
❖♥ ❑♥♦✇❧❡❞❣❡ ❙♣❛❝❡s ❛♥❞ ■t❡♠ ❚❡st✐♥❣

■♠♠❛♥✉❡❧ ❆❧❜r❡❝❤t ❛♥❞ ❍❡r♠❛♥♥ ❑ör♥❞❧❡

■♥st✐t✉t❡ ♦❢ ❊❞✉❝❛t✐♦♥❛❧ ❛♥❞ ❉❡✈❡❧♦♣♠❡♥t❛❧ Ps②❝❤♦❧♦❣②✱ ❚❡❝❤♥✐s❝❤❡ ❯♥✐✈❡rs✐tät
❉r❡s❞❡♥✱ ❉r❡s❞❡♥✱ ●❡r♠❛♥②

④✐♠♠❛♥✉❡❧✳❛❧❜r❡❝❤t✱ ❤❡r♠❛♥♥✳❦♦❡r♥❞❧❡⑥❅t✉✲❞r❡s❞❡♥✳❞❡

❆❜str❛❝t✳ ❋✐rst✱ ✇❡ ❜r✐❡✢② ✐♥tr♦❞✉❝❡ s♦♠❡ ♦❢ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ♥♦t✐♦♥s
♦❢ ❦♥♦✇❧❡❞❣❡ s♣❛❝❡ t❤❡♦r② ❛♥❞ ❤♦✇ t❤❡② r❡❧❛t❡ t♦ ❢♦r♠❛❧ ❝♦♥❝❡♣t ❛♥❛❧②s✐s✳
❑♥♦✇❧❡❞❣❡ s♣❛❝❡ t❤❡♦r② ❤❛s ❛ ♣r♦❜❛❜✐❧✐st✐❝ ❡①t❡♥s✐♦♥ ✇❤✐❝❤ ❛❧❧♦✇s ✐t t♦
❜❡ ✉t✐❧✐③❡❞ ✐♥ ♦r❞❡r t♦ ❛ss❡ss ❦♥♦✇❧❡❞❣❡ st❛t❡s ❜② ❧♦♦❦✐♥❣ ❛t r❡s♣♦♥s❡s t♦
❛ ✈❛r✐❡t② ♦❢ t❡st ✐t❡♠s✱ ✇❤✐❝❤ ❛r❡ ❞❡s✐❣♥❡❞ t♦ ❞❡♠❛♥❞ ♣❡r❢♦r♠✐♥❣ ❞✐✛❡r❡♥t
s❡ts ♦❢ ❝♦❣♥✐t✐✈❡ ♦♣❡r❛t✐♦♥s✳ ❙❡❝♦♥❞✱ ✇❡ ✐♥tr♦❞✉❝❡ ❛♥ ❡❛s② ❡①t❡♥s✐♦♥ t♦
❧❛♠❜❞❛ ❝❛❧❝✉❧✉s ✐♥ ♦r❞❡r t♦ ✐♥❝♦r♣♦r❛t❡ ❡①tr❛✲❧♦❣✐❝❛❧ ♦♣❡r❛t✐♦♥s✳ ❋✉rt❤❡r
✇❡ ❞❡✜♥❡ ❛ ✇❡✐❣❤t ❢✉♥❝t✐♦♥ ♦♥ t❡r♠ r❡❞✉❝t✐♦♥s✱ ✇❤✐❝❤ ✐s t♦ ❜❡ ✉s❡❞
❛s ❛ ♠♦❞❡❧ t♦ ❝❛❧❝✉❧❛t❡ ✐t❡♠ r❡s♣♦♥s❡ ♣r♦❜❛❜✐❧✐t✐❡s ❢♦r t❡st ✐t❡♠s ❛❢t❡r
t❛s❦ ❛♥❛❧②s✐s✳ ❲❡ ✉s❡ t❤❡ ♥❡✇ ♠♦❞❡❧ ✐♥ ♦r❞❡r t♦ r❡✈✐❡✇ t❤❡ ♣r♦❜❛❜✐❧✐st✐❝
❡①t❡♥s✐♦♥ ♦❢ ❦♥♦✇❧❡❞❣❡ s♣❛❝❡ t❤❡♦r②✳

❑❡②✇♦r❞s✿ ❦♥♦✇❧❡❞❣❡ s♣❛❝❡s✱ ❧❛♠❜❞❛ ❝❛❧❝✉❧✉s✱ ✐t❡♠ t❡st✐♥❣

✶ ❑♥♦✇❧❡❞❣❡ ❙♣❛❝❡s

✶✳✶ ■♥tr♦❞✉❝t✐♦♥ t♦ ❑♥♦✇❧❡❞❣❡ ❙♣❛❝❡ ❚❤❡♦r②

❚❤❡ ♥♦t✐♦♥ ♦❢ ❦♥♦✇❧❡❞❣❡ s♣❛❝❡s ✇❛s ✜rst ✐♥tr♦❞✉❝❡❞ ❜② ❉♦✐❣♥♦♥ ❛♥❞ ❋❛❧♠❛♥❣❡
✐♥ ✶✾✽✺ ❛s ❢♦❧❧♦✇s✿

✓❚❤❡ ✐♥❢♦r♠❛t✐♦♥ r❡❣❛r❞✐♥❣ ❛ ♣❛rt✐❝✉❧❛r ✜❡❧❞ ♦❢ ❦♥♦✇❧❡❞❣❡ ✐s ❝♦♥❝❡♣✲
t✉❛❧✐③❡❞ ❛s ❛ ❧❛r❣❡✱ s♣❡❝✐✜❡❞ s❡t ♦❢ q✉❡st✐♦♥s ✭♦r ♣r♦❜❧❡♠s✮✳ ❚❤❡ ❦♥♦✇❧✲
❡❞❣❡ st❛t❡ ♦❢ ❛♥ ✐♥❞✐✈✐❞✉❛❧ ✇✐t❤ r❡s♣❡❝t t♦ t❤❛t ❞♦♠❛✐♥ ✐s ❢♦r♠❛❧✐③❡❞ ❛s
t❤❡ s✉❜s❡t ♦❢ ❛❧❧ t❤❡ q✉❡st✐♦♥s t❤❛t t❤✐s ✐♥❞✐✈✐❞✉❛❧ ✐s ❝❛♣❛❜❧❡ ♦❢ s♦❧✈✐♥❣✳
❆ ♣❛rt✐❝✉❧❛r❧② ❛♣♣❡❛❧✐♥❣ ♣♦st✉❧❛t❡ ♦♥ t❤❡ ❢❛♠✐❧② ♦❢ ❛❧❧ ♣♦ss✐❜❧❡ ❦♥♦✇❧✲
❡❞❣❡ st❛t❡s ✐s t❤❛t ✐t ✐s ❝❧♦s❡❞ ✉♥❞❡r ❛r❜✐tr❛r② ✉♥✐♦♥s✳ ❆ ❢❛♠✐❧② ♦❢ s❡ts
s❛t✐s❢②✐♥❣ t❤✐s ❝♦♥❞✐t✐♦♥ ✐s ❝❛❧❧❡❞ ❛ ❦♥♦✇❧❡❞❣❡ s♣❛❝❡✳ ✔ ❬✷❪✳

❋✉rt❤❡r♠♦r❡✱ t❤❡r❡ ✐s ❛ t✐❣❤t❧② ❝♦♥♥❡❝t❡❞ ♥♦t✐♦♥ ♦❢ ❧❡❛r♥✐♥❣ s♣❛❝❡s✱ ✇❤✐❝❤ ❛r❡
❦♥♦✇❧❡❞❣❡ s♣❛❝❡s ✇✐t❤ t✇♦ ❛❞❞✐t✐♦♥❛❧ ♣r♦♣❡rt✐❡s✿ ❋✐rst✱ ♦♥❡ ❝❛♥ ❛❝❤✐❡✈❡ ❡✈❡r②
❤✐❣❤❡r ❧❡✈❡❧ ♦❢ ❦♥♦✇❧❡❞❣❡ r❡❧❛t✐✈❡ t♦ ♦♥❡✬s ❦♥♦✇❧❡❞❣❡ st❛t❡ ❜② ❧❡❛r♥✐♥❣ ♦♥❡ ✐t❡♠ ❛t
❛ t✐♠❡ ✐♥ ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ st❡♣s✱ ❛♥❞ s❡❝♦♥❞✱ ❤❛✈✐♥❣ ❛ ❤✐❣❤❡r ❧❡✈❡❧ ♦❢ ❦♥♦✇❧❡❞❣❡
❞♦❡s ♥♦t ♣r❡✈❡♥t ❧❡❛r♥✐♥❣ ❛♥♦t❤❡r ✐t❡♠✱ ✇❤✐❝❤ ❝♦✉❧❞ ❤❛✈❡ ❜❡❡♥ ❧❡❛r♥❡❞ ❢r♦♠ ❛
s✉❜♦r❞✐♥❛t❡ ❦♥♦✇❧❡❞❣❡ st❛t❡✳ ❋♦r t❤❡ ❢♦r♠❛❧ ❞❡✜♥✐t✐♦♥✱ s❡❡ ❬✹❪ ✷✳✷✳✶✳

❆❧s♦✱ t❤❡r❡ ✐s ❛ ♣r♦❜❛❜✐❧✐st✐❝ t❤❡♦r② ♦❢ ❦♥♦✇❧❡❞❣❡ s♣❛❝❡s✱ ✇❤✐❝❤ ❛❧❧♦✇s ❢♦r
❛ss❡ss♠❡♥t ♦❢ ❛ s✉❜❥❡❝t✬s ❦♥♦✇❧❡❞❣❡ st❛t❡ ❜② ❡✈❛❧✉❛t✐♥❣ r❡❛❧✐st✐❝ t❡st ✐t❡♠ r❡✲
s♣♦♥s❡s✱ ✇❤✐❝❤ ❛r❡ ♣r♦♥❡ t♦ ♠❡❛s✉r❡♠❡♥t ❡rr♦rs ✕ s♦ ❝❛❧❧❡❞ ❝❛r❡❧❡ss ❡rr♦rs ❛♥❞
❧✉❝❦② ❣✉❡ss❡s✳



