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1. The reciprocal lattice vectors and the Brillouin zone [2+2+2+2+2+2=12]

In this problem we will lattices in 2D, study their corresponding Brillouin zones, and
consider the effect of adding a sublattice structure to the lattices.

(a) Consider first a square lattice composed of two intercalating atoms, say A and
B, such that every A (B) atom is surrounded by 4 B (A) atoms. The bond
distance between every two neighboring sites is of size a. Draw the resulting
lattice.

(b) Identify the lattice vectors of this lattice and derive the corresponding reciprocal
lattice vectors. What would be the effect on the lattice and reciprocal lattice
vectors of replacing theB atoms with A atoms, i.e. having a regular square lattice
constructed with a single type of atom? What would happen to the Brillouin
zone?

(c) Now consider a triangular lattice with lattice constant a whose lattice vectors
are

#»r 1 = a(1, 0), #»r 2 = a(1/2,
√
3/2) (1)

identify the reciprocal lattice vectors and draw the first Brillouin zone.

(d) Using the resulting reciprocal lattice vectors, sketch the reciprocal lattice, the
Brillouin zones, and the high-symmetry points Γ = [0, 0] (located at the center

of the BZ), M = 2π
a

[
0, 1√

3

]
(located at the midpoints of the edges of the BZ)

and K = 2π
a

[
1
3
, 1√

3

]
(located at the corners of the BZ). Why are these points

dubbed as high-symmetry?

(e) The honeycomb and Kagome lattices are non-Bravais lattices that can be mo-
deled as a triangular lattice with a sub-lattice basis of 2 and 3, respectively.
Sketch both lattices and identify their corresponding unit cells. Determine the
corresponding reciprocal lattice vectors associated to these lattices?

(f) Is there a difference between the high-symmetry points associated with these
lattices and those associated with the triangular lattice? For this consider the
effect of a rotation in space which leaves the starting lattice invariant, e.g. a
six-fold, three-fold, or two-fold rotation about the global z-axis (C6, C3, and
C2 respectively). What is the resulting effect and equivalence in the reciprocal
lattice vectors?



2. Kronig-Penney model [2+2+2+2=8]
We now analyze the Kronig-Penney model (a.k.a. the “delta-function comb”) for a
single electron in one dimension. This model (proposed by Ralph Kronig and William
Penney in 1931) is described by the Hamiltonian

H =
ℏ2

2m
∂2x + aU

∑
n

δ(x− na) (2)

where a is the lattice constant.

(a) First consider a free particle Hamiltonian with a potential described by a V (x) =
aUδ(x), i.e. one with a single delta function at x = 0. Determine the form of
the wave-function for an eigenstate of the system with energy E for x ̸= 0.

(b) Now show that, at x = 0, the derivative of the wave function ∂xψ(0) is discon-
tinuous.

(c) Now consider the full periodic potential. As shown in (a), for 0 < x < a, the
wave function is a solution of the free Schrödinger equation taking the form

ψ(0 < x < a) = AeiqEx +Be−iqEx, (3)

where qE was determined in part (a). Using the Bloch condition ψ(x + a) =
eikaψ(x) where k is some wave vector, together with the boundary condition at
x = a, i.e. part (a), derive the two coupled linear equations for A and B. Show
that this leads to the condition

cos(ka) = cos(qEa) +
C

2qE
sin(qEa) (4)

determine the constant C.

(d) Using the result from (c), show that E ≃ E0 − 2J cos(ka) in the vicinity of
qEa = π. For this, consider the case for which qEa = π, and Taylor-expand the
expression in Eq. (4).
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