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Classical vs quantum criticality

H>O CoNbbOes T1 O

Pressure

Critical Ferromagnet Paramagnet

o Rme Y
YY"

critical point

Temperature [Coldeaet al., Science O10]
[Kinross et al., PRX O14]

[Morris et al., Kaul, Armitage, Nat. Phys. O21]
E
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DeconbPned guantum criticality

— = (|I"#$ |"#)= 2

>

Order parameter

O 00 (t0) (tm (00
DeCO/yb B\ Néel vBsS | [Ma etal., PRB O18] [Senthil et al., Science 004
/7@0, O [Pujari, Damle, Alet, PRL 013]
qua —— [Block, Melko, Kaul, PRL O13]
/'Oa/’['/' [Shao, Guo, Sandvik, Science O1¢
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Spin-liquid transitions

[Assaad & Grover, PRX O16]

Ordered state Quantum paramagne [Dupuis, Paranjape, Witczak-Krempa, PRB 019]
[LJ, Wang, Scherer, Meng, Xu, PRB 020]

[Zerf, Boyack, Marquard, Gracey, Maciejko, PRD O20]
E

I talk by Z. Y. Meng

Quantum paramagnet #1 )
[Metlitski, Mross, Sachdev, Senthil, PRB O15]

[LJ & He, PRB O17]
[Boyack, Lin, Zerf, Rayyan, Maciejko, PRB O18]
[Dupuis, Boyack, Witczak-Krempa, PRX 022]
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Example: Kagome-lattice Bose-Hubbard model

t >
Hamiltonian: ““
H = | tl\ bl bj + bi bj | + VI\ (nl )2 @

ij "

E b; hard-core bosons

[Isakov, Hastings, Melko, Nat. Phys. O11]



Example: Kagome-lattice Bose-Hubbard model A.x.x.x.v
Hamiltonian: A.x.x.x.v
A XX X )

H=1t bhb+bb +V (n)2
ij" |

E b hard-core bosons

Phase diagram

T/t

Topological
spin
liquid

(V/ 1), V/t

[Isakov, Hastings, Melko, Nat. Phys. O11]



Example: Kagome-lattice Bose-Hubbard model

Hamiltonian:

\

H = | tl “bibj + bibj- +VI\ (N )2
ij "

Phase diagram

A L

T/t

Superfluid

Quantum

critical
fan

Topological
spin

liquid

(VI'),

V/t

E b; hard-core bosons

Entanglement entropy Sh(A)= ad a+ :::

. . . 1.8
! E in spin-liquid phase

[Isakov, Hastings, Melko, Nat. Phys. O11]



Quantum critical scaling: XY*

Superf3uid density:

Q
0.4 @
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€3 oL=12
oL=18
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0.2F \
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[(V/t) A (v/t) LY

[Isakov, Hastings, Melko, Nat. Phys. O11]
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Quantum critical scaling: XY*

Superf3uid density:

04+- @

O OL=6
eL=12
®L=18

0 ...l) oL=24
O @L=30
= ‘5% oL =36
5)
0.2 - \
@ g
o
01 ! ,\I ! Al ! Al ! | ! | ! | I"
A8 A6 A4 A2 0 2 6
[(V/ 1) A (VI t) L

[Isakov, Hastings, Melko, Nat. Phys. O11]

0:67 = yy

Two-point superf3uid correlator

0.01

- L1+ 1.493

G(L/ 6)

0.001

[Isakov, Melko, Hastings, Science O1

Ol 1:49= O ! 0:03¢

Order parametercompositeof fractionalized particles!