✶✳✷ ❉❡✜♥✐t✐♦♥s ❛♥❞ ❘❡❧❛t✐♦♥ t♦ ❋♦r♠❛❧ ❈♦♥❝❡♣t ❆♥❛❧②s✐s

❉❡✜♥✐t✐♦♥ ✶✳ ✭❙❡❡ ❬✹❪✱ ✷✳✶✳✷ ❛♥❞ ✷✳✷✳✷✮ ❆ ♣❛✐r (Q,K) ✐s ❝❛❧❧❡❞ ❛ ❦♥♦✇❧❡❞❣❡
str✉❝t✉r❡✱ ✇❤❡♥❡✈❡r Q ✐s ❛ s❡t✱ ❛♥❞ K ✐s ❛ ❢❛♠✐❧② ♦❢ s✉❜s❡ts ♦❢ Q✱ ✐✳❡✳ K ⊆ 2Q✱
s✉❝❤ t❤❛t ∅ ∈ K ❛♥❞ Q ∈ K✳ ❋✉rt❤❡r♠♦r❡ s✉❝❤ (Q,K) ✐s ❝❛❧❧❡❞ ❛ ❦♥♦✇❧❡❞❣❡
s♣❛❝❡✱ ✐❢ K ✐s ❛❧s♦ ❝❧♦s❡❞ ✉♥❞❡r

⋃
✱ ✐✳❡✳ ✐❢ ❢♦r ❛❧❧ ❢❛♠✐❧✐❡s ✇✐t❤ F ⊆ K✱

⋃
F ∈ K✳

❈❧❡❛r❧②✱ ✐❢ (Q,K) ✐s ❛ ❦♥♦✇❧❡❞❣❡ str✉❝t✉r❡✱ t❤❡♥ K t♦❣❡t❤❡r ✇✐t❤ t❤❡ s❡t ✐♥❝❧✉s✐♦♥
❢♦r♠ ❛ ❝♦♠♣❧❡t❡ ❧❛tt✐❝❡✿ ▲❡t F ⊆ K✱ t❤❡♥ ❞❡✜♥❡ t❤❡ ❧❛tt✐❝❡ ❥♦✐♥ ❜②

∨
F :=

⋃
F ✱

✇❤✐❝❤ ②✐❡❧❞s ❛♥ ❡❧❡♠❡♥t ♦❢ K ❜❡❝❛✉s❡ K ✐s ❝❧♦s❡❞ ✉♥❞❡r ❛r❜✐tr❛r② ✉♥✐♦♥s✳ ■♥
♦r❞❡r t♦ ❝❛❧❝✉❧❛t❡ t❤❡ ❧❛tt✐❝❡ ♠❡❡t✱ ✇❡ ♠❛② ✉s❡ t❤❡ ❝❛♥♦♥✐❝❛❧ ❡q✉✐✈❛❧❡♥❝❡

∧

F =
∨

{K ∈ K | ∀F ∈ F : K ⊆ F}

❚❤❡ ♠♦st ♦❜✈✐♦✉s ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ ❦♥♦✇❧❡❞❣❡ s♣❛❝❡s ✐♥ t❡r♠s ♦❢ ❢♦r♠❛❧ ❝♦♥✲
t❡①ts ✇♦✉❧❞ ❜❡ (K,K,⊆)✱ ❜✉t ✐t ❤✐❞❡s s♦♠❡ ♦❢ t❤❡ str✉❝t✉r❡ ♦❢ (Q,K) ✐♥ t❤❡
s❡♥s❡ t❤❛t ②♦✉ ❤❛✈❡ t♦ ❧♦♦❦ ❛t t❤❡ ❡❧❡♠❡♥ts ♦❢ t❤❡ ♦❜❥❡❝ts ✭♦r ❛ttr✐❜✉t❡s✮ ✐♥ ♦r✲
❞❡r t♦ r❡❝♦♥str✉❝t Q✳ ✕ ❨❡t t❤✐s ♦♣❡r❛t✐♦♥ ✐s ♦✉ts✐❞❡ t❤❡ s❝♦♣❡ ♦❢ ❢♦r♠❛❧ ❝♦♥❝❡♣t
❛♥❛❧②s✐s✳

❆♥♦t❤❡r ♦❜✈✐♦✉s ❧✐♥❦ ❜❡t✇❡❡♥ ❦♥♦✇❧❡❞❣❡ str✉❝t✉r❡s ❛♥❞ ❢♦r♠❛❧ ❝♦♥t❡①ts ✐s
❛ ❦♥♦✇❧❡❞❣❡ ❝♦♥t❡①t✶ (A,Q, I) ✇❤❡r❡ ❛♥ ✐♥❞✐✈✐❞✉❛❧ a ∈ A ✐♥❝✐❞❡s ✇✐t❤ ❛♥ ✐t❡♠
q ∈ Q ✐❢ t❤❡ ✐♥❞✐✈✐❞✉❛❧ a ✐s ♥♦t ❝❛♣❛❜❧❡ ♦❢ s♦❧✈✐♥❣ t❤❡ ✐t❡♠ q ❬✸✱ ♣✳✶✻✶❪✳

❋♦r ❦♥♦✇❧❡❞❣❡ s♣❛❝❡s (Q,K)✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❧♦♦❦ ❛t t❤❡ ❝♦♥t❡①t (K, Q, 6∋)✿
✏❚❤❡ ✐♥t❡♥ts ♦❢ t❤❡ ❝♦♥❝❡♣ts ✐♥❞✉❝❡❞ ❜② t❤✐s ❦♥♦✇❧❡❞❣❡ ❝♦♥t❡①t ❛r❡ t❤❡ ❝♦♠♣❧❡✲
♠❡♥ts ♦❢ t❤❡ st❛t❡s ✐♥ K ✇✐t❤ r❡s♣❡❝t t♦ Q✳✑ ❬✸✱ ♣✳✶✻✸❪

▲❛st✱ t❤❡r❡ ✐s ❛♥♦t❤❡r ♦❜✈✐♦✉s ❧✐♥❦ t❤❛t ♠✐❣❤t s❡❡♠ ♦❞❞ ❛t ✜rst✱ ❜✉t r❡s❡♠❜❧❡s
s♦♠❡ ♥✐❝❡ ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ ❢❡❛t✉r❡s ♦❢ ❦♥♦✇❧❡❞❣❡ s♣❛❝❡ t❤❡♦r② ❛♥❞ ❢❡❛t✉r❡s
♦❢ ❢♦r♠❛❧ ❝♦♥❝❡♣t ❛♥❛❧②s✐s✳

❉❡✜♥✐t✐♦♥ ✷✳ ✭❙❡❡ ❬✹❪✱ ✸✳✼✳✶✮ ▲❡t (Q,K) ❜❡ ❛ ❦♥♦✇❧❡❞❣❡ str✉❝t✉r❡✳ ❚❤❡ ♣r❡❝❡✲
❞❡♥❝❡ r❡❧❛t✐♦♥ - ✇rt✳ (Q,K) ✐s ❞❡✜♥❡❞ ❛s t❤❡ ❜✐♥❛r② r❡❧❛t✐♦♥ ♦♥ Q ✇❤❡r❡ ❢♦r
q, r ∈ Q

q - r :⇐⇒ ∀K ∈ K : r ∈ K ⇒ q ∈ K

❚❤❡ ♣r❡❝❡❞❡♥❝❡ r❡❧❛t✐♦♥ ♦✛❡rs ❛♥♦t❤❡r ✇❛② t♦ t❤✐♥❦ ❛❜♦✉t t❤❡ ❦♥♦✇❧❡❞❣❡ s♣❛❝❡
(Q,K) ✐♥ t❡r♠s ♦❢ ❢♦r♠❛❧ ❝♦♥❝❡♣t ❛♥❛❧②s✐s✳ ❚❤❡ ❞❡✜♥✐♥❣ ❡q✉✐✈❛❧❡♥❝❡ ❢♦r q - r
♠❛② ❜❡ r❡❛❞ ❛s ❛ttr✐❜✉t❡ ✐♠♣❧✐❝❛t✐♦♥✿ ✐❢ t❤❡ ❝♦♥❝❡♣t r❡❧❛t❡❞ t♦ q ✐s ❛ s✉❜❝♦♥❝❡♣t
♦❢ t❤❡ ❝♦♥❝❡♣t r❡❧❛t❡❞ t♦ r✱ ❝❧❡❛r❧② ❛❧❧ ❛ttr✐❜✉t❡s ♦❢ t❤❡ ❧❛tt❡r ❛r❡ s✉♣♣♦s❡❞
❛ttr✐❜✉t❡s ♦❢ t❤❡ ❢♦r♠❡r✱ t♦♦✳ ❚❤✐s ②✐❡❧❞s t❤❡ ❢♦r♠❛❧ ❝♦♥t❡①t (Q,K, ǫ) ✇❤❡r❡

ǫ := {(q,K) ∈ Q×K | q ∈ K}

▲❡t (Q,K) ❜❡ s♦♠❡ ❦♥♦✇❧❡❞❣❡ s♣❛❝❡✳ ❚❤❡♥ ❢♦r q ∈ Q✱ ✇rt✳ (Q,K, ǫ)✱ ✇❡ ❣❡t

{q}′ = Kq := {K ∈ K | q ∈ K}

✶ ❚❤❡ t❡r♠ ❦♥♦✇❧❡❞❣❡ ❝♦♥t❡①t ✐s ✉s❡❞ ❢♦r ✈❛r✐♦✉s ♥♦t✐♦♥s t❤❛t ✐♥✈♦❧✈❡ ❢♦r♠❛❧ ❝♦♥❝❡♣t
❛♥❛❧②s✐s ❛♥❞ ❦♥♦✇❧❡❞❣❡ s♣❛❝❡s✱ t❤♦✉❣❤✳



❚❤✉s ❢♦r q, r ∈ Q✱ ✐❢ {q}′ ⊇ {r}′✱ t❤❡♥ Kr ⊆ Kq✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t ❢♦r ❛❧❧ K ∈ K✱
r ∈ K ⇒ q ∈ K✱ ❛♥❞ s♦

