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Primary order

TemperatureT

Disorder !O'" =0

Te

Continuous

Order 'O""#0

Tuning parameterg
(doping, pressure, external beld, E)



Vestigial (OcompositeO) order

Multicomponent system:

E order parameter has > 1 component & breaks > 1 symmetry

Disorder

Single continuousy{

[Fernandes, Orth, Schmalian, ARCMP (519]
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E order parameter has > 1 component & breaks > 1 symmetry
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Vestigial (OcompositeO) order

Multicomponent system:

E order parameter has > 1 component & breaks > 1 symmetry

T T
Disorder
Disorder Disorder T continuous ! Q" " = 0
AU — cl
T 10" =0 T
¢ e Vestigial order
Discontinuous Idj d’" #0

Order Order
10 # 0 10 #0
g 9
Single continuousy{ First order o OR: Two-stage meltingy/

[Fernandes, Orth, Schmalian, ARCMP 619]



Example #1: Square-lattice spin system

Primary order:

N

Q = (0, ') antiferromagnet
Rotation: ) ¢

Time reversal: X

Vestigial order:

Spin nematic

4
v

Paramagnet

v
v



Example #2: Iron-based superconductors

[

Paramagnetic
tetragonal

T REVIEW ART!
c .

LINE: 31 JANUARY 20180): 10 1038INPHY

What drives nematic order in
iron-based superconductors?
R. M. Fernande#*, A. V. Chubuko¥* and J. Schmaliaf*

Superconductivity Suﬁ.ercqnductivity

x (Hole doping)

(electron dog

Nematic o

thex andy in the.

induces the other two, making the origin of nematiciy  physics realization of the Ochicken and egg problemo. n this
Review, we argue that the evidence strongly points (o an electronic mechanism of nemaiicity, placing nematic order in the
class of wransiions. We discuss il erent
microscopic models for nemacity and link them to the properties of the magnetic and superconducting states, providing a




Example #3: Honeycomb magnet Na

Kitaev exchange:

X X X
H=K@ g5+ g'g+ sIgfA

Hj"y lij"y Hj",

2C0,TeOs

[Kitaev, Ann. Phys. O06]



Example #3: Honeycomb magnet Na  2Co2TeOs

Kitaev exchange:

X X X
H=K@ s+ g'g/+ s'gA

Hj"y lij"y Hj",

. [Kitaev, Ann. Phys. O06]
Frustration:




Experimental phase diagram: Na  2C02TeOs

Specibc heat: ;

Crmol (J'K™-mol~?)

Temperature (K)

[Chenet al., PRB 021]

I Two-stage melting?

Credit: Yuan Li



Experimental phase diagram: Na  2C02TeOs
Specibc heat: ;
‘ T
31K
‘ 26 K

Crmol (J'K™-mol~?)

Temperature (K)

[Chenet al., PRB 021]

I Two-stage melting?

Antiferromagnet

10" #0

a

Paramagnet
10" =0

Vestigial order?
IO #0

10T
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Credit: Yuan Li



Model building: Na 2Co2TeOs

Magnetic excitation spectrum

E from neutron scattering: ~ ©'*

Energy (meV)

E from spin-wave theory:

Energy (meV)

[KrYger, Chen, Jin, Li, LJ, PRL 023]



Ground state: Na 2Co0,TeOs

High-quality single crystals: Other samples: £ sample preparation? disorder?

T

[#10

4

Triple-q antiferromagnet Zigzag antiferromagnet [117) (117

[KrYger, Chen, Jin, Li, LJ, PRL 623] [Sanderset al., PRB 022]



Spin model:

Bilinear exchange:

Ho= ~  JSaS +KSiS*+ 1(SisP+ sPst)

a=x;y:Z lij"s

C N
+17sts! + si's? + stsf + SPs?)

E all symmetry-allowed terms at nearest-neighbor level
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Spin model:

Bilinear exchange:

Ho= ~  JSaS +KSiS*+ 1(SisP+ sPst)
a=xyiz lij",

C N
+17sts! + si's? + stsf + SPs?)

E all symmetry-allowed terms at nearest-neighbor level

O, ©,
Ring exchange -
©
Hi =Ji ; Lijkimn (Si aS;)(Sk 8S/)(Sm aSn)

lijklmn "
Ewith L1=1/3, Lo=-1, Ls=1/2, Ls=1/2, Ls=-1/6
from strong-coupling expansion of honeycomb-lattice Hubbard mode
[Yang, Albuquerque, Capponi, LSuchli, Schmidt, NJP O1:
10



Spin model:

COUlengS (J, K1 ' : ' |) = ( ' 1:9: I 2:31 8:91 ' 4:9)A, A > 0 E proximate to Na 2Co;TeOg

[Kr¥geret al., PRL 023]
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Spin model:

COUlengS (J, K1 ' : ' |) = ( ' 1:9: I 2:31 8:91 ' 4:9)A, A > 0 E proximate to Na 2Co;TeOg
[Kr¥geret al., PRL 023]
Hidden SU(2) symmetry forJi =0: S !I" S = TS : Ho!" Ho= A § aS;

A N Lj"
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ca\ ¢ O\a\\
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Spin model:

COUlengS (J, K1 ' : ' |) = ( ' 1:9: I 2:31 8:91 ' 4:9)A, A > 0 E proximate to Na 2Co;TeOg
[Kr¥geret al., PRL 023]
Hidden SU(2) symmetry ford] =0: S !"S = TS : Ho!" Ho= A  $ aS;

A Lj"
of
ca\ ¢ O\a\\
\ O

Ground state manifold

SiZ

s - 4 diagonals 3 cubic axes
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Spin model:

COUlengS (J, K1 ' : ' |) = ( ' 1:9: I 2:31 8:91 ' 4:9)A, A > 0 E proximate to Na 2Co;TeOg
[Kr¥geret al., PRL 023]
Hidden SU(2) symmetry forJi =0: S !I" S = TS : Ho!" Ho= A § aS;

/\ N tij"
)
Ca\ ¢ o\a\\
\ O

Ground state manifold

SiZ

s - 4 diagonals . | 3 cubic axes
i

selected forJ1 < Q . selected forJ1 > 0



Observables

Dual magnetization:

' j j X [ " :1(1;1;1); for triple-q order @
M=1M["  with M :z% #1)'T},S = 5 ) ple-q

| (0;0;1); for z-zigzag orde @
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Observables

Dual magnetization:

' / j X i " +1(1;1;1); for triple-q order @
M=1M["  with M :z% #1)'T},S = 5 ) ple-q

| (0;0;1); for z-zigzag orde @

1om21 MZ1 M2 3MZ1 MZ]
«

Composite order paramete

Qe, :
Qu, = 3 MyM,; M, My; MM,

y

(Qey: Qtzg) = (1Qe, " HQuy ") with

E 5 irreducible components of rank-2 tensor
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Observables

Dual magnetization:

1 X

N = IM]"  with M = N #1)'T],Si =

Composite order paramete
(Qeys Qtzg) = (1Qey " 1Qt ") With

B ' (0;1); for triple-g order
(1;0); for z-zigzag orde

\%(1;1;1); for triple-q order @
(0;0;1); for z-zigzag orde @

Qe, = 5 2MZ1 MZ1 M7 5['\7'[(3! V7]
Qu, = 3 MyM; M My ; MMy

E 5 irreducible components of rank-2 tensor

E measurable in bnite-size simulation

12



Classical Monte Carlo simulations (L = 32)

J >0:
T T I T 1 T T I T T T 1 T T I T I T
° J =001 | , J =001 | , J =001
E 08 | — N i L 08 - Qu, i
o 06 ; 06 i
g I I
S 04
[%2] L
Qo
< 02}
0 [ \(a) | L | L | L
01 02 03 04 05
T
J <0:
1 T T T T
1 J =1001
08 | E
L Fot Qg
0.6 |- B

Absolute value
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Critical temperatures

Primary Binder cumulant

Composite Binder cumulant

17 T T 6 T T 0.3
16 J =001 J =001
Pl eL=16 5H = L=16 0.28
15[~ L=26 o1 L=26
S alj—L=36 0.26
s LA H =48 go [ L=48 R
S i L=64 5 i L=64 = 024
1.3 H 3
10 022
11- (@) 27 0.2
1 ‘ : 1 0.18
0O 01 02 03 04 05 0
T T
1 4n | 4 n
STLL oo Q8"
M2z Q ~ 1Q2 "2
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Two-stage melting

J >0: Zigzag ! 3 spin nematic

Rotation: x
} ¢

Time reversal:

4
v

15

Paramagnet
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Two-stage melting

J >0: Zigzag ! 3 spin nematic Paramagnet

Rotation: x x v
Time reversal: ) 4 v v

J <0 !4 spin current density wave Paramagnet

Rotation:

Time reversal:

Translation:

LS



Critical scaling @ Tc1 (primary-to-vestigial)

Correlation length Composite Binder cumulant Correlation-length exponent
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Critical scaling @ Tc1 (primary-to-vestigial)

Correlation length Composite Binder cumulant Correlation-length exponent
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I 2D Ising universality

E consistent with ! > time reversal symmetry breaking
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Critical scaling @ Tc2 (vestigial-to-paramagnet)

35

Composite Binder cumulant

T T I T T T T T T
Ji_=0.05 E
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~ L =148 N
i L=64
e L =128 s

with 1=! =6=5
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2D three-state Potts universality

E consistent with ! 3 symmetry breaking
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Phase diagram
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Phase coexistence @ primary-to-disorder transition
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I First-order transition from discontinuity bxed poin
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Digression: Discontinuity ! xed point

Ising model in longitudinal beld:

H H
fff If:continuous Continuous \ fWF H

— - e T L
Wi Te v ¥ T

Flow linearization (relevant direction):

by =! &H+ O(H?  with &d=d=2

Formal limit of continuous transition:

U ! |t|1l u u " 1 )
with ! =l d=2
M! (#t)P (t< 0) b" 0
[Nienhuis, Nauenberg, PRL O75]
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Schematic RG " ow

Temperatur

.
Disordered
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Singleq zigzag
or tripleq
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LY

Ring exchange perturbati
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[Francini, LJ, arXiv:2311.08475]



Schematic RG " ow

E >—0 H:
Disordered D4
paramagne

5 B
@ z
(<)) :
g— of & :
o \e Singleq zigzag
. or tripleq
LY
Ring @xchange perturbati
/V,%CQ%
% 2 [Francini, LJ, arXiv:2311.08475]
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Na2Co,TeOg phase diagram

26K 31K

T
Triple-q antiferromagnet Paramagnet

I 4 spin current density wave

[Francini, LJ, arXiv:2311.08475]
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Na2Co,TeOg phase diagram

26K 31K

T
Triple-q antiferromagnet Paramagnet
I 4 spin current density wave

[Francini, LJ, arXiv:2311.08475]
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Experiments:
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Conclusions

Vestigial-order paradigm:Nb single continuous transition in multicomponent systedn

Order Disorder Order Vestigial Disorder




Conclusions

Vestigial-order paradigm:Nb single continuous transition in multicomponent systedn

Order Disorder

Order #1 Order #2 Order #1 Coexistence Order #2



