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We presen
t evide

nce, fr
om lattice

Monte Carlo
simulation

s of the
phase

diagram
of grap

hene as a

functio
n of the

Coulom
b couplin

g betwee
n quasip

articles
, that g

raphen
e in vacuum

is likely
to be an

insulat
or. We find a semimetal-ins

ulator
transiti

on at !
crit

g
! 1:11"

0:06, w
here !g ’

2:16 in vacuum
,

and !g ’
0:79 on a SiO2

substra
te. Our

analysi
s uses

the logarit
hmic derivat

ive of the
order p

arameter,

supple
mented by an equatio

n of state
. The insulat

ing phase disapp
ears ab

ove a critical
number of

four-

component
fermion flavors

4<Ncrit

f
< 6. Our

data are consist
ent wit

h a second
-order

transiti
on.

DOI: 1
0.1103

/PhysR
evLett.

102.02
6802

PACS
numbers: 7

3.63.Bd
, 05.10

.Ln, 71
.30.+h

Graphe
ne, a carbon

allotro
pe with a two-di

mension
al

honeyc
omb structu

re, has
becom

e an important
player

at

the forefro
nt of conden

sed matter physic
s, draw

ing the

attentio
n of theo

rists an
d experim

entalis
ts alike

due to its

challen
ging nature

as a many-bo
dy problem

, its unusua
l

electro
nic proper

ties, an
d possibl

e techno
logical

applica
-

tions (see Refs. [
1,2] and referen

ces therein
). Grap

hene

also belong
s to a large class o

f plana
r cond

ensed
matter

system
s, whic

h inclu
des oth

er grap
hite-re

lated m
aterials

as

well as
high-Tc su

percon
ductors

.

A distinc
tive feature

of grap
hene is that

its ban
d struc-

two de
genera

te ‘‘Dir
ac poin

ts,’’ in
the vic

inity

linear,
as in relativi

stic the
ories

thus D
irac

proper
ties resemble QED in a very strongl

y couple
d re-

gime. This
provide

s an excitin
g opport

unity for the
study

of stro
ngly couple

d theorie
s, with

in a conden
sed matter

analog
ue that

can be exp
erimentally

realize
d with modest

equipm
ent.

Notabl
y, Eq.

(1) satisfie
s a chiral

Uð2NfÞ symmetry

which
can break sponta

neousl
y at large

enough
Coulom

b

couplin
g, gene

rating
a gap in the quasip

article
spectru

m.

Whether
such an effect o

ccurs i
n real gr

aphene
is an open

issue from the experim
ental p

oint of
view (see, h

owever
,

Ref. [4
], wher

e a sub
strate-i

nduced
gap is r

eported
). On th

e

theoret
ical sid

e, dyna
mical ga

p genera
tion is desc

ribed by

a quant
um phase t

ransitio
n due t

o the fo
rmation o

f partic
le-

hole bound
states.

Howev
er, in

such a strongl
y couple

d

gime, even
a quali

tative a
nalysis

should
be non

perturb
a-

especia
lly true

for gra
phene

in vacu
um, where

while i
t is par

tially s
creene

d

semimetallic
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6802 (2009)
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The question of whether electron-electron interactions can drive a metal to insulator transition in

graphene under realistic experimental conditions is addressed. Using three representative methods to

calculate the effective long-range Coulomb interaction between π electrons in graphene and solving for the

ground state using quantumMonte Carlo methods, we argue that, without strain, graphene remains metallic

and changing the substrate from SiO
2 to suspended samples hardly makes any difference. In contrast,

applying a rather large—but experimentally realistic—uniform and isotropic strain of about 15% seems to

be a promising route to making graphene an antiferromagnetic Mott insulator.

DOI: 10.1103/PhysRevLett.115.186602

PACS numbers: 72.80.Vp, 71.10.Fd, 71.27.+a, 73.22.Pr

Over the past decade, graphene has established itself as a

remarkable new material with superlative properties [1,2].

However, the early hopes to utilize it as a next-generation

transistor have been dashed, mostly because graphene

remains metallic—these prototypical Dirac fermions are

immune to many of the conventional routes for driving two-

dimensional electrongases into an insulating state, including,

for example, Anderson localization and percolation transi-

tions (see, e.g.,Ref. [3]).Othermechanisms for openingband

gaps including hydrogenation [4], application of uniaxial

strain [5], and forming nanoribbons [6] severel

graphene’s mobility. Very recentl
using graphene

that it is the nonuniversal, material-specific, and short-

range part of the electron-electron interactions that plays

the dominant role in determining graphene’s ground state.