{r}′ ⊇ {q}′ ⇔ r - q

❛♥❞ ✐t ✐s ❡❛s② t♦ s❡❡ t❤❛t t❤❡ s✐♥❣❧❡ ✐t❡♠ ❡①t❡♥ts ❢♦r t✇♦ ✐♥❞✐s❝❡r♥✐❜❧❡ ❡❧❡♠❡♥ts
q1, q2 ∈ Q ✕ ✐✳❡✳ ❢♦r ❛❧❧ K ∈ K✱ q1 ∈ K ⇔ q2 ∈ K ✕ ❛r❡ t❤❡ s❛♠❡✳

❋✉rt❤❡r♠♦r❡✱ ❢♦r X ∈ K✱ s✐♥❝❡ X ⊆ Q✱ ✇❡ s❡❡ t❤❛t t❤❡ ✐♥t❡♥t ♦❢ ❛ ❦♥♦✇❧❡❞❣❡
st❛t❡ ✈✐❡✇❡❞ ❛s ❛ s❡t ♦❢ ♦❜❥❡❝ts ✐s t❤❡ ♣r✐♥❝✐♣❛❧ ✜❧t❡r ♦❢ t❤❛t st❛t❡ ✇rt✳ (K,⊆)✿

X ′ = {K ∈ K | ∀r ∈ X : r ∈ K} = {K ∈ K | X ⊆ K} = ↑(K,⊆) X

❆♥❞ ✇❡ s❡❡ ❢✉rt❤❡r✱ t❤❛t X ∈ K ✐s ❛ ❝♦♥❝❡♣t ❡①t❡♥t✱ ✐✳❡✳ X = X ′′✿

X ′′ = {q ∈ Q | ∀K ∈ X ′ : q ∈ K} =
⋂

↑(K,⊆) X = X

❙♦ ✇❡ s❡❡ t❤❛t ❦♥♦✇❧❡❞❣❡ st❛t❡s X ∈ K ❝♦rr❡s♣♦♥❞ t♦ ❝♦♥❝❡♣ts (X,X ′) ♦❢
B(Q,K, ǫ)✳

◆♦✇✱ ❝♦♥s✐❞❡r ❛♥② ❡①t❡♥t X ⊆ Q✱ ✐✳❡✳ X ′′ = X✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ❦♥♦✇ ❜②
❛♥❛❧♦❣♦✉s ❛r❣✉♠❡♥ts✱ t❤❛t ❢♦r K ∈ X ′✱ ❛❧s♦ ↑(K,⊆) K ⊆ X ′✱ ❜✉t ✇❡ ❝❛♥♥♦t ✐♥❢❡r
t❤❛t X ′ ✐s ❛ ♣r✐♥❝✐♣❛❧ ✜❧t❡r ✇rt✳ (K,⊆)✱ ❛s t❤✐s s❤♦rt ❡①❛♠♣❧❡ ❞❡♠♦♥str❛t❡s✿

❊①❛♠♣❧❡ ✶✳ ▲❡t Q = {a, b, c} ❛♥❞ K = {∅, {a}, {c}, {a, b}, {a, c}, {b, c}, Q}✳ ❙✐♥❝❡
K ✐s ❝❧♦s❡❞ ✉♥❞❡r ✉♥✐♦♥✱ (Q,K) ✐s ❛ ❦♥♦✇❧❡❞❣❡ s♣❛❝❡✳

{b}′′ = {{a, b}, {b, c}, Q}′ = {b} 6∈ K

❲❡ s❡❡ t❤❛t {b}′ ✐s ♥♦t ❛ ♣r✐♥❝✐♣❛❧ ✜❧t❡r ✇rt✳ (K,⊆)✱ ❜❡❝❛✉s❡ t❤❡ ♠❡❡t ♦❢ K
✈✐❡✇❡❞ ❛s ❝♦♠♣❧❡t❡ ❧❛tt✐❝❡ ✐s ✐♥❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ s❡t ♠❡❡t t❤❛t ✐s ✐♥✈♦❧✈❡❞ ✐♥
t❤❡ ❛ttr✐❜✉t❡ ❞❡r✐✈❛t✐♦♥ ♦♣❡r❛t♦r ♦❢ (Q,K, ǫ)✳

❚❤✐s s✐t✉❛t✐♦♥ ✉s✉❛❧❧② ❛r✐s❡s✱ ✇❤❡♥ ♣❡r❢♦r♠✐♥❣ ❛ t❛s❦ r❡q✉✐r❡s t❤❡ ❛❜✐❧✐t② t♦
♣❡r❢♦r♠ ❛t ❧❡❛st ♦♥❡ ♦❢ s❡✈❡r❛❧ ❞✐st✐♥❝t s✉❜t❛s❦s✿ ❋♦r ✐♥st❛♥❝❡✱ ✐❢ a ♠❡❛♥s t❤❛t ❛
st✉❞❡♥t ❦♥♦✇s ❤♦✇ t♦ ❞r❛✇ ❛ ❝✐r❝❧❡ ✇✐t❤ ❛ ♣❡♥ ✉s✐♥❣ t❤❡ ❧❡❢t ❤❛♥❞✱ ❛♥❞ c ♠❡❛♥s
t❤❛t ❛ st✉❞❡♥t ❦♥♦✇s ❤♦✇ t♦ ❞r❛✇ ❛ ❝✐r❝❧❡ ✉s✐♥❣ t❤❡ r✐❣❤t ❤❛♥❞✱ t❤❡♥ b ❝♦✉❧❞ ❜❡
t❤❡ ❛❜✐❧✐t② t♦ ✇r✐t❡ t❤❡ ❧❡tt❡r ✏♦✑ ✐♥ ❝✉rs✐✈❡✳ ■♥ t❤✐s ❝❛s❡✱ ②♦✉ ❝❛♥♥♦t s❛② t❤❛t b
r❡q✉✐r❡s a✱ ♦r t❤❛t b r❡q✉✐r❡s c❀ ❛♥❞ t❤✉s t❤❡r❡ ✐s ❛♥ ❛❜str❛❝t ❝♦♥❝❡♣t ({b}, {b}′)
✐♥ t❤❡ ❝♦♥❝❡♣t ❧❛tt✐❝❡ B(Q,K, ǫ)✱ ✇❤✐❝❤ ❞♦❡s ♥♦t ❝♦rr❡s♣♦♥❞ t♦ ❛ ♠❡❛s✉r❛❜❧❡
❦♥♦✇❧❡❞❣❡ st❛t❡ ✇✐t❤ r❡❣❛r❞ t♦ t❤❡ t❡st ✐t❡♠s✳

❚♦ s✉♠ ✐t ✉♣✱ ✇❡ ♠❛② ✈✐❡✇ K ❛s ❛ ❝♦♠♣❧❡t❡ s✉❜ ❥♦✐♥✲s❡♠✐✲❧❛tt✐❝❡ ♦❢ B(Q,K, ǫ)
✇✐t❤ t❤❡ ♣♦ss✐❜✐❧✐t② t❤❛t ✐♥ s♦♠❡ ❝❛s❡s K ♠❛② ♦r ♠❛② ♥♦t ❜❡ ❛ ❝♦♠♣❧❡t❡ s✉❜
❧❛tt✐❝❡ ♦❢ B(Q,K, ǫ)✳

✶✳✸ Pr♦❜❛❜✐❧✐st✐❝ ❊①t❡♥s✐♦♥

❋✐rst✱ ✇❡ ✇❛♥t ✐♥tr♦❞✉❝❡ t❤❡ ❣❡♥❡r❛❧ ❢r❛♠❡✇♦r❦ ✇❤✐❝❤ ✐s ♥❡❡❞❡❞ t♦ ❡st❛❜❧✐s❤
♣r♦❜❛❜✐❧✐st✐❝ ♠❡t❤♦❞s ❢♦r ❦♥♦✇❧❡❞❣❡ s♣❛❝❡ t❤❡♦r②✳

❉❡✜♥✐t✐♦♥ ✸✳ ✭❙❡❡ ❬✹❪✱ ✶✶✳✶✳✷✮ ❆ tr✐♣❧❡ (Q,K, p) ✐s ❝❛❧❧❡❞ ♣r♦❜❛❜✐❧✐st✐❝ ❦♥♦✇❧✲
❡❞❣❡ str✉❝t✉r❡✱ ✐❢ (Q,K) ✐s ❛ ♣❛rt✐❛❧ ❦♥♦✇❧❡❞❣❡ str✉❝t✉r❡✱ ✇❤❡r❡ Q ❛♥❞ K ❛r❡ ✜✲
♥✐t❡✱ ❛♥❞ ✐❢ p : K → [0, 1] ✐s ❛ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ♦♥ K✱ ✐✳❡✳

∑

K∈K p(K) = 1✳



❉❡✜♥✐t✐♦♥ ✹✳ ✭❙❡❡ ❬✹❪✱ ✶✶✳✶✳✷✮ ❆ q✉❛❞r✉♣❧❡ (Q,K, p, r) ✐s ❝❛❧❧❡❞ ❜❛s✐❝ ♣r♦❜❛✲
❜✐❧✐st✐❝ ♠♦❞❡❧✱ ✐❢ (Q,K, p) ✐s ❛ ♣r♦❜❛❜✐❧✐st✐❝ ❦♥♦✇❧❡❞❣❡ str✉❝t✉r❡✱ ❛♥❞ ✐❢ r ✐s ❛
♠❛♣ r : 2Q×K → [0, 1] ✕ ❝❛❧❧❡❞ t❤❡ r❡s♣♦♥s❡ ❢✉♥❝t✐♦♥ ✕ s✉❝❤ t❤❛t ❢♦r ❛❧❧ K ∈ K✱
r(·,K) ✐s ❛ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ♦♥ 2Q✱ ✐✳❡✳