Ecf. !t 1.47 from XY beld theory
[Calabrese, Pelissetto, Vicari, PRE O02



Finite-size spectroscopy: Ising vs Ising*
Transverse-peld Ising:

H=1J 12121 h IX

Transverse-beld toric code:

H=1J  1X1J

S 1I!s P Ilp



Finite-size spectroscopy: Ising vs Ising*

Transverse-peld Ising: Transverse-peld toric code:

H=1J 12121 h IX -1J  1X13 1z p X
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Qe [Schuler, Whitsitt, Henry, Sachdev, LSuchli, PRL O1
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Outline

(2) From Kitaev to Kitaev-Kugel-Khomskii




Kitaev spin-1/2 model

Hamiltonian:

H=K 1M+ K 1Y+ 17

blue links green links red links

[Kitaev, Ann. Phys. O06]
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Kitaev spin-1/2 model

Hamiltonian:

H=K 1M+ K 1Y+ 17

blue links green links red links

Majorana representation

121" X = 1b*c
1Y 1" Y = jibYc
ib“c

I S

1 spin 4 Majoranas
with gauge constraint

[Kitaev, Ann. Phys. O06]
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Kitaev spin-1/2 model

Hamiltonian:
H=K 1M+ K 1Y+ 17
blue links green links red links

Majorana representation Fractionalization:

21" B = 1b"c s ., L. ALA

| H!" H=iK (ib'b’)cic
Iy !" |_y — |byC !ij"a:
121" B2 = ib’c L) = o,

with ”K.j]j ; Fr' =0 static Z, gauge pbel

Ground-state [3ux pattern:u ! 1
[Lieb, PRL 094]

1 spin 4 Majoranas

with gauge constraint [Kitaev, Ann. Phys. O06]
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Kitaev-Helsenberg spin-1/2 model

Hamiltonian:

H=K 131%+J3 & &

E possible relevance to! -RuCk, NazlrOz, NaxCo,TeOs, E

11



[111]! ¢

Kitaev-Helsenberg spin-1/2 model

[10]! b €z

Hamiltonian:

Phase diagram

E possible relevance to! -RuCk, NazlrOz, NaxCo,TeOs, E

J = AcosO
K = 2AsinC

E from 24-site ED: [Chaloupka, Jackeli, Khaliullin, PRL O1:




»' Teial clnge: y a !

E no sign-problem-free QMC availableSato & Assaad, PRB 021



Kitaev spin-orbital models

Spin-orbital generalization: T l T l
——(— ———
U 21 2 141 pP=3 4" 4

E can realize all 16 topological SCs:
[Chulliparambil,et int., LJ, Tu, PRB 020]
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Kitaev spin-orbital models

Spin-orbital generalization: T l T l
——(— ———
U 21 2 141 pP=3 4" 4

E can realize all 16 topological SCs:
[Chulliparambil,et int., LJ, Tu, PRB 020]

Hamiltonian: H=K *~ &1 B'P

Kitaev orbital

12



Kitaev spin-orbital models

Spin-orbital generalization: T l T l
——(— ———
U 21 2 141 pP=3 4" 4

E can realize all 16 topological SCs:
[Chulliparambil,et int., LJ, Tu, PRB 020]

Hamiltonian: H=K *~ &1 B'P

Kitaev orbital

Helsenberg spirmsses=

Cl ¢
Majorana representation Y _ iplex Fractionalization:
Y1 P = ib4c H!" H=iK @c g
Y1 pP? = ib3c 'ij"a
X — Y X s
1t l=lcc with @;;H =0
! 2 I — iCZCX E cf. also [Yao & Lee, PRL O11]
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Outline

(3) Kitaev-Heisenberg spin-orbital models
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Kitaev-Helsenberg spin-orbital model

Hamiltonian:
H=K Has! B +J  may! 1
ER jjn | | S
" x(c Cci) &(gEc)

with [a;; H] = O still static!
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Kitaev-Helsenberg spin-orbital model

Hamiltonian:
H=K Has! B +J  may! 1
ER jjn | | S
" x(c Cci) &(gEc)

with [a;; H] = O still static!

