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1. Pauli paramagnetism [2+3+1=0]

Consider a 3D free electron gas in a weak magnetic field. Magnetic fields affect
electrons in two ways: through orbital motion (Lorentz force) and through the mag-
netic moment of electron spin (Zeeman effect). For this problem we neglect the first
effect and focus on the Zeeman effect. Taking the Zeeman term into account, the
Hamiltonian is written as

H = Z(s,; + UNBB)CT,;JCE,U (1)
ko
where £ = % is the dispersion relation, pp is the Bohr magneton, and the spin

variable takes values o = £1. The Deunsity of states (DOS) for 3D electrons is given
by the expression

where e is the Fermi energy.

(a) In the presence of an external magnetic field, the two spin states have a dif-
ferent DOS. Write the expression for each of these DOS and plot the resulting
functions.

(b) The introduction of a small magnetic field will prompt a change in population
between the spins components. This in turn results in a new Fermi energy ép.
Assuming ugB < e, obtain the expression for £r to lowest order in %.

Hint: Compute the total number of electrons.
(c) Compute the magnetization of the system, M = —ug(N, — N_), and the cor-

responding magnetic susceptibility, defined as x = 6%4_ Neglect the difference
between ¢ and éf.



2. Density Functional Theory (DFT) approach to non-interacting electron problems [2+2+241=7|

DFT is foundational to modern day materials science. Unfortunately, a DFT cal-
culation for a multi-electron system requires some (serious) computer work, not so
suitable for a problem sheet. In this problem we will therefore consider a density
functional description of a system of non-interacting electrons, with a ground state
density n(r) = [1(r)[* and subject to an external potential V(). Since there is
only one particle in the system, the energy functional is a sum of a kinetic energy
functional and a term due to the external potential.

(a) Show that the kinetic energy function is

Tin() = ¢ [ e 3)

where (] is a constant. Determine C}.

Hint: You may assume that the non-interacting electron wave function is real.

(b) Apply the variational principle to obtain an expression for V(7) in terms of n(r)

by imposing % = 0, where & is the total energy of the system.

Hint: Use the functional derivative of a function Flg] = [d®r f(g,Vg)
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(c) Using your expression for V(7) in terms of n(7), find the one-dimensional po-
tential V() corresponding to n(z) = Ae=**".

(d) Repeat point (c¢) but now considering a radial potential with a density n(r) =
Ae™".



3. Phonons and specific heat [14+2+42+2=7]

Let us consider a system of harmonic oscillators described by the Hamiltonian

H=> hol(n?+1/2), (5)

k.o

where k is the wave vector, a is one of the three Cartesian directions {z,y, 2} and
ng is the occupation number associated with the number.

(a)

(b)

Calculate the partition function for the system of oscillators associated with the
Hamiltonian in Eq. , and of a system composed of N of these non-interacting
oscillators.

Using the partition function for the collection of N quantum oscillators, demon-
strate that the specific heat C, takes the form
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where = 1/kpT.

Using the expression in Eq. @, assume that we = v|l¥|, i.e. following Debye’s
calculation, and determine the temperature dependence of the specific heat of a
crystalline solid in d spatial dimensions at low temperatures. Express this result
in terms of a temperature-independent integral over k.

Taking wf = v|k| derive the density of states D(w) of this system for d = 3.
Then use this expression in the high-temperature limit, to show that the specific
heat results in the Dulong-Petit high-temperature limit C' ~ 3kjp.

Note: recall that in Debye theory, the frequency w has a maximal value of

wp = 6m2nvd.