More interestingly, we conclude that the application of

isotropic strain is considerably more efficient in approach-

ing the SM-AFM phase transition than substrate manipu-

lation, providing a new route for driving the system into

elusive Mott insulating phase that

experimentally.

PRL 115, 186602 (2015)
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The role of electron-electroninteractions in two-dimensionalDirac fermions
Ho-Kin Tang1,2, J. N. Leaw1,2

, J. N. B. Rodrigues1,2, I. F. Herbut3, P. Sengupta1,4,

F. F. Assaad5
, S. Adam1,2,6

*

The role of electron-electron interactions in two-dimensional Dirac fermion systems

remains enigmatic. Using a combination of nonperturbative numerical and analytical

techniques that incorporate both the contact and long-range parts of the Coulomb

interaction, we identify the two previously discussed regimes: a Gross-Neveu transition to

a strongly correlated Mott insulator and a semimetallic state with a logarithmically

diverging Fermi velocity accurately described
predict that experimen

(6, 12) that this pure on-site Hubbard model
has limited applicability to experiments done
in real materials.
Experimentally, 2D Dirac fermions can be

realized in a variety of condensed matter sys-
tems, including on the surfaces of 3D topolog-
ical insulators (13, 14) and in artificial graphene
made from quantum corrals of carbon monoxide
arranged in a honeycomb lattice on a copper
substrate (15), as well as in other systems (16).
For concreteness, we focus our attention on
graphene, the most studied and versatile real-
ization of 2D Dirac fermions. Experiments have
been unable to realize the precise configuration
necessary to probe this strange interacting me-
tallic state that features electron quasiparticles
moving at the speed of light, despite their quasi-
particle character smearing away; however, sev-
eral probes of ultraclean graphene—including
magnetotransport (17), infrared spectroscopy (18
capacitance

RESEARCH
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Free-standing graphene remains a Dirac semimetal
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Twisted bilayer graphene

8



Twisted bilayer graphene

8



Twisted bilayer graphene

8

<latexit sha1_base64="S0b4pPMkrZ3J7S6dFkQYlW5GtaU="></latexit>

„

<latexit sha1_base64="/hmE/w3vcspNTky2GO6Z8smAPl8="></latexit>

„ = 1:16°

c

–3 –2 –1 0 1 2 3

103

102

101

100

10–1

10–2

43210–1–2–3

0 T

R
x
x
 (
k
Ω

)

Ω

n (1012 cm–2)

480 mT

–4

[Lu et al., Nature ’19]



Twisted bilayer graphene

8

<latexit sha1_base64="S0b4pPMkrZ3J7S6dFkQYlW5GtaU="></latexit>

„

<latexit sha1_base64="/hmE/w3vcspNTky2GO6Z8smAPl8="></latexit>

„ = 1:16°

c

–3 –2 –1 0 1 2 3

103

102

101

100

10–1

10–2

43210–1–2–3

0 T

R
x
x
 (
k
Ω

)

Ω

n (1012 cm–2)

480 mT

–4

[Lu et al., Nature ’19]

<latexit sha1_base64="Cv4mQyX8q+MJSrtjJi6X3/zKZJI="></latexit>

„ = 21:8°

-6 -4 -2 0 2 4

-200

-100

0

100

200  2T

 4T

 6T

 8T

 10T

E
 (

m
e

V
)

1/2 1/2

(d)

[Luican et al., PRL ’11]



Twisted bilayer graphene

8

<latexit sha1_base64="S0b4pPMkrZ3J7S6dFkQYlW5GtaU="></latexit>

„

<latexit sha1_base64="/hmE/w3vcspNTky2GO6Z8smAPl8="></latexit>

„ = 1:16°

c

–3 –2 –1 0 1 2 3

103

102

101

100

10–1

10–2

43210–1–2–3

0 T

R
x
x
 (
k
Ω

)

Ω

n (1012 cm–2)

480 mT

–4

[Lu et al., Nature ’19]