Phase diagram

7

7
: 3 @ | n | 1
7Z& AR Y CERLE L
4 I‘l 4 I'/ Ospin density wavi
Kitaev spin-orbital liquid

—

0 J/ K

14



Gross-Neveu-SO(3)* transition

IDMRG:

0.5}

:
AAdh-AAk +A Ak-A-A-hA-AA

llllll.#"

01 03 05 07 09 11 1.3 15 1.7 1.9
J/ K

11.0

(3)

0.0

E on cylinder with Ly = 4 unit cells

15

[Seifert, Dong, Chulliparambil, Vojta, Tu, LJ, PRL O20]



Gross-Neveu-SO(3)* transition

IDMRG:

0.5

-------------------------------------

------

0.1 03 05 0.709 11 13 15 1.7 1.9
J/ K

Phase diagram

A
17 17 5%

' ] ©
XXX ir Y7 ;8¢
r 17 /1
. y
Kitaev spin-orbital liquid

0 J/ K

0.0 (J/ K)e = 0.9(2)

1.0

(3)

E on cylinder with Ly = 4 unit cells

[Seifert, Dong, Chulliparambil, Vojta, Tu, LJ, PRL O20]
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Gross-Neveu-SO(3)* transition

IDMRG: Phase diagram
i 7 7
0.5 i. .................... 1.0 {/ Ij {, ,,' S
XXX p dp 38°
0.3 i a r 17 4
o N 05 £ . . e Y
= 02 - | Kitaev spin-orbital liquid
0.1 i H—)
0.0—-“*“---:*"" 0 J/ K
01 03 05 07 09 11 1.3 15 1.7 1.9 (J/ K)c — 0.9(2)
J/ K
E on cylinder with Ly = 4 unit cells
| Spin~1 ’77a[r,-CeS
E! ective beld theory S= d°xdp &"@ + u[91,! L) | OGross-Neveu-SO(:

[Seifert, Dong, Chulliparambil, Vojta, Tu, LJ, PRL O20]
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Gross-Neveu-SO(3) criticality
Field theory:

S= d?xdp AN@ + gB®a%1,! r) + 1 DAE

& @+ m?) 6+ p(0a9?

N |

[Ray, Ihrig, Kruti, Gracey, Scherer, LJ, PRB 021]
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Gross-Neveu-SO(3) criticality
Field theory:

S= d°xdb A"@ + gBa9(1,! L) + S @ + m?) O+ B(Oad*
Critical exponents:
2.0 1.0+ 0.5
\ FRG (lin) 0.47 \ \(—1/N exp., [1/2]
R} \\\:& eexpl [0/ 3] - : “ . 03_\\\\ {RG (lin)
B s B 0.5 X e exp., [211] S 0ol TRG (sc). GNY
E 1/N exp., [1/1] ] exp? 2 ‘ /e]>v<rg( [/ _22]/ . e exp., [3/0]
FRG (sh) K o exg" e 0 1- [eexp., [1/2]
’ 1/N exp., [0/ 2 UNexp., [2/1] ——e——tizoeraeo TR
0.0 [ [ [ [ [ O-O : | [ [ [ [ 0.0 | [ [ [ [
0 3 6 9 12 15 18 0 3 6 9 12 15 18 0 3 6 9 12 15 18
N N N

E from three-loop " expansion,
second/third-order 1/N expansion,
functional RG in local potential approximation

[Ray, Ihrig, Kruti, Gracey, Scherer, LJ, PRB 021]
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Gross-Neveu-SO(3) criticality
Field theory:

S =

Critical exponents;

2.0

e exp., [0/ 3]

N A |
= 10 t_~.“““fiiffffﬂiffj“iiffj
1/ N exp., [1/1] . epr 1/2)
OO I I I I I
0 3 6 9 12 15
N

Spin-orbital realization N = 3):

1.0

d’xdb A N@ + g®ag1,! r) + %@X @ + m°) O+ B(©ao)°

'. %
0.5_ ; 0// ,/'
2 X e exp., [2/1]

,
’

I
| 4
4':” /
1 U I

e
=
-

>
pr 3 "
z

.‘0 4 ’
// 7z

.
/ ’_"

-
‘_—f

€ exp., [1/2]

07 S
:/l' AN 1/ N exp.,
VSN N exp.,

1/ N exp.,

2/ 0]
1/1

0/2]

0.0

0

3 6 9

N

12

1=! =1:03(15)

Vd

Q =0:42(7)
O =0:180(10

16

15

18

0.5
0.4- \(/7 1/N exp., [1/2]
0.3\
S O \
= N
0.24 %
N\ e exp., [3/0]
N e exp., [1/2]
12 15 18

E from three-loop " expansion,
second/third-order 1/N expansion,
functional RG in local potential approximation