∑

R⊆Q r(R,K) = 1✳

▲♦❝❛❧ ■♥❞❡♣❡♥❞❡♥❝❡ ❚❤❡ ♠❡❛s✉r❡♠❡♥t ♦❢ ❛ t❡st s✉❜❥❡❝t✬s ❦♥♦✇❧❡❞❣❡ st❛t❡ ✐s
♠♦st ❡❛s②✱ ✐❢ t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t t❤❡ t❡st ✐t❡♠ r❡s♣♦♥s❡ ❞♦❡s ♥♦t ❝♦rr❡❝t❧② r❡✢❡❝t
t❤❡ s✉❜❥❡❝ts ❦♥♦✇❧❡❞❣❡ st❛t❡ ✇❛s ♦♥❧② ❞❡♣❡♥❞❡♥t ♦♥ t❤❡ ✐t❡♠ q ∈ Q ❛♥❞ ✇❤❡t❤❡r
t❤❡ s✉❜❥❡❝ts st❛t❡ K ❝♦♥t❛✐♥s q ♦r ♥♦t✳

❉❡✜♥✐t✐♦♥ ✺✳ ✭❙❡❡ ❬✹❪✱ ✶✶✳✶✳✷✮ ▲❡t (Q,K, p, r) ❜❡ ❛ ❜❛s✐❝ ♣r♦❜❛❜✐❧✐st✐❝ ♠♦❞❡❧✳
❚❤✐s ♠♦❞❡❧ s❛t✐s✜❡s ❧♦❝❛❧ ✐♥❞❡♣❡♥❞❡♥❝❡✱ ✐❢ t❤❡r❡ ❛r❡ ✈❡❝t♦rs β, η ∈ R

Q✱ s✉❝❤ t❤❛t
❢♦r ❛❧❧ R ⊆ Q✱

r(R,K) =




∏

R 6∋q∈K

β(q)



·




∏

R∋q∈K

(1− β(q))



·




∏

R∋q/∈K

η(q)



·




∏

R 6∋q 6∈K

(1− η(q))





❈❧❡❛r❧②✱ ❧♦❝❛❧ ✐♥❞❡♣❡♥❞❡♥❝❡ ♠❡❛♥s t❤❛t ❝❛r❡❧❡ss ❡rr♦r ♣r♦❜❛❜✐❧✐t② β(q) ✇rt✳ t♦ ❛
t❡st ✐t❡♠ q ✐s t❤❡ s❛♠❡ ❡✈❡♥ ❢♦r t✇♦ s✉❜❥❡❝ts ✇✐t❤ ❤✉❣❡ ❞✐✛❡r❡♥❝❡s ❜❡t✇❡❡♥ t❤❡✐r
r❡s♣❡❝t✐✈❡ ❦♥♦✇❧❡❞❣❡ st❛t❡s✱ ✇❤✐❝❤ ♠❛② ♥♦t ❜❡ ❛♣♣r♦♣r✐❛t❡ ✐♥ ❛❧❧ s✐t✉❛t✐♦♥s✱ ②❡t
✐t ❞r❛♠❛t✐❝❛❧❧② r❡❞✉❝❡s t❤❡ ❛♠♦✉♥t ♦❢ ♣❛r❛♠❡t❡rs ✐♥✈♦❧✈❡❞ ❛♥❞ s❡❡♠s r❡❛s♦♥❛❜❧❡
✐❢ ❜♦t❤ ❡rr♦r ♣r♦❜❛❜✐❧✐t✐❡s ❛r❡ ❛❧✇❛②s s♠❛❧❧✳ ❚❤❡ ❢❛❝t t❤❛t t❤❡ ❧✉❝❦② ❣✉❡ss ♣r♦❜✲
❛❜✐❧✐t② η(q) ✐s t❤❡ s❛♠❡ ❢♦r t❤❡s❡ t✇♦ s✉❜❥❡❝ts ✐s ❡✈❡♥ ❧❡ss ♦❢ ❛ ♣r♦❜❧❡♠✱ s✐♥❝❡
❣✉❡ss✐♥❣ ♣r♦❜❛❜✐❧✐t✐❡s ✉s✉❛❧❧② ❝❛♥ ❜❡ r❡❞✉❝❡❞ t♦ ♥❡❣❧✐❣✐❜✐❧✐t② ❜② ❛♣♣r♦♣r✐❛t❡ t❡st
✐t❡♠ ❞❡s✐❣♥ ✭❬✹❪✱ ❘❡♠❛r❦ ✶✶✳✶✳✸ ✭❜✮✮✳ ❲✐t❤ ❧♦❝❛❧ ✐♥❞❡♣❡♥❞❡♥❝❡✱ ♦♥❡ ❝❛♥ ❡❛s✐❧②
❡♠♣❧♦② ❛ st❛♥❞❛r❞ χ2 t❡st ♦♥ t❤❡ r❛t✐♦ ♦❢ t❤❡ ♠❛①✐♠✉♠ ❧✐❦❡❧✐❤♦♦❞ ❡st✐♠❛t✐♦♥s
✐♥ ♦r❞❡r t♦ ✈❡r✐❢②✱ ✇❤❡t❤❡r t❤❡ ♥❡❣❧✐❣✐❜✐❧✐t② ♦❢ ❣✉❡ss✐♥❣ ✐s ❛❝❤✐❡✈❡❞✳ ■❢ t❤✐s ✐s t❤❡
❝❛s❡✱ t❤❡ ♥✉♠❜❡r ♦❢ ❢r❡❡ ♣❛r❛♠❡t❡rs t♦ ❞❡❛❧ ✇✐t❤ ❡✛❡❝t✐✈❡❧② ❤❛❧✈❡s ✐♥ t✉r♥✳

▲❡❛r♥✐♥❣ ❙♣❛❝❡s

❉❡✜♥✐t✐♦♥ ✻✳ ▲❡t (Q,K) ❜❡ ❛ ❦♥♦✇❧❡❞❣❡ s♣❛❝❡✳ (Q,K) ✐s ❝❛❧❧❡❞ ❛ ❧❡❛r♥✐♥❣ s♣❛❝❡✱
✐❢ ❢♦r ❛❧❧ K,L ∈ K ✇✐t❤ K ⊆ L✱ t❤❡r❡ ❛r❡ n ∈ N✱ ❛♥❞ q1, . . . , qn ∈ Q✱ s✉❝❤
t❤❛t ❢♦r ❛❧❧ i ∈ {1, . . . , n} t❤❡r❡ ✐s ❛ st❛t❡ K ∪ {q1, . . . , qi} ∈ K❀ ❛♥❞ s✉❝❤ t❤❛t
K ∪ {q1, . . . , qn} = L✳ ■♥ t❤✐s ❝❛s❡ ✇❡ ❦♥♦✇ t❤❛t Q ❛♥❞ K ❛r❡ ✜♥✐t❡✳

❚❤❡ ❜❛s✐❝ ♣r✐♥❝✐♣❧❡ ♦❢ t❤❡ ♣r♦❜❛❜✐❧✐st✐❝ ❡①t❡♥s✐♦♥s ♦❢ ❧❡❛r♥✐♥❣ ✐♥ ❦♥♦✇❧❡❞❣❡ str✉❝✲
t✉r❡s ✐s st❛t❡❞ ❛s ❢♦❧❧♦✇s✿

✓❚❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t✱ ❛t t❤❡ t✐♠❡ ♦❢ t❤❡ t❡st✱ ❛ s✉❜❥❡❝t ✐s ✐♥ ❛ st❛t❡
K ♦❢ t❤❡ str✉❝t✉r❡ ✐s ❡①♣r❡ss❡❞ ❛s t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t t❤✐s s✉❜❥❡❝t ✭✐✮
❤❛s s✉❝❝❡ss✐✈❡❧② ♠❛st❡r❡❞ ❛❧❧ t❤❡ ✐t❡♠s ✐♥ t❤❡ st❛t❡ K✱ ❛♥❞ ✭✐✐✮ ❤❛s ❢❛✐❧❡❞
t♦ ♠❛st❡r ❛♥② ✐t❡♠ ✐♠♠❡❞✐❛t❡❧② ❛❝❝❡ss✐❜❧❡ ❢r♦♠ K✳ ✔ ❬✹✱ ♣✳✶✾✽❪

❚❤✐s ♣r✐♥❝✐♣❧❡ ♠❛② ❜❡ ❡♠♣❧♦②❡❞ ❢♦r ❛ss❡ss✐♥❣ t❤❡ ❦♥♦✇❧❡❞❣❡ st❛t❡ ♦❢ s♦♠❡ t❡st
s✉❜❥❡❝t ❜② ❧♦♦❦✐♥❣ ❛t t❤❡ s✉❜❥❡❝t✬s r❡s♣♦♥s❡s t♦ ❛ s❡r✐❡s ♦❢ t❡st ✐t❡♠s✳ ❚❤❡ ❞❡t❛✐❧s



♦❢ s✉❝❤ ❛ ♣r♦❝❡❞✉r❡ ❛r❡ ❣✐✈❡♥ ✐♥ ❑♥♦✇❧❡❞❣❡ ❙♣❛❝❡s✿ ❆♣♣❧✐❝❛t✐♦♥s ✐♥ ❊❞✉❝❛t✐♦♥ ❬✸✱
♣♣✳✶✹✵✲✶✹✺❪ ❛♥❞ ❛♥♦t❤❡r ♣r♦❝❡❞✉r❡ ✐♥✈♦❧✈✐♥❣ ▼❛r❦♦✈ ❝❤❛✐♥s ✐s ❣✐✈❡♥ ✐♥ ▲❡❛r♥✐♥❣
❙♣❛❝❡s ❬✹❪✳ ❋♦r t❤❡ s❛❦❡ ♦❢ ❜r❡✈✐t② ✇❡ ✇✐❧❧ ❣✐✈❡ ♦♥❧② ❛ q✉✐❝❦ ✐♥❢♦r♠❛❧ ❞❡s❝r✐♣t✐♦♥
♦❢ t❤❡ ❛ss❡ss♠❡♥t ❛❧❣♦r✐t❤♠ ❢♦✉♥❞ ✐♥ ❬✸❪✿

