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Problem set 2 to be discussed end of May, 2011

see http://tu-dresden.de/physik/tqo/lehre

Entropy

We study properties of entro@y(p) = —kpTr(pln p):
a) Letp, p’ be density operators: Show that
Trlp(lnp’ —1Inp)] <0

hOldS.[Him: Inz <z-—1]

b) Show with a) thaS(p) < S(px) for all density operators with Trp = 1 and Tt(pﬁ[) =F
(px the canonical ensemble).

c) Similarly, show thalS(p) < S(pax ) for all density operators with Trp = 1, Tr(pH) = E
and T(pN) = N (pgr the grand canonical ensemble).

d) Let p be a density operator in the product Hilbert sp&te= H; ® H, and denote with
p1 = Try,(p), p2 = Try, (p) the reduced states in the two spaggsand#z. Show with a)
thatS(p1) + S(p2) > S(p). When does equality hold?

Coherent states and shift operator

Let b, b* be bosonic annihilation and creation operators such[that] = 1, and let3 be a
complex number. The unitasift operator D(3) = e®" 7" allows us to define coherent states
as shifted vacudp) = D(5)|0).

a) What is the effect of two shift operatiod¥(3) D()?

b) Define two operatorg := (b + b*)/v/2 andp := —i(b — b+) /V/2.
Determine the commutatdy, p] and the expectation valuég) = (5|q|3), (), (¢*), (p?)

and{gp + pq). Compute the uncertainti€sq = /{(¢ — (¢))?), Ap = /{(p — (p))?), and

thus show that the statés) have minimum uncertaintyAgAp = %

c) Determine the wave functiofg|3) in “position” representation.

[Hint: in order to determind ¢| 3) (as a function of; for fixed 3) find a differential equation fo{g|3) (as a function of3 for fixed ¢) and integrate.]

Please turn over!



Second Quantisation

Consider a system of massive bosons ($piwith external potential’ () und interaction poten-
tial U (7, #') in second quantisation. We use field operatofg), ¢ (7) with [¢)(7), ) (7')] =
d(7 — 7') to describe the system. The Hamiltonian reads

2
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and the number operatd¥ = [d*r 4" (7)) (7). We also define single-particle states) :=
Jd*r ()4 (7)]0) and two-particle state®s) := J5 [d*r [dr’ ¢a(, )T (F)dt (71)|0).

a) Show thafN, H] = 0 (interpretation?).
b) Show:N|¢1) = |61) andN|¢s) = 2|¢») (interpretation?).

c) Determine the expectation value of the particle denéi*tﬂf)zﬁ(?) using the one- and two-

particle statestg ¢ (7)1 (7)|¢1) and (o] (7)) (7)|da).

d) In second quantisation the position operator is giveﬁbyfd% 1,2*(77) d zL(fF). Confirm
that(¢1| 7 |¢1) meets our expectations from a first-quantised approach.

e) Determine the expectation value of the interaction energy
1 /. . . . .
5 [dr @ 9 @it UG,

using the one- and two-patrticle states.



