




Dualities in condensed-matter field theories: Three examples

Ex #3:
Deconfined QCP in quantum planar magnets:
241D NCCP!—QEDs3-GN duality

15



Ex #3: Deconfined QCP in quantum planar magnets

Toy model (spin-1/2 on square lattice):

H=JY 5-5-0% (S5-5-1)(S-5-1)
(iJ)

[Sandvik, PRL '07; PRL "10]

Phase diagram:

I

N éel

16



Ex #3: Deconfined QCP in quantum planar magnets

Toy model (spin-1/2 on square lattice):

H:JZ§;-§j—QZ (—)i'gj—%)(—)k'
(i)}

Phase diagram:

[Sandvik, PRL '07; PRL "10]

Néel
e | A A
O 4 // E E \

V Q AN
/ E E \ \
(T (q) \
N A L -, \
l| = Or & |
\\ — — /

\ Q ) () )
\ P [ Neéel VBS T | Neéel VBS /
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Ex #3: Deconfined QCP in quantum planar magnets

Toy model (spin-1/2 on square lattice):

H=JY 5-5-0% (S5-5-1)(S-5-1)
(iJ)

[Sandvik, PRL '07; PRL "10]

Phase diagram:

N éel

>

Order parameter

Néel VBS

“Deconfined” quasiparticles

[Senthil et al., Science '04; PRB '04]

16



Field theory for deconfined criticality

Fractionalization:

... CP! parametrization

z=(z1, z2) ... complex “spinon”

Continuum field theory:

R 2
SZ:/dzrdT Z ‘(a _Ib )Za|2 (‘Zﬂz |22‘2) b, ... “photon”

i .

I\/Ionopoles |rre|evant at crltlcal pomt| | [Senthil et al., Science '04; PRB "04]

— “noncom pa ct CPl model” ... with conserved flux (but monopole operators exist)

_ __ e ———— I *)_E.’*“i:'
‘4 Deconfmed QCP = cr|t|ca| pomt Wlth fractlonallzed eXC|tat|o

... with fractionalized excitations being “confined” in either phase

17



Field theory for deconfined criticality

Fractionalization:

... CP! parametrization

00 VBS

z=(z1, z2) ... complex “spinon”

7V4
/j \\ A b, ... “photon”
j . anthil et al., Science '04; PRB '04]
Neel ® L_J(1_) ad

gC oo liquid

g lux (but monopole operators exist)

Continuum field t

— “noncompact (

[Senthil et al., JPSJ '05]

— - — — e

— — — ——
‘; Deconfmed QCP = cr|t|ca| pomt Wlth fractlonallzed eXC|tat|o

... with fractionalized excitations being “confined” in either phase

17



Evidence for deconfined criticality: Large N

Field theory (noncompact CPN-1 model):

S, :/CIQFCI"T

MC [SU(N) Ji-J» Heisenberg modell:

1.0

TINéel

0.8

0.6

04}

02}

® Ji-Jo model
J-Q model

— 1/N expansion

| 0.2 04
1/N

[Kaul & Sandvik, PRL "12]

a=1,2

18

Z (Ou — ’.bu)zoz|2 - (‘Zl|2 T |22‘2)2

7
03 [— 0.1246 e o —
—— 0.1246+0.3815/N g
o square e
honeycomb ,//
<l rectangular -7
< e
N -7
N 7
~—_ 7
P //
) | < _
N 0.2 P
> >
< 7
//
| PR
1_| //
N— P
7
0.1 | | | | . |
0 0.1 0.2 0.3 0.4 0.5

Lou et al., PRB '09]
Kaul & Sandvik, PRL '12]

Block et al., PRL "13]

[Dyer et al., JHEP '16]

... excellent agreement



N = 2: Emergent symmetry?

))) \ £Q model
[0.10
0.08 m= (@x. ¢y, Nx, Ny, N)
- 0.06
- 0.04
I Noncompact CP! model:
0.02
0.00 7= (2Re Mp,2Im My, z O'XZ,ZTO'yZ,ZTO'ZZ)
A
' Néel order parameter
| _ monopole operators
... Isotropic!