❚❤❡ ❛ss❡ss♠❡♥t ❛❧❣♦r✐t❤♠ ✐s ❜❛s❡❞ ♦♥ ❛ st♦❝❤❛st✐❝ ♣r♦❝❡ss ❞❡✜♥❡❞ ❜② ❛ s❡✲
q✉❡♥❝❡ ♦❢ r❛♥❞♦♠ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥s Ln ♦❢ t❤❡ s✉❜❥❡❝t ❜❡✐♥❣ ✐♥ ❛ ❝❡rt❛✐♥
st❛t❡ K ∈ K✱ ❛ s❡q✉❡♥❝❡ ♦❢ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s Qn t❤❛t ❞❡s✐❣♥❛t❡ ✇❤✐❝❤ t❡st ✐t❡♠
q ∈ Q ✐s ❛s❦❡❞ ✐♥ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ tr✐❛❧✱ ❛♥❞ ❛ s❡q✉❡♥❝❡ ♦❢ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s Rn

t❤❛t ②✐❡❧❞ 1✱ ✐❢ t❤❡ s✉❜❥❡❝t✬s r❡s♣♦♥s❡ ✐♥ t❤❡ tr✐❛❧ ✇❛s ❝♦rr❡❝t ❛♥❞ 0 ♦t❤❡r✇✐s❡✳
❚❤❡ ♣r♦❝❡ss st❛rts ✇✐t❤ s♦♠❡ ✐♥✐t✐❛❧ ❞✐str✐❜✉t✐♦♥ L1✱ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❛ ❝❡rt❛✐♥
t❡st ✐t❡♠ ❜❡✐♥❣ ❛s❦❡❞ ✐♥ ❛ tr✐❛❧ ❞❡♣❡♥❞s ♦♥ t❤❡ ❤✐st♦r② ♦❢ t❤❡ ♣r❡✈✐♦✉s tr✐❛❧s ❛♥❞
t❤❡ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❛t tr✐❛❧✳ ❚❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ t❤❡ ❝♦rr❡❝t r❡s♣♦♥s❡
✐♥ ❛ tr✐❛❧ ❞❡♣❡♥❞s ♦♥ t❤❡ q✉❡st✐♦♥ q ∈ Q ❛s❦❡❞✱ t❤❡ ❤✐st♦r② ♦❢ t❤❡ ♣r❡✈✐♦✉s
tr✐❛❧s ❛♥❞ t❤❡ ❦♥♦✇❧❡❞❣❡ st❛t❡ ❞✐str✐❜✉t✐♦♥ ❢♦r t❤❛t tr✐❛❧✳ ❚❤❡ ❝♦rr❡❝t r❡s♣♦♥s❡
♣r♦❜❛❜✐❧✐t② ✐s ❞❡❡♠❡❞ t♦ ❜❡ 1 − βq ✐❢ t❤❡ t❡st ✐t❡♠ ✐s ♠❛st❡r❡❞ ✐♥ t❤❡ s✉❜❥❡❝t✬s
❧❛t❡♥t st❛t❡✳ ❚❤✐s ❢❛❝t ♠❛② ❜❡ ✉s❡❞ t♦ ❝♦♥str✉❝t t❤❡ ❛ss❡ss❡❞ ❦♥♦✇❧❡❞❣❡ st❛t❡ ♦❢
t❤❡ st✉❞❡♥t✱ ❛s t❤❡ ♣r♦❝❡ss ✏Ln(K0) ❛❧♠♦st s✉r❡❧② ❝♦♥✈❡r❣❡s t♦ 1✑ ❢♦r t❤❡ ❧❛t❡♥t
st❛t❡ K0 ♦❢ t❤❡ s✉❜❥❡❝t ❬✸✱ ♣✳✶✹✸❪✳

✷ λ✲µ✲❈❛❧❝✉❧✉s

❑♥♦✇❧❡❞❣❡ ❛♥❞ ❧❡❛r♥✐♥❣ s♣❛❝❡ t❤❡♦r② ❞❡✜♥❡s ❦♥♦✇❧❡❞❣❡ st❛t❡s s✉❝❤ t❤❛t t❤❡②
❛r❡ ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ❛❜✐❧✐t② ♦❢ ❛ t❡st s✉❜❥❡❝t t♦ s♦❧✈❡ ❛ t❡st ✐t❡♠✳ ❚❤❡r❡❢♦r❡
✇❡ ♥❡❡❞ t♦ ✐♥✈❡st✐❣❛t❡ ❤♦✇ s✉❜❥❡❝ts s♦❧✈❡ t❡st ✐t❡♠s✱ ♦r ❤♦✇ s♦❧✉t✐♦♥ ❝❛♥❞✐❞❛t❡s
❢♦r t❡st ✐t❡♠s ♠❛② ❜❡ ❝♦♥str✉❝t❡❞✳ ❚❤✐s ✐♥✈❡st✐❣❛t✐♦♥ ❜❡♥❡✜ts ❢r♦♠ ❛ ❢♦r♠❛❧
❛♣♣❛r❛t✉s ♦❢ ❝♦♥str✉❝t✐♦♥s ❛♥❞ ♦♣❡r❛t✐♦♥s t❤❛t ✐s ❛s ❣❡♥❡r❛❧ ❛s ♣♦ss✐❜❧❡✳ ■♥ ■t❡♠
❈♦♥str✉❝t✐♦♥ ❛♥❞ Ps②❝❤♦♠❡tr✐❝ ▼♦❞❡❧s ❬✾❪ ❚❛ts✉♦❦❛ ❛r❣✉❡s t❤❛t ❛❝❝♦r❞✐♥❣ t♦
●❧❛s❡r ❬✺❪ ❛❝❤✐❡✈❡♠❡♥t t❡sts ♠✉st r❡✢❡❝t t❤❡ ✉♥❞❡r❧②✐♥❣ ❝♦❣♥✐t✐✈❡ ♣r♦❝❡ss❡s ♦❢
♣r♦❜❧❡♠ s♦❧✈✐♥❣✱ ❞②♥❛♠✐❝ ❝❤❛♥❣❡s ✐♥ str❛t❡❣✐❡s✱ ❛♥❞ t❤❡ str✉❝t✉r❡ ♦❢ ❦♥♦✇❧❡❞❣❡
❛♥❞ ❝♦❣♥✐t✐✈❡ s❦✐❧❧s✿

✓❚❤❡ ❝♦rr❡❝t r❡s♣♦♥s❡ t♦ t❤❡ ✐t❡♠ ✐s ❞❡t❡r♠✐♥❡❞ ❜② ✇❤❡t❤❡r ❛❧❧ ❝♦❣✲
♥✐t✐✈❡ t❛s❦s ✐♥✈♦❧✈❡❞ ✐♥ t❤❡ ✐t❡♠ ❝❛♥ ❜❡ ❛♥s✇❡r❡❞ ❝♦rr❡❝t❧②✳ ❚❤❡r❡❢♦r❡
t❤❡ ❤②♣♦t❤❡s✐s ✇♦✉❧❞ ❜❡ t❤❛t ✐❢ ❛♥② ♦❢ t❤❡ t❛s❦s ✇♦✉❧❞ ❜❡ ✇r♦♥❣✱ t❤❡♥
t❤❡r❡ ✇♦✉❧❞ ❜❡ ❛ ❤✐❣❤ ♣r♦❜❛❜✐❧✐t② t❤❛t t❤❡ ✜♥❛❧ ❛♥s✇❡r ✇♦✉❧❞ ❛❧s♦ ❜❡
✇r♦♥❣✳ ✔ ❬✾✱ ♣✳✶✵✽❪

❚❛ts✉♦❦❛ s✉❣❣❡sts ❢✉rt❤❡r✱ t❤❛t ♣r♦♣❡rt✐❡s ❛♥❞ r❡❧❛t✐♦♥s ❛♠♦♥❣ ♠✐❝r♦❧❡✈❡❧ ❛♥❞
✐♥✈✐s✐❜❧❡ t❛s❦s s❤♦✉❧❞ ❜❡ ❡①♣❧♦r❡❞ ❛♥❞ ♣r❡❞✐❝t❡❞ ❬✾❪✱ ✇❤✐❝❤ ✏✐♥✈♦❧✈❡s ❛ ♣❛✐♥st❛❦✐♥❣
❛♥❞ ❞❡t❛✐❧❡❞ t❛s❦ ❛♥❛❧②s✐s ✐♥ ✇❤✐❝❤ ❣♦❛❧s✱ s✉❜❣♦❛❧s✱ ❛♥❞ ✈❛r✐♦✉s s♦❧✉t✐♦♥ ♣❛t❤s ❛r❡
✐❞❡♥t✐✜❡❞ ✐♥ ❛ ♣r♦❝❡❞✉r❛❧ ♥❡t✇♦r❦ ✭♦r ❛ ✢♦✇ ❝❤❛rt✮✳ ❚❤✐s ♣r♦❝❡ss ♦❢ ✉♥❝♦✈❡r✐♥❣
❛❧❧ ♣♦ss✐❜❧❡ ❝♦♠❜✐♥❛t✐♦♥s ♦❢ s✉❜t❛s❦s ❛t t❤❡ ♠✐❝r♦❧❡✈❡❧ ✐s ❡ss❡♥t✐❛❧ ❢♦r ♠❛❦✐♥❣ ❛
t✉t♦r✐♥❣ s②st❡♠ ♣❡r❢♦r♠ t❤❡ r♦❧❡ ♦❢ t❤❡ ♠❛st❡r t❡❛❝❤❡r ❬✳✳✳❪✑ ❬✾❪✳

✓ ■❞❡♥t✐❢②✐♥❣ s✉❜❝♦♠♣♦♥❡♥ts ♦❢ t❛s❦s ✐♥ ❛ ❣✐✈❡♥ ♣r♦❜❧❡♠✲s♦❧✈✐♥❣ ❞♦✲
♠❛✐♥ ❛♥❞ ❛❜str❛❝t✐♥❣ t❤❡✐r ❛ttr✐❜✉t❡s ✐s st✐❧❧ ❛♥ ❛rt✳ ■t ✐s ♥❡❝❡ss❛r② t❤❛t



t❤❡ ♣r♦❝❡ss ❝❛♥ ❜❡ ♠❛❞❡ ❛✉t♦♠❛t✐❝ ❛♥❞ ♦❜❥❡❝t✐✈❡✳ ❍♦✇❡✈❡r✱ ✇❡ ❤❡r❡ ❛s✲
s✉♠❡ ❬✳✳✳❪ t❤❛t ❛♥② t❛s❦ ✐♥ t❤❡ ❞♦♠❛✐♥ ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❜② ❛ ❝♦♠❜✐♥❛t✐♦♥
♦❢ ❝♦❣♥✐t✐✈❡❧② r❡❧❡✈❛♥t ♣r✐♠❡ s✉❜❝♦♠♣♦♥❡♥ts✳ ✔ ❬✾✱ ♣✳✶✶✵❪

