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1. Free electrons on a lattice [2+2+2=0]

In the previous exercises we have studied a system where free electrons move on
a lattice. In this problem, we briefly study how the distinct Brillouin zones are
populated.

(a)

Consider a two-dimensional square lattice with lattice constant a. For free elec-
trons, the dispersion relation takes the form £(k) = h%k?/2m where m is the
electron’s mass. What is the number of electrons needed per unit cell for the
second Brillouin zone to start to be filled? What about the third Brillouin zone?

Hint: You may want to draw the first, second and third Brillouin zones for this.
Then recall how electronic states in reciprocal space are populated, i.e. think
how the Fermi surface is determined.

Note: recall that there is a spin index too, so a factor of 2 must be accounted
for.

Consider a simple cubic lattice. As in (a), determine the radius of the maximal
reciprocal lattice vector k for which electrons would still be found in the first
Brillouin zone. How many electrons per site would be this filling factor require?
Based on your findings, would a simple cubic lattice composed by monovalent
ions have electrons in the second Brillouin zone?

Consider a monovalent simple cubic crystal. Now imagine you can replace a
certain fraction of the ions of this lattice with bivalent ions. This replacement is
done at random, such that no super-structure in the resulting crystal is obtained.
Calculate the fraction of substitutions f with bivalent atoms required for the
Fermi surface to touch the boundary of the first Brillouin zone.




2. Tight-binding in the honeycomb lattice [142+2+42+3=10]

In this problem we study a tight-binding model on a non-Bravais lattice, namely the
honeycomb lattice.

(a) First let us consider the underlying Bravais lattice, the triangular lattice defined
by the lattice vectors

Ry =a(1,0),  R,=a(1/2,v3/2), (1)

as shown in Fig. [I]

Figure 1: Triangular lattice where the two arrows indicate the vectors Ry and R,.

Determine the reciprocal lattice vectors and the dispersion relation for a tight-
binding model on the triangular lattice and plot the resulting function.

(b) Now consider the honeycomb lattice as shown in Fig. [2|

Figure 2: Honeycomb lattice where the two arrows indicate the vectors }?1 and 13@.

This lattice has a sublattice structure defined by the lattice vectors
74 = a(0,0), 7 =a(0,1/2). (2)

Note that in this lattice, every “red” site has only “blue” site nearest-neighbors.
Use the Fourier transform
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where now N counts the number of unit cells, to show that the tight-binding
model in this lattice takes the form



C
Hamions = 3 () B (014 (W
k

CB.k

where H is a 2 x 2 k-dependent matrix. Provide the expression for the hopping
matrix H and plot the resulting band structure.

Hint: Note that the operators ¢, have now two labels in their Fourier repre-
sentation. The label k refers to the Fourier transform of the underlying Bravais
lattice, while the u labels the sublattice structure of the problem.

Show that the bands cross when (k) = 0 and that the dispersion around this
point is linear. For this consider the simplified case when £, = 0.

Now consider a staggered on-site potential, modeled by a “mass” term with
energy constant m

H = Hgraphene + M Z Cl,ch,j —m Z cTB’jcB,j. (5)
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Demonstrate that the introduction of this staggered chemical potential opens a
gap in the spectrum proportional to m and plot the resulting bands for m €
{0,0.5,1}.

Hint: as in the previous exercise, you may consider the case for which £k, = 0
when plotting.

Due to the bipartite character of the honeycomb lattice, its tight-binding Hamil-
tonian can be written using the Pauli matrices
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in the following form
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where cf(k:) is a four dimensional vector and & = (0, 04, 0,,0,)". A band gap
in this model is forbidden as long as time reversal symmetry (7)) and inversion
symmetry (0,K) are preserved. Demonstrate that a term dz(k)o* in Eq.
violates these symmetries.

Hint: the operator K inverts the momentum, i.e. k — —k. While the effect of
time reversal symmetry is to invert the momentum and complex conjugate the
interaction matrix, i.e H(k) — H*(—k).

Note: here we are considering spin-less particles. When considering spin-full
particles the time-reversal operator takes a more complicated form.



