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Motivation: SU(N) Hubbard-Heisenberg models

Hamiltonian: = —t Z c,acja + H.c.) 2N Z (c,acja ﬁc,ﬁ + cT Cio ,Bcjﬁ) o, Bf=1,..., N

(i) (ij),o,B
[Affleck & Marston, PRB ’88]
[Read & Sachdev, NPB ’'89]
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]_ /N [Lang, Meng, Muramatsu, Wessel, Assaad, PRL '13]
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Realization #1: Superconductor / topological insulator heterostructures

wol}

SC

STI [Fu & Kane, PRL '08]
[Rahmani & Franz, Rep. Progr. Phys. '19]




Realization #1: Superconductor / topological insulator heterostructures

wol}

/
QYj -« Py =
SC

STI [Fu & Kane, PRL '08]
[Rahmani & Franz, Rep. Progr. Phys. '19]

Effective model: H = Z ity + Z ikl ViYL T+ - - “Majorana-Hubbard models”

i ijkl

7 m .
Grosfeld-Stern rule: arg (l 2. tn—l,ntn,l) — 5(” — 2) |Grosfeld & Stern, PRB "06

[Liu & Franz, PRB 15

., [Wamer & Affleck, PRB ’18]
Square lattice: T flux [Li & Franz, PRB '18
Honeycomb lattice: O flux [Tummuru, Nocera, Affleck, PRB "21]
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Realization #2: Kitaev honeycomb model

Spin-1/2 on honeycomb lattice:

Hamiltonian:

blue links green links red links

Exchange frustration

[Kitaev, Ann. Phys. '06] Review: [Trebst, arXiv:1701.07056]



Parton construction

. . X ~ X ol P, ¢
Majorana representation: o"— 0" =Ib'c

o/ — o’ =ib'c

o — 0° = [b°c

Fractionalization:

H — /:/ — —I'Z Kfy(l'b’l-yb;-y)C,'Cj

i)y
— ﬁ,‘j — ﬁL

Fermion spectrum:

1 spin 4 Majoranas

with gauge constraint

static!

Ground-state flux pattern: u =1
[Lieb, PRL '94]

Review: [Trebst, arXiv:1701.07056]




Parton construction
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(2) SO(N) Majoranas in frustrated magnets



Generalizations of Kitaev model: Spin-orbital liquids

Spin + orbital + ... degrees of freedom:

IR

——(— ———
o% 2 x2 TP =" 4x4 [* 8 x 8
C=0,1 C=273 C=4,5

... can realize all 16 topological superconductors
[Chulliparambil, ..., LJ, Tu, PRB "20]



Generalizations of Kitaev model: Spin-orbital liquids

Spin + orbital + ... degrees of freedom:

IR

—8—0— ———
0% 2x2 TP =" 4x4 * 8 x8
C=0,1 C=23 C=4,5
... can realize all 16 topological superconductors
Example #1 (square lattice): Kitaev orbita [Chulliparambil, .., LJ, Tu, PRB '20]

Majorana representation:
o’ @15 = ib'cX

o’ Q1 = ib°c”

o’ ® 7% = ib3cX e ... recover known model for j = 3/2 square-lattice spin liquid: I
K @1 = bt~ [Yao, Zhang, Kivelson, PRL "09] 2 itinerant fermions
21 = e [Nakai, Ryu, Furusaki, PRB '12] C =2



Kitaev honeycomb spin-orbital model

Example #2 (honeycomb lattice):

Majorana representation:

(iJ)

10

\,.,/ ¢ \,‘,/ "N\
| |
AN NG
] ]
3 itinerant fermions
C=3

... recover known model for j = 3/2 honeycomb spin liquid:

[Yao & Lee, PRL '11]
[Natori & Knolle, PRL '20]



Kitaev honeycomb spin-orbital model

Example #2 (honeycomb lattice):

Majorana representation:

H— K 1ujjC; Cj

(iJ)

10

Nee” N N
| |
AN NG
i i
3 itinerant fermions
=3

... recover known model for j = 3/2 honeycomb spin liquid:

[Yao & Lee, PRL '11]
[Natori & Knolle, PRL '20]

‘Can find perturbations that leave gauge field static!|

... crucial for controlled analytical approximations

... allows sign-problem-free QMC



Flux-preserving perturbations: Heisenberg spin exchange

Kitaev-Heisenberg spin-orbital model:

H=-K> G-d;@r/r+J) & &1l
(i)~ )

Majorana representation: H— Z {Kiu,-jc,-ch + J(c;’ Ec;) (c; Ecj)} "SO(3) Majorana-Hubbard model”
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Flux-preserving perturbations: Heisenberg spin exchange

Kitaev-Heisenberg spin-orbital model: H=—-K Z 0;i-0;® T'YT'Y - JZ ogi-0; @1;1;
(i)~ )

Majorana representation: H— Z [Kiu,-jc,-ch + é(ciT Ec,) . (cjT ECJ')} "SO(3) Majorana-Hubbard model”
(ij)
Phase diagram:
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Gross-Neveu-SO(3)* quantum criticality

Phase diagram:

IDMRG:
Gross- Neveu SO(3)* "2 05| Akedkdddhdkhodkded |10
\M\M\ i
\ / \ N XXX llf 920 0.4 | i .‘.,.
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| I ll ll 15:0.2 | i :.. 105 E
Néel spin order ~oil - :
0.0 —o++ﬂ~t—0—+'
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(J/K)e = 0.9(2)

[Seifert, Dong, Chulliparambil, Vojta, Tu, LJ, PRL ’20]
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Gross-Neveu-SO(3)* quantum criticality

Phase diagram:

IDMRG:
* 17 | ;
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[Seifert, Dong, Chulliparambil, Vojta, Tu, LJ, PRL ’20]

Effective field theory:

S = /d2)?d'r [1/77“6“1/; + g0 -Y(1, ® E)l/}} “Gross-Neveu-S0O(3)"

Critical exponents:
... from: 1/1/ — 103(15)

e large-N expansion @ O(1/N?) — 0.42(7 |
e 4-¢ expansion @ 3-loop N ' ( ) [Ray, lhrig, Gracey, Scherer, LJ, PRB "21]

e functional RG @ LPA’ - Sign-problem-free QMC: [Liu, Vojta, Assaad, LJ, PRL '22 (in press)]
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(3) SO(N) Majorana-Hubbard models

13



SO(N) Majorana-Hubbard models

Hamiltonian: H=Zitij6:cj+fxx(

SO(N) generators: (Lab)aﬁ — _1(83 85 - 85 81(;{) ... N x N matrices for given a < b
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SO(N) Majorana-Hubbard models

Hamiltonian: T o (1 T L 1w
H:ZItijCi C]—F]LL ECZ-L o EC]-L ; Ly

(i) a<b (ij)
- L)y s = —i(898° — 8P 5 cesor g
SO(N) generatOrS. ( )aIB — 1( a®p a %p ) ... N x N matrices for given a < b
. “Majorana analog of SU(N)
Interaction term: _J TeMeTe
e =0 2 Z (Ci “J )(Ci “J ) + const. Hubbard-Heisenberg model”

(i)
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SO(N) Majorana-Hubbard models

Hamiltonian: _ T Nl AL L+
H—thijci C]—FJLL ECiL Ci ECjL ; ...withc,-z(c,l,...,c,-’\’)T

SO(N) generators: (Lab)aﬁ — _1(83 85 - 85 81(;{) ... N x N matrices for given a < b

- ‘Maj log of SU(N
Interaction term: 71— J ajorana analog of SU(N)

T T
(=0 2 (Z; (Ci €J ) (Ci €J ) + const. Hubbard-Heisenberg model”
ij

Single-particle spectrum:

... on honeycomb lattice

... and similar on n-flux square lattice



/ero-temperature phase diagram

Mean-field decoupling: > (3¢ L) (3¢ L) = ) [¢7° (3¢ L%q) + (3¢ L?q) 6% — ¢7°¢3"]
a<b a<b
. N(N —1
— I(N — 1)X,'J'C,-TCJ' | ( 5 )X,2J