❲❡ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡ ❢♦r♠❛❧ ❛♣♣❛r❛t✉s ❢♦r ♣r♦❜❧❡♠ s♦❧✈✐♥❣ ♠✉st ❤❛✈❡ s♦♠❡ ✇❛②
t♦ ❡①♣r❡ss ❡①tr❛✲❧♦❣✐❝❛❧ ♦♣❡r❛t✐♦♥s ✕ ✇❤✐❝❤ ♠❛② ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s t❤❡ ❝♦❣♥✐t✐✈❡❧②
r❡❧❡✈❛♥t ♣r✐♠❡ s✉❜❝♦♠♣♦♥❡♥ts ♦❢ t❛s❦s ✐♥ ❛ ❣✐✈❡♥ ❞♦♠❛✐♥ ✕ ❛♥❞ ✐t ♠✉st ❤❛✈❡
s♦♠❡ ✇❛② t♦ ❡①♣r❡ss ❝♦♠♣♦s❡❞ t❛s❦s ❛♥❞ ❝♦♠❜✐♥❛t✐♦♥s ♦❢ s✉❜t❛s❦s ✐♥ ❣r❡❛t
❣❡♥❡r❛❧✐t②✳ ❖✉r ❝❤♦✐❝❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①tr❛✲❧♦❣✐❝❛❧❧② ❡①t❡♥❞❡❞ t②♣❡❞ ❧❛♠❜❞❛
❝❛❧❝✉❧✉s ❛s t❤❡ ❢♦r♠❛❧✐③❛t✐♦♥ ❢r❛♠❡✇♦r❦ ❢♦r t❡st ✐t❡♠ ❛♥❛❧②s✐s ✐s ♠♦t✐✈❡❞ ❛s
❢♦❧❧♦✇s✿ ❋✐rst✱ t②♣❡❞ ❧❛♠❜❞❛ ❝❛❧❝✉❧✉s t②♣✐❝❛❧❧② ❝♦♠❡s ✇✐t❤ ❛♥ ❛❧❣♦r✐t❤♠ t❤❛t
❛❧❧♦✇s t♦ ❝❤❡❝❦ ✇❤❡t❤❡r ❛ ❣✐✈❡♥ ✭✉♥t②♣❡❞✮ ❧❛♠❜❞❛ t❡r♠ ✐s t②♣❛❜❧❡ ♦r ♥♦t✱ ✇❤✐❝❤
♠❛② ❜❡ s❡❡♥ ❛s ❛ ✈❡r② r♦✉❣❤ ♣❧❛✉s✐❜✐❧✐t② t❡st ♦❢ s♦❧✉t✐♦♥ ♣❛t❤ ❝❛♥❞✐❞❛t❡s✳ ❙❡❝♦♥❞✱
t②♣❡s ❣r❛❝❡❢✉❧❧② ❣♦✈❡r♥ t❤❡ ✐♥♣✉t ❛♥❞ ♦✉t♣✉t ❞♦♠❛✐♥s ♦❢ ♣r✐♠❡ ❛♥❞ ❝♦♠♣♦✉♥❞
♦♣❡r❛t✐♦♥s✳ ❚❤✐r❞✱ ❝♦♠♣❧❡① t❛s❦ s♦❧✉t✐♦♥s ❞♦ ♥♦t ❤❛✈❡ ❛ str✐❝t ♦r❞❡r ✐♥ ✇❤✐❝❤
s✉❜t❛s❦s ❤❛✈❡ t♦ ❜❡ ❝❛rr✐❡❞ ♦✉t✱ t❤✐s ❝♦rr❡s♣♦♥❞s t♦ ❞✐✛❡r❡♥t r❡❞✉❝t✐♦♥s st❛rt✐♥❣
❢r♦♠ t❤❡ s❛♠❡ t❡r♠✳ ❆♥❞ ❧❛st✱ ❛ ❢♦r♠❛❧ ♥♦t✐♦♥ ♦❢ ❡①tr❛✲❧♦❣✐❝❛❧ r❡❞✉❝t✐♦♥s ♠❛② ❜❡
✐♥t❡r♣r❡t❡❞ ♠✉❧t✐❢❛r✐♦✉s❧②✱ ❢♦r ✐♥st❛♥❝❡ ❛s ✐♥✈♦❦✐♥❣ ❛ r❛♥❞♦♠ ♣r♦❝❡ss t❤❛t ❧❡❛❞s
t♦ ❡✐t❤❡r ❛ ❝♦rr❡❝t ♦r ❛♥ ✐♥❝♦rr❡❝t s♦❧✉t✐♦♥✱ ❛s ❛ s❦✐❧❧ r❡q✉✐r❡♠❡♥t ❢♦r ❛ ❣✐✈❡♥
s♦❧✉t✐♦♥ ♣❛t❤✱ ♦r ❛s ❛ st❡♣✲❜②✲st❡♣ ✐♥str✉❝t✐♦♥✱ ❣✉✐❞❡❧✐♥❡✱ ❤✐♥t✱ ❡t❝✳

✷✳✶ λ✲❈❛❧❝✉❧✉s

❋✐rst✱ ✇❡ ✇❛♥t t♦ ✜① s♦♠❡ ❞❡✜♥✐t✐♦♥s r❡❣❛r❞✐♥❣ t❤❡ ❧❛♠❜❞❛ ❝❛❧❝✉❧✉s ✐♥ ♦r❞❡r
t♦ ❤❛✈❡ s♦♠❡t❤✐♥❣ ♣r❡❝✐s❡ t♦ r❡❢❡r t♦✱ ❜✉t ❛t t❤❡ s❛♠❡ t✐♠❡ ✇❡ ✇❛♥t t♦ ♣♦✐♥t
♦✉t t❤❛t ♦✉r ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ❧❛♠❜❞❛ ❝❛❧❝✉❧✉s ✐s q✉✐t❡ ♥❛t✉r❛❧ ❛♥❞ ❞♦❡s ♥♦t
❞❡♣❡♥❞ ♦♥ ❛ s♣❡❝✐✜❝ ✇❛② ♦❢ ❢♦r♠❛❧✐③❛t✐♦♥✳ ❆s ❛ ❣❡♥❡r❛❧ ❢r❛♠❡✇♦r❦ ❢♦r ❞✐✛❡r❡♥t
♣♦ss✐❜❧❡ ❧❛♠❜❞❛ ❝❛❧❝✉❧✐✱ ✇❡ ✉s❡ P✉r❡ ❚②♣❡ ❙②st❡♠s ✐♥ ❛ ♣r❡s❡♥t❛t✐♦♥ ❢♦✉♥❞ ✐♥
❑❛♠❛r❡❞❞✐♥❡✱ ▲❛❛♥✱ ❛♥❞ ◆❡❞❡r♣❡❧t ❬✼❪✱ ✇❤✐❝❤ ♦r✐❣✐♥❛t❡s ❢r♦♠ ❇❡r❛r❞✐ ❬✶❪ ❛♥❞
❚❡r❧♦✉✇ ❬✶✵❪✳

❉❡✜♥✐t✐♦♥ ✼✳ ✭❙❡❡ ❬✼❪✱ ✹✳✶✻✮ ▲❡t V ❛♥❞ C ❜❡ ❞✐s❥♦✐♥t s❡ts✱ t❤❛t ❞♦ ♥♦t ❝♦♥t❛✐♥
❛♥② ♦❢ t❤❡s❡ s②♠❜♦❧s✿ ✏λ✑✱ ✏Π✑✱ ✏(✑✱ ✏)✑✱ ✏.✑✱ ❛♥❞ ✏:✑✳ ❚❤❡ s❡t ♦❢ t❡r♠s ✇rt✳
V ❛♥❞ C ✐s ❞❡♥♦t❡❞ ❜② T (V,C)✳ ■t ✐s ❞❡✜♥❡❞ t♦ ❜❡ t❤❡ s♠❛❧❧❡st s✉❜s❡t ♦❢ t❤❡
s✉♣♣♦rt s❡t |〈V ∪ C ∪ {λ,Π, (, ), ., : }〉| ♦❢ t❤❡ ❢r❡❡ ♠♦♥♦✐❞✷ ❣❡♥❡r❛t❡❞ ❜② V ∪ C ∪
{λ,Π, (, ), ., : }✱ s✉❝❤ t❤❛t V ∪ C ⊆ T (V,C) ❛♥❞ ❢♦r ❛❧❧ A,B ∈ T (V,C) ❛♥❞ ❛❧❧
x ∈ V✿

((A)(B)) ∈ T (V,C), (λv : A.B) ∈ T (V,C), ❛♥❞ (Πv : A.B) ∈ T (V,C)

❆s ❛ ♥♦t❛t✐♦♥❛❧ ❝♦♥✈❡♥t✐♦♥✱ ✇❡ ♠❛② ❞r♦♣ ♣❛r❡♥t❤❡s❡s✱ ✐❢ t❤❡② ❝❛♥ ❜❡ r❡st♦r❡❞
❜② s✉❝❝❡ss✐✈❡❧② ❛❞❞✐♥❣ ♣❛r❡♥t❤❡s❡s✱ ✇❤❡r❡ t❤❡ ✏(✑✲♣❛r❡♥t❤❡s❡s ❛r❡ ❛❞❞❡❞ ❛t t❤❡
❧❡❢t✲♠♦st ♣♦ss✐❜❧❡ ♣♦s✐t✐♦♥s✱ ❛♥❞ ✏)✑✲♣❛r❡♥t❤❡s❡s ❛r❡ ❛❞❞❡❞ ❛t t❤❡ r✐❣❤t✲♠♦st ♣♦s✲
s✐❜❧❡ ♣♦s✐t✐♦♥s ❢♦r λ ❛♥❞ Π t❡r♠s✱ ❛♥❞ ❛t t❤❡ ❧❡❢t✲♠♦st ♣♦ss✐❜❧❡ ♣♦s✐t✐♦♥ ❢♦r ❛♣✲
♣❧✐❝❛t✐♦♥ t❡r♠s✿ ❋♦r ✐♥st❛♥❝❡✱ ✇❡ ♠❛② ✇r✐t❡ λx : A.λy : B.C t♦ ❞❡♥♦t❡ t❤❡ t❡r♠