E di " erent from Gross-Neveu-Heisenber

[Ray, Ihrig, Kruti, Gracey, Scherer, LJ, PRB 021]



Gross-Neveu vs Gross-Neveu*

Gross-Nevel- Gross-Nevel»* (schematic)

15.0—

....................

miSSing I'n G/\/
*

17

(2 )7
Kekule

T

[Schuler, Hesselmann, Whitsitt, Lang, Wessel, LSuchli, PRB 021] E testable in future simulations



Sign-problem-free bilayer model

Hamiltonian:

Lij" i ... With SO(3)! Up(1)! U.! Z, symmetn
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Sign-problem-free bilayer model

... with SO(3)! Up(1)! U;! Z, symmetn

1" ¢, co# Ointerlayer coherenc

Spi H=2
Hamiltonian: " maic #e1
H=1t cCgGo! J  CplPiyCp |
N |
QMC structure factors:
1" ¢ Cc#OSO(3) semimete
45 _— | A |
") i I alin o
710% 0 8%/ 935
Z’)O 234 —h— ' 236 —@—
239 23$7 —@—
. | 236
15 F23%7
3
v/
. = o—0—¢
OH o000 O |
0.2 0.4 0.6 1.2




Sign-problem-free bilayer model

Phase diagram: Symmetric
semimetal

384 284 284
R

OSpin-orbital liquid -Jcl OSO(3) Kitaev liquid( ch OGapped liquic J



Sign-problem-free bilayer model

Phase diagram: Symmetric
semimetal

384 284 284
R

OSpin-orbital liquid -Jcl OSO(3) Kitaev liquid( ch OGapped liquic J
Fermion spectral $ +314(1 | +314:] +3848)
function: ) ) y
§|:|: ‘# 3 # H #
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'& '& &

A +
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Sign-problem-free bilayer model

Phase diagram: Symmetric
semimetal
7 7
7 XX o3 °93
: O A O
OSpin-orbital liquid -Jcl OSO(3) Kitaev liquid( ch OGapped liquic J
Fermion spectral . *314(! W L e W . *384&)
function: ) Y )
§|:|: # | 3 # H #
- .'_..( :_(
'& '& &
. [ | I N [ p -
$ $
Quasiparticle weight B B
N
;O
> e AT
. 2314)!
& ‘_._&7 8/‘ &/80; |

| 141 4I$ 1419 4K 14&) '14&Y%
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Gross-Neveu-SO(3) transition aica XXX | ng

. . S(! + dk
Correlation ratio: R. =11 ( )
S(!)
1 \ | 1
L 1"4S 1"# —>—
1'% 1"% 1/ 1/0./7% ,..1/017"
0.75| | 1gs Ig //</>< 0.8| . ® >
Q " ()*+, / - - g
-"05| . 3 | 5 (0.6 o * | 4 —-QN- ‘
s i e | I 1=! =0:906(35
0.257 | 1"06$ 1"0p —<&— | 0.4} . o 14 ::::ﬁj(% :::73;0 .
1 1"&S$ 1"& 1"8% 1"& —<
A A A A A A A A_A N 0.2 | | ' S 7
©a 0425 045 0475 0.5 09  -0.6 -0-3&|.( 0 0.3 0.6

Ecf. 1/ #=0.93(4) and ! s = 0.83(4) from beld theory (N = 12)

- [Ray, Ihrig, Kruti, Gracey, Scherer, LJ, PRB 021]