—

Emergent SO(5)7

19

[Nahum et al., PRL '15]



Dual Ity conjecture [Wang, Nahum, Metlitski, Xu, Senthil, PRX "17]

| S e — = e e e e ——— *,g;__.ﬂ
‘Noncompact CP! model < QED3-Gross-Neveu model |
Bl/'/lg I 2 f e _ |

Z Dpzo| — (|z)° + |2|°)” & Z (YiDi + dii) + V()

a=1,2 1=1,2 ... with V(@) tuned to criticality

... part of “duality web” in 2+1D:

[Seiberg, Senthil, Wang, Witten, Ann. Phys. '16]
[Karch & Tong, PRX '16
[Thomson & Sachdev, PRX ’17]
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Dual Ity conjecture [Wang, Nahum, Metlitski, Xu, Senthil, PRX "17]

— — _ = [ . _ S — _— [ ——

| o S o o S T T - | “’
‘Noncompact CP! model <= QED3-Gross-Neveu model “

B | I . __ — I _
g
S Dozal — (|22 +1212)° = S ($iD.wi + $9iv) + V(9)

a=1,2 1=1,2 ... with V(@) tuned to criticality

... part of “duality web” in 2+1D:

[Seiberg, Senthil, Wang, Witten, Ann. Phys. '16]
[Karch & Tong, PRX '16
[Thomson & Sachdev, PRX ’17]

Neel order parameter

o moﬂopO\e '\f\ b \
Explicitly: \ A 'Sing orge,
U(1) O(3)  Paramete,
(1, N, n3, Ng, ns) ~ (2Re My, 21m My, o,z ZTO'yZ, zTaZz) \(,

N {Re (Ia), _m (¢1Ma)' Re (1/};/\/13)1 lm (“/};Ma)'gb}

. naturally explains emergent SO(5)!

20



ldea of a “derivation’ of the duality

Phase diagram of a “mother theory:

(¢) =0
g Normal
('_3 insulator
g.
Quantum Hall
insulator
<¢> # 0 free\Dirac

=
. ©©

| - | o e e
Free Dirac vs. XY-Chern-Simons: Two limits of the same transiti

[Seiberg, Senthil, Wang, Witten, Ann. Phys. '16]
21



Consequences of CP! <= QED3-Gross-Neveu B, e e 1y

[Ihrig, LJ, Mihaila, Scherer, PRB '18




QED3-GN model: 4-£ expansion

Lagrangian: [LJ & He, PRB "17]

_ - 1
Ly = Z Yi(0u — ieap)yu¥i + gdyivi| + §¢(r — 05)p + A’

1=1,2

Engineering dimensions:
4 — D

[e*] =4 — D, g| = ;

... become simultaneously marginal near D = 3+1 !

g expansion in D = 4-¢ possible! l‘

- I R _ _ _ — |

23



QED3-GN model: Flow diagram in D = 4-¢

0.3

0.2

0.1

0.0

-0.1

-0.2

-0.3

... for N =2

A€

[LJ & He, PRB '17]

. fully IR stable fixed point

24



QEDs3-GN model at three loops

[lhrig, LJ, Mihaila, Scherer, PRB 18]

Critical exponents (N = 2):

e = 2.2€ — 0.222725¢° + 16.8838¢> + O(*)

vt =2 —3.90514¢ + 7.47146€* — 90.5962¢> 4+ O(*)

[Yo?yP] =3 — 1.6€ + 1.987¢* — 17.46€> + O(€*)

... large O(€?) corrections

Padé approximant:
a + a1€+...ane™

im/n} = 1 4 bie+ -+ bpe”

Mean values:

1/v =10.67(1) [Yo?y] ~ 2.12(50)

25



QED3-GN vs. CP1 duality: SO(5) scaling relation

[Ihrig, LJ, Mihaila, Scherer, PRB ’18]
Scaling relation from SO(5) symmetry:
Yoy =3 - 1/v
Our estimates:

[Yo?y] ~ 2.12(50) s 3—-1/v~233(1)

.. not inconsistent with duality prediction!

Comparison: Large-N (QED3-GN) — numerics (J-Q model)

N ~ 0.17-0.30 VS. MNéel ~ TVBS ~ 025(3)

remarkab/y /argel e
(bosonic QCP) |

[Boyack et al., PRB '19] o [Nahum et al., PRX "15]



Conclusions: Three examples for dualities in cond-mat field theories

2D XY—Sine-Gordon 3D XY—Abelian-Higgs 241D NCCP!'—QEDs3-GN
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