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1. Partition function for noninteracting fields (4 points)

Show that the M -dimensional Gaussian integral (discretized partition function) is

(a) for a real boson field ϕ and symmetric and real matrix S = ST:

Z0 =
M∏
k=1

∫
dϕk√

2π
exp

(
−

M∑
j,k=1

1

2
ϕjSjkϕk

)
= (detS)−1/2, (1)

(b) for complex boson fields φ∗, φ and Hermitian matrix S = S†:

Z0 =
M∏
k=1

∫
dφ∗kdφk

2πi
exp

(
−

M∑
j,k=1

φ∗jSjkφk

)
= (detS)−1, (2)

(c) for Grassmann fields ψ†, ψ and Hermitian matrix S = S†:

Z0 =
M∏
k=1

∫
dψ†kdψk exp

(
−

M∑
j,k=1

ψ†jSjkψk

)
= detS. (3)

Hint: Recall the integration rules for Grassmann variables ξ:
∫
dξ ξ = 1 and

∫
dξ 1 = 0.

2. Partition function and the continuum limit: right and wrong! (6 points)

In this exercise you are supposed to get familiar with some subtleties of the continuum
limit for coherent-state path integrals that are sometimes hidden under the carpet . . .

(a) The standard representation of the partition function for noninteracting bosons
(fermions) is

Z0 = lim
M→∞

∏
α

[
M∏
k=1

∫
dφ∗kdφk
N

exp

(
−

M∑
j,k=1

φ∗jS
α
jkφk

)]
. (4)

Here α labels generically the single-particle eigenstates of the system. The matrix
Sα is given by

Sα =


1 0 ... 0 −ζa
−a 1 0

. . . 0

0 −a 1
. . .

...
...

. . . . . . . . . 0
0 · · · · · · −a 1

 (5)



where we use the shorthand a = 1 − β
M

(εα − µ) and ζ = 1 (ζ = −1) for bosons
(fermions) with normalization N = 2πi (N = 1). Derive the well-known formula
for the partition function

Z0 =
∏
α

(
1− ζe−β(εα−µ)

)−ζ
. (6)

In addition, use the path integral to calculate the two-point (imaginary) time-
ordered Green’s function G0(ατ1|α′τ2) = −〈Taα(τ1)a

†
α′(τ2)〉.

(b) The continuum limit of Sα, given by Sαcont. = ∂
∂τ
− µ+ εα, admits different discrete

representations. Suppose now we start with another discrete matrix S̃α (whose
continuum limit is also Sαcont.) given by

S̃α =


−a 1 ... 0 0

0 −a 1
. . . 0

... 0 −a . . .
...

...
. . . . . . . . .

...
ζ · · · · · · 0 −a

 . (7)

Already from the trace you should infer that something is wrong in this expression.
Does S̃ produce the correct partition function? What about its eigenvalues?