Dirac semimetalCorrelated insulator

<latexit sha1_base64="S0b4pPMkrZ3J7S6dFkQYlW5GtaU="></latexit>

„

… at charge neutrality ν = 0

<latexit sha1_base64="Cv4mQyX8q+MJSrtjJi6X3/zKZJI="></latexit>

„ = 21:8°

-6 -4 -2 0 2 4

-200

-100

0

100

200  2T

 4T

 6T

 8T

 10T

E
 (

m
e

V
)

1/2 1/2

(d)

[Luican et al., PRL ’11]



Twisted bilayer graphene

8

<latexit sha1_base64="S0b4pPMkrZ3J7S6dFkQYlW5GtaU="></latexit>

„

<latexit sha1_base64="/hmE/w3vcspNTky2GO6Z8smAPl8="></latexit>

„ = 1:16°

c

–3 –2 –1 0 1 2 3

103

102

101

100

10–1

10–2

43210–1–2–3

0 T

R
x
x
 (
k
Ω

)

Ω

n (1012 cm–2)

480 mT

–4

[Lu et al., Nature ’19]

Dirac semimetalCorrelated insulator

<latexit sha1_base64="S0b4pPMkrZ3J7S6dFkQYlW5GtaU="></latexit>

„

… at charge neutrality ν = 0

<latexit sha1_base64="Cv4mQyX8q+MJSrtjJi6X3/zKZJI="></latexit>

„ = 21:8°

-6 -4 -2 0 2 4

-200

-100

0

100

200  2T

 4T

 6T

 8T

 10T

E
 (

m
e

V
)

1/2 1/2

(d)

[Luican et al., PRL ’11]

?



Twisted double bilayer WSe2

9

A

B

B

A

θ

W

Se2



Twisted double bilayer WSe2

9

A

B

B

A

θ

W

Se2

Transport:

��� � = 2 �⊥ = 0 � =3� � = 2.5� ��� �

Hole filling
 

 ��� � = 2 �⊥ = 0 � =3� � = 2.5� ��� �

[Ma et al., arXiv:2412.07150]

→ Talk by F. Ihssen



Twisted double bilayer WSe2

9

A

B

B

A

θ

W

Se2

Transport:

��� � = 2 �⊥ = 0 � =3� � = 2.5� ��� �

Hole filling
 

 ��� � = 2 �⊥ = 0 � =3� � = 2.5� ��� �

[Ma et al., arXiv:2412.07150]

→ Talk by F. IhssenSymmetry of ordered state? 

Nature of transition?



Outline

10

(1) Introduction  

(2) Twisted bilayer graphene 

(3) Twisted double bilayer TMDs 

(4) Conclusions

KK
→

!

Dirac semimetalCorrelated insulator
<latexit sha1_base64="S0b4pPMkrZ3J7S6dFkQYlW5GtaU="></latexit>

„



Twisted bilayer graphene: Model

11

Interacting Bistritzer-MacDonald model:

<latexit sha1_base64="FKN44KmB3vW7sr9MG389ZKyyLMs="></latexit>

„

<latexit sha1_base64="/uPGEhgFJxx/xmtcDA48lC9VVdA="></latexit>

H =
X

k∈mBZ

c
†
kh(k)ck −

1

2A

X

q

Vq :!q!−q:

KK
→

[Bistritzer, MacDonald, PNAS ’11] 

[Bultinck et al., PRX ’20]



Twisted bilayer graphene: Model

11

Interacting Bistritzer-MacDonald model:

<latexit sha1_base64="FKN44KmB3vW7sr9MG389ZKyyLMs="></latexit>

„

<latexit sha1_base64="/uPGEhgFJxx/xmtcDA48lC9VVdA="></latexit>

H =
X

k∈mBZ

c
†
kh(k)ck −

1

2A

X

q

Vq :!q!−q:

KK
→

→40

→20

0

20

40

! " #
↑

"#
#
↑

"!"
#!

(m
eV

)

" = 1.40↓

Noninteracting spectrum:

[Bistritzer, MacDonald, PNAS ’11] 

[Bultinck et al., PRX ’20]



Twisted bilayer graphene: Model

12

Interacting Bistritzer-MacDonald model:

<latexit sha1_base64="FKN44KmB3vW7sr9MG389ZKyyLMs="></latexit>

„

<latexit sha1_base64="/uPGEhgFJxx/xmtcDA48lC9VVdA="></latexit>

H =
X

k∈mBZ

c
†
kh(k)ck −

1

2A

X

q

Vq :!q!−q:

→40

→20

0

20

40

! " #
↑

"#
#
↑

"!"
#!