✷ ❚❤❡ ♦♣❡r❛t✐♦♥ ♦❢ t❤❡ ❢r❡❡ ♠♦♥♦✐❞ ✐s ❞❡♥♦t❡❞ ❜② ❥✉①t❛♣♦s✐t✐♦♥✱ ❛♥❞ t❤❡ ♥❡✉tr❛❧ ❡❧❡♠❡♥t
✐s ❞❡♥♦t❡❞ ❜② ε✳



(λx : A.(λy : B.C))✱ ❛♥❞ ✇❡ ♠❛② ✇r✐t❡ xyz t♦ ❞❡♥♦t❡ ((((x)(y)))(z))✱ ✇❤❡r❡
A,B,C ∈ T (V,C) ❛♥❞ x, y, z ∈ V✳

❉❡✜♥✐t✐♦♥ ✽✳ ▲❡t V ❛♥❞ C ❜❡ s❡ts t❤❛t s❛t✐s❢② t❤❡ ❝♦♥❞✐t✐♦♥s ✐♥ ❉❡❢✳ ✼✱ ❛♥❞
❧❡t A,X ∈ T (V,C) ❛♥❞ x ∈ V✳ ❚❤❡ s✉❜st✐t✉t✐♦♥ ♦❢ x ✐♥ A ❜② X ✐s ❞❡♥♦t❡❞
❜② A[x := X]✳ ❆ ❢♦r♠❛❧ ❞❡✜♥✐t✐♦♥ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✻❪ ✶❆✼ ♦♥ ♣❛❣❡ ✸✳✸ ❙✐♥❝❡
t❤❡ ❝♦♥❝❡♣t ♦❢ ✈❛r✐❛❜❧❡ s✉❜st✐t✉t✐♦♥ ✐s q✉✐t❡ ♥❛t✉r❛❧ t♦ ❛♥② ♠❛t❤❡♠❛t✐❝s✱ ❤❡r❡ ✇❡
❣✐✈❡ ♦♥❧② ❛♥ ✐♥❢♦r♠❛❧ ❞❡✜♥✐t✐♦♥✿ ✐♥ A✱ ✇❡ r❡♣❧❛❝❡ ❡✈❡r② ♦❝❝✉rr❡♥❝❡ ♦❢ x ✇✐t❤ t❤❡
✇♦r❞ X✱ ✉♥❧❡ss ✐t ✐s ♣❛rt ♦❢ B ♦❢ ❛ t❡r♠ s✉❜ ✇♦r❞✹ ♦❢ t❤❡ ❢♦r♠ (λx : A.B) ♦r
(Πx : A.B)✱ ✐✳❡✳ ✏λ✑ ❛♥❞ ✏Π✑ ❜✐♥❞ ✈❛r✐❛❜❧❡s r✐❣❤t ♦❢ ✏.✑✳ ❋♦r ✐♥st❛♥❝❡

((x)((λx : x.x)))[x := ((y)(z))] = ((((y)(z)))((λx : ((y)(z)).x)))

❉❡✜♥✐t✐♦♥ ✾✳ ✭❙❡❡ ❬✼❪✱ ✹✳✶✸✮ ▲❡t V ❛♥❞ C ❜❡ s❡ts t❤❛t s❛t✐s❢② t❤❡ ❝♦♥❞✐t✐♦♥s ✐♥
❉❡❢✳ ✼✱ ❛♥❞ ❧❡t →⊆ T (V,C) × T (V,C) ❛ ❜✐♥❛r② r❡❧❛t✐♦♥ ♦♥ t❡r♠s✳ → ✐s ❝❛❧❧❡❞
❝♦♠♣❛t✐❜✐❧✐t②✱ ✐❢ ❢♦r ❛❧❧ A,A′, B ∈ T (V,C) ✇✐t❤ A → A′✱ ❛❧s♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s✿
(A)B → (A′)B✱ (B)A → (B)A′✱ λx : A.B → λx : A′.B✱ λx : B.A → λx : B.A′✱
Πx : A.B → Πx : A′.B✱ ❛♥❞ Πx : B.A → Πx : B.A′✳

❉❡✜♥✐t✐♦♥ ✶✵✳ ✭❙❡❡ ❬✼❪✱ ✹✳✶✸✮ ▲❡t V ❛♥❞ C ❜❡ s❡ts t❤❛t s❛t✐s❢② t❤❡ ❝♦♥❞✐t✐♦♥s
✐♥ ❉❡❢✳ ✼✳ ❚❤❡ β✲r❡❞✉❝t✐♦♥ r❡❧❛t✐♦♥ ✇rt✳ (V,C) ✐s t❤❡ s♠❛❧❧❡st ❝♦♠♣❛t✐❜✐❧✐t② ♦♥
T (V,C)✱ ❞❡♥♦t❡❞ ❜② →β✱ s✉❝❤ t❤❛t ⊲β⊆→β❀ ✇❤❡r❡ ⊲β⊆ T (V,C)×T (V,C) s✉❝❤
t❤❛t ❢♦r ❛❧❧ A,B,C ∈ T (V,C) ❛♥❞ x ∈ V

(((λx : A.B))(C)) ⊲β B[x := C]

❚❤❡ r❡✢❡①✐✈❡ ❛♥❞ tr❛♥s✐t✐✈❡ ❝❧♦s✉r❡ ♦❢ →β ✐s ❞❡♥♦t❡❞ ❜② ։β✱ t❤❡ r❡✢❡①✐✈❡✱
tr❛♥s✐t✐✈❡ ❛♥❞ s②♠♠❡tr✐❝ ❝❧♦s✉r❡ ♦❢ →β ✐s ❞❡♥♦t❡❞ ❜② =β✳

❘❡♠❛r❦ ✶✳ ❚❤❡ ♥♦t✐♦♥ ♦❢ β✲r❡❞✉❝t✐♦♥ ✭s❡❡ ❉❡✜♥✐t✐♦♥ ✶✶✮ ✐s ❝❧♦s❡❧② r❡❧❛t❡❞ t♦
t❤❡ ♥♦t✐♦♥ ♦❢ α✲❝♦♥✈❡rs✐♦♥✱ ✇❤✐❝❤ ✐s ❛ ❝♦♠♣❛t✐❜✐❧✐t② ❛♥❞ ❡q✉✐✈❛❧❡♥❝❡ r❡❧❛t✐♦♥ ♦♥
T (V,C)✱ s✉❝❤ t❤❛t

(λx : A.B) ≡α (λy : A.B[x := y]) ❛♥❞ (Πx : A.B) ≡α (Πy : A.B[x := y])

✐❢ t❤❡ ✈❛r✐❛❜❧❡ y ✐s ♥♦t ❢r❡❡ ✐♥ t❤❡ ❧❡❢t✲❤❛♥❞ t❡r♠✳ ❚❤✐s ♠❡❛♥s t❤❛t ②♦✉ ♠❛②
r❡♥❛♠❡ ❜♦✉♥❞ ✈❛r✐❛❜❧❡s✱ ✉♥❧❡ss ②♦✉ ✇♦✉❧❞ ❝❛♣t✉r❡ ❛ ❢r❡❡ ✈❛r✐❛❜❧❡ ✇✐t❤ t❤❡ ♥❡✇
♥❛♠❡✳ ❨♦✉ ♠❛② r❡❛❞ t❤❡ r❡st ♦❢ t❤✐s ♣❛♣❡r ❡✐t❤❡r ❜② t❤✐♥❦✐♥❣ ♦❢ t❡r♠s ❛s t❡r♠s
♦r ❛s ≡α✲❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss❡s✳ ❚❤✐s ✐s ❛ st❛♥❞❛r❞ ❢❡❛t✉r❡ ♦❢ ❧❛♠❜❞❛ ❝❛❧❝✉❧✉s✳

❉❡✜♥✐t✐♦♥ ✶✶✳ ▲❡t V ❛♥❞ C ❜❡ s❡ts t❤❛t s❛t✐s❢② t❤❡ ❝♦♥❞✐t✐♦♥s ✐♥ ❉❡❢✳ ✼✱ ❧❡t
⊲x ❜❡ ❛ ❜✐♥❛r② r❡❧❛t✐♦♥ ♦♥ T (V,C) ❛♥❞ →x ❜❡ t❤❡ s♠❛❧❧❡st ❝♦♠♣❛t✐❜✐❧✐t② ✇✐t❤
⊲x⊆→x❀ ❢✉rt❤❡r ❧❡t n = {1, . . . , n} ⊆ N✳ ❆ ♠❛♣ r : n → T (V,C) ✐s ❛ ✜♥✐t❡

✸ ❖r s❡❡ ❬✼❪ ✹✳✶✷✱ ❜✉t ❜❡✇❛r❡ ♦❢ ♠✐ss✐♥❣ x 6≡ y ❛♥❞ t②♣♦s ✐♥ ✹✳✽ ✭s✇❛♣ A1 ❛♥❞ A2 ♦♥
♦♥❡ s✐❞❡✮✳

✹ ❆ t❡r♠ s✉❜ ✇♦r❞ ♦❢ ❛ t❡r♠ A ✐s ❛ t❡r♠ B✱ s✉❝❤ t❤❛t t❤❡r❡ ❛r❡ ❡❧❡♠❡♥ts ♦❢ t❤❡ ❢r❡❡
♠♦♥♦✐❞ C,D ∈ |〈V ∪ C ∪ {λ,Π, (, ), ., : }〉| ✇✐t❤ CBD = A✳