Gross-Neveu-SO(3) transition aica XXX | ng

. . S(! + dKk
Correlation ratio: R. =11 ( )
S(!)
1 \ \ 1
| I"H$ 1" —X—
| 1"%6$ 1% 1/ Y/0./7% ,..\/O17"
0.75} | 1gg I'g /;//"/( 0.8} 6 ® o
o | w0 — ; M
- 05¢ n 3%, * & <06 ® : | 1= = 0-906(35
LIS 1 = & -1$ L ' Y ( |
" wy . ! o -1"# I"# |
0.257 1 1"06$ 1"0p —&—i 0.4 ® _!--o/;$$ "0/,
11"&S 1"& ¢ ’ ’
J‘AJ‘A¥.5.5AA? 0.2 | | 1"&$ 1"& —
©2 0425 045 0475 05 0.9 06 -0-3&|.( 0 03 06
Order parameter: 12 m T m
1.5 L o
S R
- gl -1"%$ "%
g g —o— 6
~ 2 | Q =0:470(13
-)<_. 47 0 |
& &
6 & 1/012/
oXe 06 03 0 03 0.6 E cf. 1/ #=0.93(4) and ! s = 0.83(4) from beld theory (N = 12)
&I [Ray, Ihrig, Kruti, Gracey, Scherer, LJ, PRB 021]



Order-to-order transition atJdc»

Correlation ratios:

1 ‘
y "
. !||$
075 ) " !II%&
-);I !II%I
S 05/ "%( — :k%
N
0.25¢
0 1 1 v
0.9 0.96 1.02 1.08 1.14

21

X
X

X

"4
K

| "8,
!ll%l
"0p( —

0 l 1 l

0.9 0.96 1.02 1.08 1.14

[Liu, Vojta, Assaad, LJ, PRL O22 (EditorsO Suggestion)]



Order-to-order transition atJc; oXo! ©

Correlation ratios:

1 | | |
G & &S, !n# \ 3¢
V Y !||$
075 \X !n%& ¥—X
. \Y !II%I
S 05| "0( —O— =
Py 2 e
0.25}
; o —&—
0.9 0.96 1.02 1.08 1.14 0.9 0.96 1.02 1.08 1.14
Critical couplings: o
X X
X SO(3) U@ .
I —
, 099 X : ‘]02 ‘]02 unigue
el
o $e )& —— .
097 g 2% s % Metallic deconbned QCP
$, 34+&
0.9575 0.05 0.1 0.15 0.2
Yo & [Liu, Vojta, Assaad, LJ, PRL 022 (EditorsO Suggestion)]
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Outline

(1)

(2)

(3)

(4)

Fractionalized quantum criticality

From Kitaev to Kitaev-Kugel-Khomskii

Kitaev-Helsenberg spin-orbital models

Conclusions
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Conclusions

Kitaev-Heisenberg spin-orbital model. E! ective bilayer honeycomb model:
© © ©
9XL  o%X3 e 9X& o%3 o923
0.5 OV ........ N OV ...... 1.0 " V) | | O~ T 1| @ér}'—l.—'
' ] : . : ; / . )
i e /'0% 5 O #!$°/§) 235
0.4 i A 234 A . 236 —@—
i - 30 5 5
_ 03 i - 235 23%$7 —@—
TT0.2 I 05 = : E
—. ! X
0.1 - \
0.0 —«% P = —9—F
01 03 05 07 M8 11 13 15 1.7 19 0 I»I_[:\ 1' 2
J/K
[Seifert, Dong, Chulliparambil, Vojta, Tu, LJ, PRL O20] [Liu, Vojta, Assaad, LJ, PRL O22 (EditorsO Suggestion)]
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- © ©
Order-to-order transition atJc oXa1 oY
O O

-6.3

Free energy:

Correlation lengths: ™ « — o
if +|$ 52 = 1 FHHZS(*)
= = 2d  _S(P

[Liu, Vojta, Assaad, LJ, PRL O22 (EditorsO Suggestion)]
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SO(N) generalization

SO(N) Majorana-Hubbard models

dx

1.0
1 0.9
1 0.8
1 0.7
1 0.6
1 0.5
1 0.4
1 0.3
1 0.2
1 0.1
0.0

SIS

[LJ & Seifert, PRB 022]

1.0

1 0.9
1 0.8
1 0.7
1 0.6
1 0.5
104
1 0.3
1 0.2
1 0.1

0.0

J/t

1.667

SUW) Hubbard-Heisenberg models

X | | | | 1/ | 1/
= < < =
o8, oy .y .y,
A2 @p) U2 @p.
X X X
{ T T
i X &P,
U2 |
% Z
@ P
X <
2 4 6
N

[A$ eck & Marston, PRB O88]
[Read & Sachdev, NPB O89]
[Lang, Meng, Muramatsu, Wessel, Assaad, PRL O13]