(m
eV

)

" = 1.20↓

Noninteracting spectrum:

[Bistritzer, MacDonald, PNAS ’11] 

[Bultinck et al., PRX ’20]

KK
→



Twisted bilayer graphene: Model

13

Interacting Bistritzer-MacDonald model:

<latexit sha1_base64="FKN44KmB3vW7sr9MG389ZKyyLMs="></latexit>

„

<latexit sha1_base64="/uPGEhgFJxx/xmtcDA48lC9VVdA="></latexit>

H =
X

k∈mBZ

c
†
kh(k)ck −

1

2A

X

q

Vq :!q!−q:

→40

→20

0

20

40

! " #
↑

"#
#
↑

"!"
#!

(m
eV

)

" = 1.05↓

Noninteracting spectrum:

[Bistritzer, MacDonald, PNAS ’11] 

[Bultinck et al., PRX ’20]

KK
→



Twisted bilayer graphene: Model

13

Interacting Bistritzer-MacDonald model:

<latexit sha1_base64="FKN44KmB3vW7sr9MG389ZKyyLMs="></latexit>

„

<latexit sha1_base64="/uPGEhgFJxx/xmtcDA48lC9VVdA="></latexit>

H =
X

k∈mBZ

c
†
kh(k)ck −

1

2A

X

q

Vq :!q!−q:

Coulomb interaction:
<latexit sha1_base64="a6BlWrxUbNAbR6Ls0E5IaDbTCDg="></latexit>

Vq =
e2

2›0›(„;q)|q|
tanh(|q|d) TBG

hBN

Gate

hBN

Gate

2d

→40

→20

0

20

40

! " #
↑

"#
#
↑

"!"
#!

(m
eV

)

" = 1.05↓

Noninteracting spectrum:

[Bistritzer, MacDonald, PNAS ’11] 

[Bultinck et al., PRX ’20]

KK
→



Internal screening

14

Screened Coulomb interaction:

<latexit sha1_base64="xPwnbtnjJPBxmic/0NlMG6/k09E=">AAACRXicbVDLSsQwFE19W9+6dFMcBFdDK6JuBEEQlwqOCtNBbtNbDSZpSW7VofQL3Oo3+Q1+hDtxq5lxBEc9EDg5932SQgpLYfjijYyOjU9MTk37M7Nz8wuLS8tnNi8NxxbPZW4uErAohcYWCZJ4URgElUg8T24OevHzWzRW5PqUugV2FFxpkQkO5KSTvcvFRtgM+wj+kmhAGmyA48slrxmnOS8VauISrG1HYUGdCgwJLrH249JiAfwGrrDtqAaFtlP1N62DdaekQZYb9zQFffVnRQXK2q5KXKYCura/Yz3xv1i7pGy3UwldlISafw3KShlQHvTODlJhkJPsOgLcCLdrwK/BACdnztAUwnviuSpq348NarxzHwU6reIMlJDdFDMoJdVVbLNvPtTAgu7v2bvQ1r5zOPrt519yttmMtpvbJ1uN/cOB11Nsla2xDRaxHbbPjtgxazHOkD2wR/bkPXuv3pv3/pU64g1qVtgQvI9Pa7azJw==</latexit>

=

<latexit sha1_base64="BUvS0J/B4yXJ50yESHKaLU8Jysc=">AAACRXicbVDLSsQwFE19W9+6dFMcBEEYWhF1KQjiUsFRYTrIbXqrwSQtya06lH6BW/0mv8GPcCduNTOO4KgHAifnvk9SSGEpDF+8kdGx8YnJqWl/ZnZufmFxafnM5qXh2OK5zM1FAhal0NgiQRIvCoOgEonnyc1BL35+i8aKXJ9St8COgistMsGBnHSyebnYCJthH8FfEg1Igw1wfLnkNeM056VCTVyCte0oLKhTgSHBJdZ+XFosgN/AFbYd1aDQdqr+pnWw7pQ0yHLjnqagr/6sqEBZ21WJy1RA1/Z3rCf+F2uXlO11KqGLklDzr0FZKQPKg97ZQSoMcpJdR4Ab4XYN+DUY4OTMGZpCeE88V0Xt+7FBjXfuo0CnVZyBErKbYgalpLqKbfbNhxpY0P09exfa2ncOR7/9/EvOtprRTnPnZLuxfzjweoqtsjW2wSK2y/bZETtmLcYZsgf2yJ68Z+/Ve/Pev1JHvEHNChuC9/EJSeSzFQ==</latexit>

