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Scattering length and resonances

u(r)

For the potential shown in the figur&(r) = co for 0 < r < Ry; U(r) =
—Up = —h2n2/2m for Ry < r < Rg; andU(r) = 0 for r > Ry) determine
the s-wave-scattering length (Hint: first calculate the general expression fo

tan dp(k) and then considet — 0). What can be said about the discrete R, R
spectrum £ < 0)? Consider, in particular, the limif — 0.

I nteracting uniform Bose-Gas

Determine the Hamiltoniad/ of an interacting Bose Gas with two-particle interaction potential

U (7 — 7) in a box of volumel/ = L3 in second quantization. Use&(7) = =2 &Ee“;F and

expressH in terms of momentum space operatagsFinally, consider the cadé(r) = Uy - 6(7).

Virial theorem for Gross-Pitaevskii equation

Let vy (r) be the solution of the time-independent Gross-Pitaevskii equation
h2
<—2mA +V(r) + 9|¢0(1‘)|2> Yo(r) = pugpo(r)

with a harmonic trag/ (r) = ym(w2z? 4+ wly? + w?z?) and normalizatiory dr|¢y(r)|* = N.
Total energyEqp is a sum of kinetic, potential, and internal interaction enefgyr = Fi, +
Epot + Eint. Show that:

a) Ekin + Epot + 2Eznt = NFL

b) (Ein), — (Epot), + 3 Eint = 0; (and similar fory andz).

[Hint: ¢ is a solution of the variational principE & p [¢)] = 0; consider variations of the kint (z, v, z) — /1 + ey ((1 + €)z,y, z) .]

C) 2Ek:zn - 2E‘pot + 3Emt =0.
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Bose-Einstein condensate with attractive interaction: limited condensate number

We consider a Bose-Einstein condensate (particle nudwhevith attractive interaction

(g = % < 0) in an isotropic harmonic trag/ (r) = mw?r?.
a) Assuming the condensate (product) form of the N-particle wave fundtidr, ..., 7y) =

o(™) - - ¢(Fn), determine the energl[¢, ¢*] = (H) of the N-particle system assuming
aGaussian single-particle wave function(r) = (WRQ)_% exp{—%} of extensionk.

b) Sketch the condensate eneigy= F(R) = (H) as a function of the siz&.
c) Show that for a limited number of atom$, there is a local minimum aof (R).

d) Determine the critical numbeéY,. above which this local minimum disappears and interpret
your result.

e) ReadBradley, Sackett, Hulet; Phys. Rev. Lett. 78, 985 (1997).