Kitaev-Ising spin-orbital model

Ising perturbation:
4 +1 +1

H=Hg+J% 12121 1,1 . .
J J Ising spin ordet
lij " gsp

T

0 J =K



Kitaev-Ising spin-orbital model

CcY +1

Ising perturbation:
4 +1 +1

H=Hc+J% 1221 11

i Ising spin order

0 J =K
Parton representation ¥ Nearesy. ..
et~ 0/08(/ re >rheighpor
@ y Plllsionv = 4 5,
00 ©° _ / /
\'\099\ N 4 V g‘l 1 1 J
H !" ZKUij (fl fj + fj f,) +4J (ni H i)(nj # i) Ground-state Rux pattern:

ij" / ( [Lieb, PRL O94]
f = 1 '

, SR
1 | sl
2(C%+ | ¢Y) ectron gens®

Spin-orbital model! Interacting fermions on! -[3ux lattice



Spinless fermions oh-[3ux lattice: QMC oo T -_

0.35F

0.30 | ga
@ 0.25
. ,

@ <8 0.20 I §
O 0.15| §

O 0.10} %

0.05]

0.00 A Ly

Charge density wav 128 132 136 140 1.44

\
[Wang, Corboz, Troyer, NJP O14]
0 V/t [Li, Jiang, Yao, NJP O15]

(V/ t)c — 1281(2) [Hu" man & Chandrasekharan, PRD O17; PRD 020]

_ _ - [Gracey, IJIMP 094]
Gross-Nevel- universality: 1= =1:12(1), Q =0:51(3) [LJ & Herbut, PRB ©14]
[lliesiuet al., JHEP O18]
[lhrig, Mihaila, Scherer, PRB O18]
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Spinless fermions oh-[3ux lattice: QMC oo T -_

0.35F

0.30 | ga
@ 0.25
. ,

@ <8 0.20 I §
O 0.15| §

O 0.10} %

0.05]

0.00

Charge density wav 128 132 136 140 1.44

\
[Wang, Corboz, Troyer, NJP O14]
0 V/t [Li, Jiang, Yao, NJP O15]

(V/ t)c — 1281(2) [Hu" man & Chandrasekharan, PRD O17; PRD 020]

_ _ - [Gracey, IJIMP 094]

Gross-Nevel- universality: 1= =1:12(1), Q =0:51(3) [LJ & Herbut, PRB ©14]
[lliesiuet al., JHEP O18]
[lhrig, Mihaila, Scherer, PRB O18]

Spin-orbital model: :

cY Gross-Nevel-»* i

CX +1 +1

Ising spin ordel

0 i; Jzl K

(Jz/ K)c — ()642(2) [Seifert, Dong, Chulliparambil, Vojta, Tu, LJ, PRL 020
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Comparison of exponents: Gross-Neveu-Helsenberg

Ly =2

Year

1/"

#1

Interpolation (this work)
41 $expansionQ($*) [13]
1/! ¢+ expansionQO (1/! f2’3) [39]
functional RG, NLO B
functional RG, LPAQLE]
DOMC, (" &# 40[3]]
DOMC, (" &# 40[30]
DOMC, "' = &# 24[29
DOMC,' = &# 21[2§]
DOMC, ( =60, &# 18[27]
DOMC, " = &# 20[37]
HMC, ' # 12 &# 102[36]
HMC, ' # 12 &# 102[35
HMC,' =21, &# 24[34]
HMC,' =21, &# 18[33

2022 0.83(12) 1.01(¢

2017
2018
2018
2014
2020
2016
2021
2019
2015
2021
2021
2020
2019
2018

0.64
0.85
0.80
0.77
0.95(5)
0.98(1)
1.11(4)
1.14(9)
1.19(6)
1.01(8)
0.84(4)
0.84(4)
1.08
0.86

0.98
1.18

1.03

1.01

0.75(4)
0.47(7)
0.80(9)
0.79(5)
0.70(1F
0.55(2)
0.52(1)
0.85(1:
0.62

0.87(2)

-+)

[Ladovrechis, Ray, Meng, LJ, arXiv:2209.02734]