O(N) order parameter:  ¢7° = (3¢ L*°c;) Dimer order parameter:  Xij = (i¢; ¢)/N



/ero-temperature phase diagram

Mean-field decoupling: > (3¢ L) (3¢ L) = ) [¢7° (3¢ L%c) + (3¢ L?Pq) ¢7° — ¢7°¢7"]
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Quantum phase transitions

antisy
m ot r;
r
C, ’tenSOr Orle
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r

Effective model (semimetal-to-antiferromagnet transition):

L= PaYuOutha - 4¢ab (r auz) ¢ab T % ¢ab¢a(Lab)aﬁ¢ﬁ | 11 (¢ab¢ab) + >\2¢ab¢b ¢ d¢d
“Gross-Neveu-SO(N)”

A1+ 2X
2

[TI’ (¢2)] ; ... but not for N > 3

N < 3: % (¢ab¢ab)2 _|_>\2¢ab¢bC¢Cd¢da _
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Quantum phase transitions
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Effective model (semimetal-to-antiferromagnet transition):

. 1 _ A 2
L = Paruluba+ 3% (r = 8) 6 + 5 6™ Pa(L*)apths + 7 (67°67) + Xag™ ¢4
“Gross-Neveu-SO(N)”

)\1 -+ 2)\2 2

A 2

N S 3: Zl (¢ab¢ab) _|_ >\2¢ab¢bC¢Cd¢da — 2 [TI’ (¢2)] ... but not for N > 3
N = O (¢7) = ( 0 ¢> “Gross-Neveu-Ising”
_¢ 0 [Wang, Corboz, Troyer, NJP '14
[Li, Jiang, Yao, NJP '15]
[Huffman & Chandrasekharan, PRD ’'17; PRD '20

X 0 ¢33 ¢
N = 3. (¢7)=|-¢ 0 ¢ “Gross-Neveu-50(3)"

—¢2 —¢1 0

[Seifert, Dong, Chulliparambil, Vojta, Tu, LJ, PRL ’20]
[Ray, lhrig, Gracey, Scherer, LJ, PRB '21]
[Liu, Vojta, Assaad, LJ, PRL '22 (in press)]
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Renormalization group flow: N = 4

Bosons only:
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[LJ & Seifert, PRB ’'22]



Renormalization group flow: N = 4
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Renormalization group flow: N = 4

Bosons

‘i . . 0.02 - \ ,,,,,
+ “few more” fermions: (c) \\

0.01 \\\\\\
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[LJ & Seifert, PRB '22]



Renormalization group flow: N = 4
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Renormalization group flow: N = 4
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Conclusions

SO(N) Majorana-Hubbard models

[LJ & Seifert, PRB '22] 5,



Conclusions

SO(N) Majorana-Hubbard models SU(N) Hubbard-Heisenberg models
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[Affleck & Marston, PRB ’88
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Conclusions

SO(N) Majorana-Hubbard models SU(N) Hubbard-Heisenberg models
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[LJ & Seifert, PRB '22] 53 [Lang, Meng, Muramatsu, Wessel, Assaad, PRL '13]
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SO(N) Majorana-Hubbard models: Honeycomb vs. square lattices

(a) Honeycomb lattice (b) m-flux square lattice




Gross-Neveu-SO(3): Sign-problem-free QMC

Hamiltonian:

2
— — < s 1)
- tZ Cicaljoa JZ( o1 Koo M'Cwﬂ)

(i, )

Phase diagram:
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0.8 1

Finite-size scaling collapse:
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1/v=0.906,J,,=0461 =%
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*
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(b) %
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| | L=13, p=18 —=
-0.8 -0.6 -04 -02 0 02 04 0.6

jL]/v

[Liu, Vojta, Assaad, LJ, arXiv:2108.06346]



