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1. Free electron bands in 2D [14142+42=6]

Consider a system composed of free electrons in a square lattice. The free electron
dispersion relation, describing the energy of the electrons as a function of the wave-
vector k, is given by
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where k = (k,, k) is a vector defined in the first Brillouin zone, and G is a reciprocal
lattice vector. The purpose of this exercise is to provide a better understanding of
how electron bands are illustrated in a crystal.

(a) Draw nine adjacent Brillouin zones (BZ) and a path connecting the I' = [0, 0],
X = [r/2,0], and M = [7/2, /2] high-symmetry points (in units of the inverse
lattice constant 1/a) in one of the BZs. Is this path unique?

(b) Considering three consecutive Brillouin zones along the k, = 0 line. Plot the
dispersion relation in Eq. in these three BZs along the for k, = 0 line. In
this sketch, how many bands would there be in each BZ?

(c) Sketch in the first BZ, how the dispersion relation in Eq. along the high-
symmetry path in the first Brillouin zone identified in (a).

(d) Consider the Brillouin zones centered in the points G € {(0,0), (0, £7), (£, 0)
, (£m, £7), (£7,F7)}. Repeat (¢) now considering the dispersion relation cen-
tered in these nine BZ.



2. Tight-binding method and van Hove singularities in 1D and 2D [1+1+1+1+2=6]

We will now consider a tight-binding Hamiltonian in two simple 1D and 2D lattices
defined by the Hamiltonian

H=—t Z(c}cj + c}ci) (2)
(4,3)

describing the hopping of spin-less fermions on a lattice. Here ¢ is the energy asso-
ciated with the movement of the spinless fermions, i.e. hopping integral, the sum
D (i) Tuns over nearest-neighbor sites and the operators ¢l (¢;) creates (annihilates)

i
a fermion at site 7. Using Eq. , we will now study the dispersion relation associated
of a tight-binding model for various lattices.

(a) Consider a 1D chain with lattice constant a where the Hamiltonian in Eq.
takes the form

H=—t Z(CZTCM +cl). (3)

Exploit the translational symmetry of this system to rewrite the Hamiltonian in
Eq. in the form

H=> e(k)cler, (4)
k
to obtain the dispersion relation (k) . For this use the Fourier transform

_ 1 —ik-(ag)
Cc; = E cpe 5)
! vV N k g (5)

where NN is the number of sites in the lattice.

(b) Now consider the density of states, defined as
1
D(e) = > 5(e—e(k)). (6)
k

Using the density of states found for the 1D chain demonstrate that the density
of states takes the form

1
D) = —. 7
O =—5—— (7)
Plot both the dispersion relation and the density of states in adjacent figures.
What does the density of states tell us?

(¢) Now consider the tight-binding model on a simple square lattice with lattice
constant a and determine the corresponding dispersion relation (k) and plot
the resulting function.



(d) For the square lattice, the density of states (see https://arxiv.org/pdf/2008.05544)is
given by the expression

D(e) = 2;%;( ( - %) , (8)

where K (z) is a complex elliptical integral. The density of states is illustrated
in Fig. [T} where a clear singularity at £ = 0.
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Figure 1: Density of states of the square lattice.

Using the limit of the complex elliptical integral
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show the existence of this divergence and determine the k points where the

dispersion relation achieves energy, i.e. (k) = 0.

(e) Consider now the k points (k,, k,) € {(£m,0), (0, £7)}, show that the dispersion
relation at these points presents a saddle point.


https://arxiv.org/pdf/2008.05544

3. Tight-binding method and van Hove singularities on non-Bravais lattices [142+41+2+1+1=8§]

In this problem we will study a tight-binding model on a non-Bravais lattice and
some of its interesting properties.

(a) Consider the kagome lattice as shown in Fig. . A spinless tight-binding Hamil-

Figure 2: Kagome lattice where the two arrows indicate the vectors Ry and R,.

tonian for this lattice is described by the Hamiltonian
H=— Z(cgcj +h.c.) — 1o Z (e7®icle; + h.c.) (10)
(i.3) {(2.9))
where t; and ?, are first and second nearest-neighbor hopping amplitudes, ¢;; is

a real number. In reciprocal space, this Hamiltonian can be block-diagonalized
resulting in the k-space hopping matrix

0 hio(k) his(k)
H = | i, (k) 0 has (k)
his(k) hys(k) 0

where

hio(k) = —2t;cos(k - ay) — 2tse™ cos(k - by)

( .
his(k) = —2t,cos(k-as) — 2tse™" cos(k - bs)

hos(k) = —2t,cos(k-ay) — 2tse™ cos(k - by), (11)

and the vectors a; and b; are defined in the following way

B L, (13 B
a = a 27 ) as = a 47 4 ) asz = a; Qs,

b, = a(O,\/—§>, bgza(§ —\/—g), b; = —b; — bs. (12)

2 4 4
How many bands are there for this tight-binding model?
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(b) Consider the case for which t; = 0. Plot the band structure along the high-
symmetry path I-K-M, where ' = (0,0), K = (%F,0), and M = <7r, %)7 where
we have set a = 1.

(c¢) The tight-binding model on the kagome lattice features a top-most flat band.
This flat band indicates an extensive number of degenerate eigenmodes. In this
problem, we will demonstrate for a simple case, that the fermionic states associ-
ated with this flat band are stationary modes (see also https://arxiv.org/pdf/0803.3628).

To demonstrate this we consider a state defined in the following way

1
W) = —=(cl — b+ ¢} —ch + c —cf)|o) (13)

V6

where the six creation operators are defined around a closed hexagon in the
kagome lattice, see Fig. 3] Demonstrate that this state is an eigenstate whose
eigenvalue corresponds to the energy of the flat band. Show that the state is
localized, i.e. that the hopping to adjacent sites vanishes due to destructive

interference.

Figure 3: Hexagonal plaquette.

(d) Show that the tight-binding model in the kagome lattice in Eq. for to =0
exhibits a van Hove singularity at the M points.
Hint: for this it is useful to consider the dispersion relation of one of the lower
eigenvalues, and study its Taylor expansion around the M point.

Note: an interesting associated work with such an destructive interference can
also be found in the following Nature reference s41567-025-02923-8.

(e) Now consider the case for which ty ~ 0.76t; and ¢ ~ 0.97. Illustrate the resulting
bands of this model in the I'-K-M high-symmetry path.

(f) For the model where to ~ 0.76t; and ¢ ~ 0.97 (for reference see PhysRevB.111.075114),
a higher-order van Hove singularity is seen at the M point. Such a singularity
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https://journals.aps.org/prb/abstract/10.1103/PhysRevB.111.075114

occurs when the Hessian of the corresponding band has at least one vanishing
eigenvalue. This scenario typically happens when the dispersion relation about
the singularity point is described by a k-polynomial of order 3 or higher.

For the model considered, a series expansion around the M point of the energy
band presenting the van Hove singularity yields the function

e(K + k) ~ constant — C(k) — 3k,k}), (14)

where C is a constant. Show that the function in Eq. obeys a C3 symmetry
as expected from the band original band dispersions, see Fig. 4, and demonstrate
that this point yields a higher-order van Hove singularity.
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Figure 4: Dispersion relation of the tight-binding model on the Kagome lattice around
a higher-order van Hove singularity.



