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1. Drude theory of transport in metals [1+2+3=6]

In the Drude theory of metals, the average momentum of an electron is described by
the following equation

d⟨p(t)⟩
dt

= −e

(
E +

⟨p(t)⟩
m

×B

)
− ⟨p(t)⟩

τ
, (1)

where the first term on the right-hand side describes the Lorentz force, and the second
term describes the relaxation of the system, where τ represents the scattering time.

(a) Assuming there is not applied magnetic field, provide an expression for the
electric current j = σE of the steady state.

(b) Now consider the case where both electric and magnetic fields are present. De-
termine the resistivity tensor ρµν defined from the expression Eµ =

∑
µ ρ

µνjν .

(c) Now consider the case of an applied AC electric such that E = E0e
iωt, which in

turn induces a current with the same modulation, i.e. j = j0e
iωt, and a time-

independent magnetic field B. Obtain the resulting resistivity tensor ρµν(ω).



2. Boltzmann equation in relaxation time approximation [1+3+2+2=8]

We consider a metal with N non-interacting electrons of mass m, charge −e, and
spin 1/2 in a volume V , characterized by a dispersion relation given by E(k). We
recall that, in equilibrium, the probability density function is

fk(r)

∣∣∣∣∣
equilibrium

= f 0
E(k) =

1

1 + e
E(k)−µ
kBT

. (2)

where T is the temperature and µ is the chemical potential. The time evolution of
the distribution function is given by the Boltzmann equation. In this problem we
will be interested in the steady state reached in the presence of a disturbance such
as an electric field E or a gradient such as ∇T or ∇µ. In the steady state, i.e. for
∂tf = 0, the Boltzmann equation takes the form

v(k) · ∇rfk(r)− eE · ∇kfk(r) = Ik{f} = −1

τ

[
fk(r)− f 0

E(k)(r)
]
, (3)

where the relaxation time approximation has been used for the collision integral
Ik{f} where 1/τ is the scattering rate of the electrons due to impurities, and v(k) =
1
ℏ∇kE(k) is the group velocity.

The distribution function fk(r) can be used to obtain a variety of thermodynamic
quantities including the particle density

n(r) = 2

∫
d3k

(2π)3
fk(r) (4)

the electric (charge) current density

jc(r) = −2e

∫
d3k

(2π)3
fk(r)v(k), (5)

and the heat current

jH(r) = 2

∫
d3k

(2π)3
fk(r)v(k) [E(k)− µ] . (6)

(a) Let us first consider the case where no external fields or gradients are present.
Assume an isotropic dispersion, i.e. E(k) = ε(k), and show that the group
velocity v(k) is an odd function of k. For the isotropic case, what are your
expectations for the value of the electric and heat current?

(b) We now include external fields and gradients. Show that, in linear order in E,
∇T and ∇µ, the distribution takes the form

fk(r) = f 0
E(k)(r) + v(k) ·

[
−eE −∇µ− E(k)− µ

T
∇T

]
τ

(
−

∂f 0
E(k)

∂E

)∣∣∣∣∣
E=E(k)

. (7)
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Hint1 : Recall that the distribution function f is a function of T and µ, i.e.
fk(r) = fk(T (r), µ(r)). Consequently, for small fluctuations in T and µ one can
consider its Taylor expansion to first order.

Hint2 : you can assume that at linear order, corrections to the distribution
function are of order O(∇T,∇µ,E).

(c) Use the result from (b) to demonstrate that, for ∇T = 0 and ∇µ = 0, the
electrical conductivity tensor σµν , defined from the expression jµc (r) =

∑
ν σ

µνEν

takes the form

σµν = 2e2τ

∫
d3k

(2π)3

(
− ∂f 0

∂E(k)

)
vµvν (8)

(d) For an isotropic dispersion, the off-diagonal parts of the conductivity tensor
vanish, i.e. σµν = δµνσ, where

σ =
2e2τ

3

∫
d3k

(2π)3

(
−
∂f 0

E(k)

∂E(k)

)
v2. (9)

Calculate the conductivity σ for free fermions, i.e. with dispersion E(k) = ℏ2k2

2m
,

in the low-temperature limit (T → 0). Compare your result with that obtained
in the previous problem.

3



3. Law of mass action and doping in semiconductors [2+2+2=6]

For conduction electrons in d = 3 at the bottom of a conduction band, the density
of states takes the approximate form

gc(ε) =
(2m∗

e)
3/2

2π2ℏ3
√
ε− εc (10)

for ε ≥ εc.

(a) In the low-temperature regime, i.e. β(ε − µ) ≫ 1, derive the density of elec-
trons and holes in the conduction and valence band, respectively, to obtain the
expressions

n(T ) =
1

4

(
2m∗

ekBT

πℏ2

)3/2

e−β(εc−µ) (11)

p(T ) =
1

4

(
2m∗

hkBT

πℏ2

)3/2

e−β(µ−εv) (12)

where εc (εv) is the energy at the bottom (top) of the conduction (valence) band.

(b) In the low-temperature regime, demonstrate that the energy density of the con-
duction electrons takes the form

E =

(
3

2
kBT + εc

)
n(T ). (13)

(c) In semiconductor physics, the law of mass action associates the density of free
electrons (in the conduction band) and holes (in the valence band) yielding a
temperature dependent function

n(T )p(T ) ≡ n2
I =

1

2

(
kBT

πℏ2

)2

(m∗
em

∗
h)

3/2e−βEgap , (14)

where Egap = εc − εv. This function is independent of the precise doping of 
a material, and can be used in intrinsic semiconductors, i.e. n(T ) = p(T ), 
to obtain a relation between the energy gap and the density of carriers n(T ). 
Assume that a semiconductor is doped resulting in a net charge eD. Use the 
law of mass action to obtain an expression for n and p in terms of D and nI .
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