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1. Reciprocal Lattice in 2D [1+43=4]

(a)

Consider the lattice vectors
Ry =a(1,0),  Ry=a(0,1), (1)

defining a square lattice with lattice constant a. Sketch the lattice and the cor-
responding Wigner-Seitz unit cell, determine the number of sites contained in
the Wigner-Seitz unit cell, and determine the reciprocal lattice vectors.

Now consider a lattice defined with the same lattice vectors with an additional
sub-lattice basis defined as

?0 = a(O, 0), ?1 = a(1/2, 0), ?2 = CL(O, 1/2) (2)
such that the position vector U of every site in the lattice is given by
T)’(nl,ng,ng,u) :Tllﬁl +n2§2+ngﬁg+ ?u, (3)

where ny,ng,n3 € Z, and p € {0,1,2}. Redo all the calculations and sketches
from (a).

Hint: think about the repeating pattern used to construct both. What does this
depend on? What does it tell you about the reciprocal lattice vectors?




2. Reciprocal Lattice in 3D [142+43=0]

(a)

(b)

The lattice vectors @i, @2, and @3 of a Bravais lattice in d = 3 dimensions are
given. Determine the volume 2, of the primitive unit cell.

The lattice vectors of the corresponding reciprocal lattice can be determined as
follows,

- — X—» - — X—> - — X—»
b1:27r—> a2—> a3—> ) b2:2ﬂ-—> a3—> al—) ) b3:27T_) a1—> a2—>
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Show that the vectors Z)i, 1 = 1,2, 3, satisfy the following identity:
— — — 27T3
bl'(ng bg): ( ) (4)
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Then derive a relationship between €2, and the volume €2, of the primitive unit
cell of the reciprocal lattice.

If R (with ¢ = 1,2, 3) were the lattice vectors of a Bravais lattice, show explicitly
using (4) that the reciprocal lattice vectors would be the vectors ;.

In other words, show that the reciprocal lattice of the reciprocal lattice is the
original lattice.

Hint: Use the ‘bac-cab’ rule: 4 x (E X 6) = E(Z : 6) — 8(2 : ﬁ)



3. Structure factors [1+343+3=10]

The geometric structure factors Sg is defined as

Sa= > die'“ ", (5)

jeu.c

where j runs over the atoms in a single unit cell, d; is the so-called atomic form

factor (which depends on the precise element found at site j), and G corresponds to
a reciprocal lattice vector defined as

G=hbi+kbs+0(bs, (6)

with h, k, ¢ € Z. In X-ray scattering, this structure factor is used to obtain information
regarding the lattice geometry by studying the intensity of scattering I oc |Sg|* at
different reciprocal lattice vectors G.

(a) Consider the compound CsCl whose lattice can be described as a simple cubic,
with a basis
222
where each atom has a distinct form factor. Compute Sg and provide the equa-
tion as a function of the integers h, k, /.
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(b) Repeat part (a) for elemental Cs which is now arranged in a body-centered cubic
lattice (BCC). Are there any values of h, k, £, for which Sg vanishes?

(¢) Now consider elemental Cu arranged in a face-centered cubic lattice (FCC).
Recall that this lattice can be though as a simple cubic lattice (with the G
vectors defined as for the simple cubic lattice) with a 4 sub-lattice basis given
0,0,0], [%, %,O] , [%,0, %] , [O, %, %] Obtain Sg and determine for which combi-
nation of h, k, ¢ it Sg vanishes.

(d) As a last exercise consider the compound Zinc Sulfide, which is arranged in an
FCC lattice with a sublattice basis where the sublattice vector the Zn atom is
0,0, 0] while the sublattice vector for the S atom is at [i, }l, ﬂ If we consider a
simple cubic unit cell, this implies that there are 8 atoms in a unit cell. Compute
S¢ for this compound and demonstrate that one can rewrite the structure factor

in the simplified form

SG — SE;CC X Sgasis (8)

where SE&-C is the structure factor obtained for an FCC lattice while Sgpsis

contains all the information regarding the sub-lattice basis.