+
<latexit sha1_base64="BUvS0J/B4yXJ50yESHKaLU8Jysc=">AAACRXicbVDLSsQwFE19W9+6dFMcBEEYWhF1KQjiUsFRYTrIbXqrwSQtya06lH6BW/0mv8GPcCduNTOO4KgHAifnvk9SSGEpDF+8kdGx8YnJqWl/ZnZufmFxafnM5qXh2OK5zM1FAhal0NgiQRIvCoOgEonnyc1BL35+i8aKXJ9St8COgistMsGBnHSyebnYCJthH8FfEg1Igw1wfLnkNeM056VCTVyCte0oLKhTgSHBJdZ+XFosgN/AFbYd1aDQdqr+pnWw7pQ0yHLjnqagr/6sqEBZ21WJy1RA1/Z3rCf+F2uXlO11KqGLklDzr0FZKQPKg97ZQSoMcpJdR4Ab4XYN+DUY4OTMGZpCeE88V0Xt+7FBjXfuo0CnVZyBErKbYgalpLqKbfbNhxpY0P09exfa2ncOR7/9/EvOtprRTnPnZLuxfzjweoqtsjW2wSK2y/bZETtmLcYZsgf2yJ68Z+/Ve/Pev1JHvEHNChuC9/EJSeSzFQ==</latexit>

+
<latexit sha1_base64="BUvS0J/B4yXJ50yESHKaLU8Jysc=">AAACRXicbVDLSsQwFE19W9+6dFMcBEEYWhF1KQjiUsFRYTrIbXqrwSQtya06lH6BW/0mv8GPcCduNTOO4KgHAifnvk9SSGEpDF+8kdGx8YnJqWl/ZnZufmFxafnM5qXh2OK5zM1FAhal0NgiQRIvCoOgEonnyc1BL35+i8aKXJ9St8COgistMsGBnHSyebnYCJthH8FfEg1Igw1wfLnkNeM056VCTVyCte0oLKhTgSHBJdZ+XFosgN/AFbYd1aDQdqr+pnWw7pQ0yHLjnqagr/6sqEBZ21WJy1RA1/Z3rCf+F2uXlO11KqGLklDzr0FZKQPKg97ZQSoMcpJdR4Ab4XYN+DUY4OTMGZpCeE88V0Xt+7FBjXfuo0CnVZyBErKbYgalpLqKbfbNhxpY0P09exfa2ncOR7/9/EvOtprRTnPnZLuxfzjweoqtsjW2wSK2y/bZETtmLcYZsgf2yJ68Z+/Ve/Pev1JHvEHNChuC9/EJSeSzFQ==</latexit>

+ <latexit sha1_base64="TPbDcSfGz2UsGbPcx2upeDxEeA8="></latexit>

: : :

[Goodwin et al., PRB ’19]

… RPA in atomistic tight-binding model



Internal screening

14

Screened Coulomb interaction:

<latexit sha1_base64="xPwnbtnjJPBxmic/0NlMG6/k09E=">AAACRXicbVDLSsQwFE19W9+6dFMcBFdDK6JuBEEQlwqOCtNBbtNbDSZpSW7VofQL3Oo3+Q1+hDtxq5lxBEc9EDg5932SQgpLYfjijYyOjU9MTk37M7Nz8wuLS8tnNi8NxxbPZW4uErAohcYWCZJ4URgElUg8T24OevHzWzRW5PqUugV2FFxpkQkO5KSTvcvFRtgM+wj+kmhAGmyA48slrxmnOS8VauISrG1HYUGdCgwJLrH249JiAfwGrrDtqAaFtlP1N62DdaekQZYb9zQFffVnRQXK2q5KXKYCura/Yz3xv1i7pGy3UwldlISafw3KShlQHvTODlJhkJPsOgLcCLdrwK/BACdnztAUwnviuSpq348NarxzHwU6reIMlJDdFDMoJdVVbLNvPtTAgu7v2bvQ1r5zOPrt519yttmMtpvbJ1uN/cOB11Nsla2xDRaxHbbPjtgxazHOkD2wR/bkPXuv3pv3/pU64g1qVtgQvI9Pa7azJw==</latexit>

