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Parton Mean-Field Theory 18 Points

The parton mean-field treatment of a Heisenberg Hamiltonian

H = J
∑
⟨ij⟩

S⃗i · S⃗j (1)

allows for a description of non-magnetic states or spin liquids. This is accomplished by

introducing Abrikosov fermions or pseudo-fermion operators f
(†)
iα (α =↑, ↓),

S⃗i =
1

2
f †
iασ⃗αβfiβ , (2)

and enforcing a constraint on the Hilbert space, f †
iαfiα = 1, which forbids unphysical

states. Summation over repeated indices is always implied.

Rewrite the Hamiltonian (1) in terms of pseudo-fermions and show that it becomes

H = −1

2
J
∑
⟨ij⟩

f †
iαfjαf

†
jβfiβ + J

∑
⟨ij⟩

(
1

2
ni −

1

4
ninj

)
. (3)

Hint: Use σ⃗αβ · σ⃗α′β′ = 2δαβ′δα′β − δαβδα′β′ .

The second term in (3) is a constant which we neglect in the following. Note that the
Hamiltonian (3) only corresponds to the original spin Hamiltonian (1) in the subspace
of one fermion per site (which is ensured by the constraint). The usual strategy of the
parton mean-field theory consists of two steps: (i) Replace the constraint by its average,

⟨f †
iαfiα⟩ = 1, which is enforced by a site-dependent and time-independent Lagrange mul-

tiplier λi(f
†
iαfiα − 1) in the Hamiltonian. (ii) Replace the pair of the operators in the

first term of (3), f †
iαfjα, by its expectation value χij. Show that the resulting mean-field

Hamiltonian reads

H = −1

2
J
∑
⟨ij⟩

([
f †
iαfjαχji + h.c.

]
− |χij|2

)
+
∑
i

λi

(
f †
iαfiα − 1

)
(4)

Derive the self-consistency equation for χij; alternatively, you can find χij by minimizing
the mean-field energy. In the following, we consider three specific trial states.
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(1) Dimer state

A simple ansatz χij for a dimer state on the square lattice is given by λi = 0 and

χi,i+x̂ =
χ1

2

(
1 + (−1)ix

)
and χij = 0 else. (5)

Show that the mean-field ground-state corresponding to this ansatz satisfies the self-
consistency equation χij = ⟨f †

iαfjα⟩ and the constraint ⟨f †
iαfiα⟩ = 1. Compute and sketch

the mean-field excitation spectrum and determine the value of χ1 at zero temperature.

(2) π-flux state

A more sophisticated ansatz on the square lattice is given by λi = 0 and

χi,i+x̂ = iχ2 and χi,i+ŷ = iχ2(−1)ix (6)

where χ2 is a real constant. Show that the corresponding ansatz satisfies the self-
consistency equation and the constraint. Compute and sketch the mean-field excitation
spectrum and determine the value of χ2 at zero temperature. Do not try to solve the final
momentum integrals.

(3) Homogeneous spin liquid state

Eventually, we consider a homogeneous ansatz on the square lattice which is given by
λi = 0 and

χi,i+x̂ = χ3 and χi,i+ŷ = χ3 (7)

where χ3 is a real constant. Show that the corresponding ansatz satisfies the self-
consistency equation and the constraint. Compute and sketch the mean-field excitation
spectrum and determine the value of χ3 at zero temperature.
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