Spin-orbital model in external magnetic tield

Hamiltonian: :_KZ O_J)®TT’Y_|_JZ Y®1,1;,—h- Zg,@)]l
(1))~
Magnetization: 1 0 ———

------- Flux-free sector
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| === 1/3-flux sector
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Finite-size spectroscopy: Ising vs Ising™®

Transverse-tield Ising: Transverse-tfield toric code:

H:—JXU,-ZGJ-Z—hXU;‘ :—JZHO' —JZ”O’ —hZa
(ij) i

S |IEs p IEp
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Finite-size spectroscopy: Ising vs Ising™®

Transverse-field toric code:

—JZ”O’

S |Es

Transverse-tield Ising:
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[Schuler, Whitsitt, Henry, Sachdev, Lauchli, PRL '16]



Gross-Neveu vs Gross-Neveu*

Gross-Neveu-Z> Gross-Neveu-Z>* (schematic)
17.5-
§ QMC (¢ + Sd)T
1501 O ED ®  (+2d)y 15.0 -
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/
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q A et & () <
\\\ VomEEea » Chermn
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0.10 0.15 020  0.25
1// N
[Schuler et al., PRB "21] ... testable in future simulations
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Fractionalized quantum criticality: XY™

Bose-Hubbard-like model (kagome lattice):

H=—t> [b}bj + b,-bﬂ +vy
=~

(ij) JK

00)2

|
J
4 .
P
J ~~

Boson density
Hopping bosons in plaquette

N\

” ==K

Defect String

Phase diagram:

0.01

T/t

n = 1.493 (I)

... anomalous dimension

Boson propagator (b'b)
G(L/ 6)

0.001 |- - Lo
\ critical  ~ - ] of composite field
| ‘ | but v=0.67
Topological 2 - | | | L _ .
il 12 18 24 30 36 48 ... as In conventional XY
liquid L
¥ System size

[Isakov, Melko, Hastings, Science '12]

[Isakov, Hastings, Melko, Nat. Phys. '11] 20 [Chubukov, Senthil, Sachdev, PRL '94]



Kitaev-Ising spin-orbital model |
(04 —Q—_H—e_

Ising perturbation: J\\\‘V - I I
CX
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KT Za, 7 @ Ll Ising spin order

(i)

0 JZ /K
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Kitaev-Ising spin-orbital model |
(04 —Q—_H—e_

Ising perturbation: J\\\‘V - I I
CX

=) — ) — 1 —

H=H J* 07 @11
KT ZG % ® Ising spin order

(iJ)

0 JZ /K

Parton representation: K

H— E {2KU,J f; Ground-state flux pattern:

1
R )
(i) 7\ [Lieb, PRL '94]
Fe1, £ LA
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Spm orbltal model — mteractmg fermlons on n—flux Iattlce
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Spinless fermions on m-tlux lattice: QMC

&

0 ;; V/t

Gross-Neveu-Z»> universality:

N
&

N
&

Charge density wave

(V/t). = 1.281(2)

1/v = 1.12(1),

Ng — 0.51(3)
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Spinless fermions on m-flux lattice: QMC pan T __
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O 0.10} {

0.05]

0.00 A a0y

Charge density wave 128 132 136 140 144

V
[Wang, Corboz, Troyer, NJP "14]
0 V/t [Li, Jiang, Yao, NJP '15

(V/t). = 1.281(2) [Huffman & Chandrasekharan, PRD '17; PRD '20]

[Gracey, |JMP '94

Gross-Neveu-Z; universality: 1/v=112(1), mne = 0.51(3) (L) & Herbut, PRB '14
[lliesiu et al., JHEP '18

[Ihrig, Mihaila, Scherer, PRB '18

Spin-orbital model:

I
o4 Gross-Neve U—ZQ* —Q@—i1—Q@—

- J\‘\‘\‘ / -G ) ) —

Ising spin order

0 Z\'\\% J2/K

(Jz/ K)c — 0642(2) - [Seifert, Dong, Chulliparambil, Vojta, Tu, LJ, PRL "20]