=

<latexit sha1_base64="BUvS0J/B4yXJ50yESHKaLU8Jysc=">AAACRXicbVDLSsQwFE19W9+6dFMcBEEYWhF1KQjiUsFRYTrIbXqrwSQtya06lH6BW/0mv8GPcCduNTOO4KgHAifnvk9SSGEpDF+8kdGx8YnJqWl/ZnZufmFxafnM5qXh2OK5zM1FAhal0NgiQRIvCoOgEonnyc1BL35+i8aKXJ9St8COgistMsGBnHSyebnYCJthH8FfEg1Igw1wfLnkNeM056VCTVyCte0oLKhTgSHBJdZ+XFosgN/AFbYd1aDQdqr+pnWw7pQ0yHLjnqagr/6sqEBZ21WJy1RA1/Z3rCf+F2uXlO11KqGLklDzr0FZKQPKg97ZQSoMcpJdR4Ab4XYN+DUY4OTMGZpCeE88V0Xt+7FBjXfuo0CnVZyBErKbYgalpLqKbfbNhxpY0P09exfa2ncOR7/9/EvOtprRTnPnZLuxfzjweoqtsjW2wSK2y/bZETtmLcYZsgf2yJ68Z+/Ve/Pev1JHvEHNChuC9/EJSeSzFQ==</latexit>

+
<latexit sha1_base64="BUvS0J/B4yXJ50yESHKaLU8Jysc=">AAACRXicbVDLSsQwFE19W9+6dFMcBEEYWhF1KQjiUsFRYTrIbXqrwSQtya06lH6BW/0mv8GPcCduNTOO4KgHAifnvk9SSGEpDF+8kdGx8YnJqWl/ZnZufmFxafnM5qXh2OK5zM1FAhal0NgiQRIvCoOgEonnyc1BL35+i8aKXJ9St8COgistMsGBnHSyebnYCJthH8FfEg1Igw1wfLnkNeM056VCTVyCte0oLKhTgSHBJdZ+XFosgN/AFbYd1aDQdqr+pnWw7pQ0yHLjnqagr/6sqEBZ21WJy1RA1/Z3rCf+F2uXlO11KqGLklDzr0FZKQPKg97ZQSoMcpJdR4Ab4XYN+DUY4OTMGZpCeE88V0Xt+7FBjXfuo0CnVZyBErKbYgalpLqKbfbNhxpY0P09exfa2ncOR7/9/EvOtprRTnPnZLuxfzjweoqtsjW2wSK2y/bZETtmLcYZsgf2yJ68Z+/Ve/Pev1JHvEHNChuC9/EJSeSzFQ==</latexit>

+
<latexit sha1_base64="BUvS0J/B4yXJ50yESHKaLU8Jysc=">AAACRXicbVDLSsQwFE19W9+6dFMcBEEYWhF1KQjiUsFRYTrIbXqrwSQtya06lH6BW/0mv8GPcCduNTOO4KgHAifnvk9SSGEpDF+8kdGx8YnJqWl/ZnZufmFxafnM5qXh2OK5zM1FAhal0NgiQRIvCoOgEonnyc1BL35+i8aKXJ9St8COgistMsGBnHSyebnYCJthH8FfEg1Igw1wfLnkNeM056VCTVyCte0oLKhTgSHBJdZ+XFosgN/AFbYd1aDQdqr+pnWw7pQ0yHLjnqagr/6sqEBZ21WJy1RA1/Z3rCf+F2uXlO11KqGLklDzr0FZKQPKg97ZQSoMcpJdR4Ab4XYN+DUY4OTMGZpCeE88V0Xt+7FBjXfuo0CnVZyBErKbYgalpLqKbfbNhxpY0P09exfa2ncOR7/9/EvOtprRTnPnZLuxfzjweoqtsjW2wSK2y/bZETtmLcYZsgf2yJ68Z+/Ve/Pev1JHvEHNChuC9/EJSeSzFQ==</latexit>

+ <latexit sha1_base64="TPbDcSfGz2UsGbPcx2upeDxEeA8="></latexit>

: : :

[Goodwin et al., PRB ’19]

… RPA in atomistic tight-binding model

Effective dielectric permittivity:

✓ = 1.25
�

✓ = 1.41
�

✓ = 1.54
�

✓ = 1.70
�

✓ = 2.13
�

50

150

100

200

250

300

0

✏
(✓
,
q
)

0.0 0.2 0.4 0.6 0.8 1.0

|q| [nm
�1]



Twisted bilayer graphene: Interacting spectrum

15

→40

→20

0

20

40

! " #
↑

"#
#
↑

"!"
#!

(m
eV

)

" = 1.40↓

Dirac semimetalCorrelated insulator
<latexit sha1_base64="S0b4pPMkrZ3J7S6dFkQYlW5GtaU="></latexit>

„

Selfconsistent Hartree-Fock:



Twisted bilayer graphene: Interacting spectrum

16

→40

→20

0

20

40

! " #
↑

"#
#
↑

"!"
#!

(m
eV

)

" = 1.20↓

Dirac semimetalCorrelated insulator
<latexit sha1_base64="S0b4pPMkrZ3J7S6dFkQYlW5GtaU="></latexit>

„

Selfconsistent Hartree-Fock:



Twisted bilayer graphene: Interacting spectrum

17

→40

→20

0

20

40

! " #
↑

"#
#
↑

"!"
#!

(m
eV

)

" = 1.05↓

Dirac semimetalCorrelated insulator
<latexit sha1_base64="S0b4pPMkrZ3J7S6dFkQYlW5GtaU="></latexit>

„

Selfconsistent Hartree-Fock:



Twisted bilayer graphene: Kramers intervalley-coherent insulator

18

Density matrix:
<latexit sha1_base64="zQtz4uFbGHh0w70ewxBsEVe7Tcg="></latexit>

= →c†
fiff
cfi →

ff
→↑

k=0
↓↔

8

>

>

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

>

>

:

1

2

0

@ +

1

A Dirac semimetal

1

2

0

@ +

1

A KIVC insulator @ strong couplingvalley

sublattice
<latexit sha1_base64="b9NcFNDxRNvd+66znsMEVU5MKf4="></latexit>

... breaks time reversal T & U(1)valley
... preserves combination (−i)fizT

1

−

<latexit sha1_base64="3tU4EZpaBoOBhqpXLDvoNtncZnk="></latexit>

ı

<latexit sha1_base64="PSvEihvi3WPrH7Y1jfNJr+Uqw1o="></latexit>

0

<latexit sha1_base64="T/S2Bbdj2Nv9cyGb9ECT9I2bnxE="></latexit>

ı=2

<latexit sha1_base64="4CApv1yJC34fAQLjFfhpjOePkSk="></latexit>

3ı=2

<latexit sha1_base64="gdYWZ/KOzXTb5BeLETaywfDCL+0="></latexit>

arg→c†c↑



Twisted bilayer graphene: Kramers intervalley-coherent insulator

18

Density matrix:
<latexit sha1_base64="zQtz4uFbGHh0w70ewxBsEVe7Tcg="></latexit>

= →c†
fiff
cfi →

ff
→↑

k=0
↓↔

8

>

>

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

>

>

:

1

2

0

@ +

1

A Dirac semimetal

1

2

0

@ +

1

A KIVC insulator @ strong couplingvalley

sublattice
<latexit sha1_base64="b9NcFNDxRNvd+66znsMEVU5MKf4="></latexit>

... breaks time reversal T & U(1)valley
... preserves combination (−i)fizT

1

−

<latexit sha1_base64="3tU4EZpaBoOBhqpXLDvoNtncZnk="></latexit>

ı

<latexit sha1_base64="PSvEihvi3WPrH7Y1jfNJr+Uqw1o="></latexit>

0

<latexit sha1_base64="T/S2Bbdj2Nv9cyGb9ECT9I2bnxE="></latexit>

ı=2

<latexit sha1_base64="4CApv1yJC34fAQLjFfhpjOePkSk="></latexit>

3ı=2

<latexit sha1_base64="gdYWZ/KOzXTb5BeLETaywfDCL+0="></latexit>

arg→c†c↑



Twisted bilayer graphene: Kramers intervalley-coherent insulator

18

Density matrix:
<latexit sha1_base64="zQtz4uFbGHh0w70ewxBsEVe7Tcg="></latexit>

= →c†
fiff
cfi →

ff
→↑

k=0
↓↔

8

>

>

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

>

>

:

1

2

0

@ +

1

A Dirac semimetal

1

2

0

@ +

1

A KIVC insulator @ strong couplingvalley

sublattice
<latexit sha1_base64="b9NcFNDxRNvd+66znsMEVU5MKf4="></latexit>

... breaks time reversal T & U(1)valley
... preserves combination (−i)fizT

1

−

<latexit sha1_base64="3tU4EZpaBoOBhqpXLDvoNtncZnk="></latexit>

ı

<latexit sha1_base64="PSvEihvi3WPrH7Y1jfNJr+Uqw1o="></latexit>

0

<latexit sha1_base64="T/S2Bbdj2Nv9cyGb9ECT9I2bnxE="></latexit>

ı=2

<latexit sha1_base64="4CApv1yJC34fAQLjFfhpjOePkSk="></latexit>

3ı=2

<latexit sha1_base64="gdYWZ/KOzXTb5BeLETaywfDCL+0="></latexit>

arg→c†c↑



Twisted bilayer graphene: Kramers intervalley-coherent insulator

18

Density matrix:
<latexit sha1_base64="zQtz4uFbGHh0w70ewxBsEVe7Tcg="></latexit>

= →c†
fiff
cfi →

ff
→↑

k=0
↓↔

8

>

>

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

>

>

:

1

2

0

@ +

1

A Dirac semimetal

1

2

0

@ +

1

A KIVC insulator @ strong couplingvalley

sublattice
<latexit sha1_base64="b9NcFNDxRNvd+66znsMEVU5MKf4="></latexit>

... breaks time reversal T & U(1)valley
... preserves combination (−i)fizT

1

−

<latexit sha1_base64="3tU4EZpaBoOBhqpXLDvoNtncZnk="></latexit>

ı

<latexit sha1_base64="PSvEihvi3WPrH7Y1jfNJr+Uqw1o="></latexit>

0

<latexit sha1_base64="T/S2Bbdj2Nv9cyGb9ECT9I2bnxE="></latexit>

ı=2

<latexit sha1_base64="4CApv1yJC34fAQLjFfhpjOePkSk="></latexit>

3ı=2

<latexit sha1_base64="gdYWZ/KOzXTb5BeLETaywfDCL+0="></latexit>

arg→c†c↑

Intervalley-coherence order parameter:

1.10 1.15 1.20 1.25 1.30 1.35 1.40

θ [�]

0.00

0.25

0.50

0.75

1.00

ϕ
I
V
C

θc(a)

K A
K

�A
K B
K

�B

Qγ(1.05�)
K A
K

�A
K B
K

�B

Qγ(1.4�)

L = 12
L = 15
L = 18
L → ∞

… for d = 20nm



Twisted bilayer graphene: Kramers intervalley-coherent insulator

18

Density matrix:
<latexit sha1_base64="zQtz4uFbGHh0w70ewxBsEVe7Tcg="></latexit>

= →c†
fiff
cfi →

ff
→↑

k=0
↓↔

8

>

>

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

>

>

:

1

2

0

@ +

1

A Dirac semimetal

1

2

0

@ +

1

A KIVC insulator @ strong coupling

1

(b)

m

+

−

0

0−

+

+

+ −

−

AA

AB

Real-space representation:
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… see also [Huang et al., Nat. Commun. ’25]
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Gross-Neveu-XY universality class:

… with emergent relativistic symmetry

[Biedermann & LJ, PRB ’25]
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Gross-Neveu-XY universality class:

… with emergent relativistic symmetry

[Biedermann & LJ, PRB ’25]
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Critical exponents:

[Hawashin, Scherer, LJ, PRB ’25]
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Untwisted noninteracting spectrum:

… for double bilayer WSe2 

[Pan et al., PRRes ’23]
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Untwisted noninteracting spectrum:
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Twisted double bilayer TMDs: Phase diagram
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[Biedermann & LJ, arXiv:2509.04561]
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Staggered magnetization:

Gross-Neveu-Heisenberg universality class:

… with emergent relativistic symmetry

[Biedermann & LJ, arXiv:2509.04561]
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Twisted double bilayer TMDs: Heterostrain
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