⊲x✲r❡❞✉❝t✐♦♥✱ ✐❢ ❢♦r ❛❧❧ i ∈ n− 1 = n\{n}✱ r(i) →x r(i + 1)❀ ❛♥❞ ✐❢ t❤❡r❡ ❛r❡
♠❛♣s

pre, post : n− 1 → |〈V ∪ C ∪ {λ,Π, (, ), ., : }〉| , redex: n− 1 → T (V,C)

s✉❝❤ t❤❛t ❢♦r ❛❧❧ i ∈ n− 1 ✿

pre(i)redex(i)post(i) = r(i) ❛♥❞

∃ti ∈ T (V,C) : redex(i) ⊲x ti s✉❝❤ t❤❛t pre(i)tipost(i) = r(i+ 1)

❚❤❡ s❡t ♦❢ ❛❧❧ ✜♥✐t❡ ⊲x✲r❡❞✉❝t✐♦♥s ✐s ❞❡♥♦t❡❞ ❜② ∇x✱ ✐ts s✉❜s❡t ♦❢ ❛❧❧ ✜♥✐t❡
⊲x✲r❡❞✉❝t✐♦♥s ✇✐t❤ r(1) = t ❢♦r t ∈ T (V,C) ✐s ❞❡♥♦t❡❞ ❜② ∇t

x✳

❉❡✜♥✐t✐♦♥ ✶✷✳ ✭❙❡❡ ❬✼❪✱ ✹✳✶✽✮ ❆ t✉♣❧❡ (V,C,S,A,R) ✐s ❝❛❧❧❡❞ ♣✉r❡ t②♣❡ s②st❡♠
s♣❡❝✐✜❝❛t✐♦♥✱ ✐❢ V ❛♥❞ C ❛r❡ s❡ts t❤❛t s❛t✐s❢② t❤❡ ❝♦♥❞✐t✐♦♥s ✐♥ ❉❡❢✳ ✼❀ ❛♥❞ ✐❢
S ⊆ C✱ A ⊆ S × S✱ ❛♥❞ R ⊆ S × S × S✳ ■♥ t❤✐s ❝♦♥t❡①t✱ ✇❡ ❝❛❧❧ S t❤❡ s❡t ♦❢
s♦rts✱ A t❤❡ s❡t ♦❢ ❛①✐♦♠s✱ ❛♥❞ R t❤❡ s❡t ♦❢ Π✲❢♦r♠❛t✐♦♥ r✉❧❡s✳

❚❤❡s❡ ❞❡✜♥✐t✐♦♥s ❛r❡ s✉✣❝✐❡♥t ❢♦r ♦✉r ♣✉r♣♦s❡s✳ ❋♦r ❛ ❝♦♠♣❧❡t❡ ✐♥tr♦❞✉❝t✐♦♥ t♦
❧❛♠❜❞❛ ❝❛❧❝✉❧✉s ❛♥❞ ♣✉r❡ t②♣❡ s②st❡♠s✱ ✇❡ r❡❢❡r ②♦✉ t♦ ❬✼❪✱ s❡❝t✐♦♥s ✹❛ t❤r♦✉❣❤
✹❝✳

✷✳✷ µ✲❊①t❡♥s✐♦♥

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✇❛♥t t♦ ❞❡✜♥❡ ❛ ❣❡♥❡r✐❝ ❡①t❡♥s✐♦♥ ♦❢ ❧❛♠❜❞❛ ❝❛❧❝✉❧✉s t❤❛t
❛❧❧♦✇s t♦ ❞❡❛❧ ✇✐t❤ ❡①tr❛✲❧♦❣✐❝❛❧ ♦♣❡r❛t✐♦♥s✳ ❙✐♥❝❡ t❤❡s❡ ♦♣❡r❛t✐♦♥s ❛r❡ ♥♦t ♣❛rt
♦❢ t❤❡ ❧❛♠❜❞❛ ❝❛❧❝✉❧✉s✱ ✇❡ ♥❡❡❞ t♦ s♣❡❝✐❢② ❛ s❡t ♦❢ s②♠❜♦❧s ✇❤✐❝❤ ❛r❡ r❡❣❛r❞❡❞
❛s ♥❡✇ ❝♦♥st❛♥ts ❢r♦♠ t❤❡ ♣♦✐♥t ♦❢ s♦♠❡ ❣✐✈❡♥ ❧❛♠❜❞❛ ❝❛❧❝✉❧✉s✱ ❛♥❞ ✇❡ ♥❡❡❞
t♦ s♣❡❝✐❢② ❛ s❡t ♦❢ ♥❡✇ ❞❡r✐✈❛t✐♦♥ r✉❧❡s ❢♦r t②♣❡❞ t❡r♠s t❤❛t ❣♦✈❡r♥ t❤❡ ❝♦rr❡❝t
❢♦r♠❛❧ t②♣❡s ♦❢ t❤❡s❡ s②♠❜♦❧s✳ P❛rt ♦❢ t❤✐s ✇♦r❦ ❝❛♥ ❜❡ ❞♦♥❡ ❜② ❛❧t❡r✐♥❣ t❤❡
♣✉r❡ t②♣❡ s②st❡♠ s♣❡❝✐✜❝❛t✐♦♥ ♦❢ t❤❡ ✉♥❞❡r❧②✐♥❣ ❧❛♠❜❞❛ ❝❛❧❝✉❧✉s✱ ♣❛rt ♦❢ t❤✐s
✇♦r❦ ❤❛s t♦ ❜❡ ❞♦♥❡ ❜② ❤❛♥❞✳

❉❡✜♥✐t✐♦♥ ✶✸✳ ❚❤❡ µ✲❡①t❡♥s✐♦♥ ❛❧♣❤❛❜❡t ✐s ❞❡✜♥❡❞ t♦ ❜❡ t❤❡ s❡t M t❤❛t ❝♦♥✲
t❛✐♥s t❤❡ ❞✐st✐♥❝t s②♠❜♦❧s ✏[✑✱ ✏]✑✱ ✏;✑✱ ✏µi✑✱ ✏νi✑✱ ❛♥❞ ✏mi✑ ❢♦r ❛❧❧ i ∈ N❀✺ ✐✳❡✳

M = {[, ; , ]} ∪ {µi, νi,mi | i ∈ N}

❚❤❡ s❡t ♦❢ ν✲❝♦♥st❛♥ts Mν ✐s ❞❡✜♥❡❞ t♦ ❜❡ t❤❡ s♠❛❧❧❡st s✉❜s❡t ♦❢ |〈M〉|✱ t❤❛t
❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s✿ ❋♦r ❛❧❧ i ∈ N✱ mi ∈ Mν ❀ ❛♥❞ ❢♦r ❛❧❧ i, k ∈ N✱ ✐❢
x1, . . . , xk ∈ Mν ✱ t❤❡♥ νi[x1; . . . ;xk] ∈ Mν ✳

❚❤❡ s❡t ♦❢ µ✲❝♦♥st❛♥ts M ✐s ❞❡✜♥❡❞ ❛s M := {µi | i ∈ N} ∪Mν ✳

❉❡✜♥✐t✐♦♥ ✶✹✳ ❆ ♣❛✐r (S, S0,M, a, p, v) ✐s ❝❛❧❧❡❞ µ✲s♣❡❝✐✜❝❛t✐♦♥✱ ✐❢ S0 ∈ S✱
❛♥❞ ✐❢ M ✱ a✱ p✱ ❛♥❞ v ❛r❡ ♠❛♣s✱ s✉❝❤ t❤❛t M : N → S✱ a : N → N✱ p : N → S

(N)✱
v : N → S✱ ❛♥❞ s✉❝❤ t❤❛t ❢♦r ❛❧❧ i ∈ N✱ p(i) ∈ S

a(i)✳ ❍❡r❡✱ M(i) s♣❡❝✐✜❡s t❤❡ t②♣❡
♦❢ t❤❡ ❝♦♥st❛♥t mi❀ a(i) s♣❡❝✐✜❡s t❤❡ ❛r✐t② ♦❢ t❤❡ s②♠❜♦❧ µi✱ ✇❤❡r❡❛s p(i) s♣❡❝✐✜❡s
t❤❡ ♣❛r❛♠❡t❡r t②♣❡s ♦❢ µi ❛♥❞ v(i) s♣❡❝✐✜❡s t❤❡ ✈❛❧✉❡ t②♣❡ ♦❢ µi✳

✺ ❖❢ ❝♦✉rs❡ ②♦✉ ❝♦✉❧❞ ✉s❡ ❛ ✜♥✐t❡ s✉❜s❡t ♦❢ N ❛s ✇❡❧❧✳



❋♦r ✐♥st❛♥❝❡✱ ❡❛❝❤ ♦❢ t❤❡ s②♠❜♦❧s µi ♠❛② ❡♥❝♦❞❡ ♦♥❡ ♦❢ t❤❡ ♦♣❡r❛t✐♦♥s ❧✐st❡❞ ✐♥
❚❛❜❧❡ ✶ ✐♥ ❬✽❪ ✇✐t❤ ❛♣♣r♦♣r✐❛t❡ a(i) ❛♥❞ p(i)✳

❉❡✜♥✐t✐♦♥ ✶✺✳ ▲❡t (V,C,S,A,R) ❜❡ ❛ ♣✉r❡ t②♣❡ s②st❡♠ s♣❡❝✐✜❝❛t✐♦♥✱ s✉❝❤ t❤❛t
M∩T (V,C) = ∅❀ ❛♥❞ ❧❡t (S′, S0,M, a, p, v) ❜❡ ❛ µ✲s♣❡❝✐✜❝❛t✐♦♥✱ s✉❝❤ t❤❛t S′ ⊆
C✳ ❚❤❡ µ✲❡①t❡♥s✐♦♥ ♦❢ (V,C,S,A,R) ✇rt✳ (S′, S0,M, a, p, v) ✐s ❞❡✜♥❡❞ t♦ ❜❡ t❤❡
t✉♣❧❡ (V,Cµ,Sµ,Aµ,R, S0, a, p, v)✱ ✇❤❡r❡ Cµ := M∪ C✱✻ Sµ := S ∪ S

′ ❛♥❞

Aµ := A ∪ {(mi,M(i)), (M(i), S0), (v(i), S0) | i ∈ N}

❆ t✉♣❧❡ (V,Cµ,Sµ,Aµ,R, S0, a, p, v) t❤❛t ✐s ❛ µ✲❡①t❡♥s✐♦♥ ♦❢ ❛ ♣✉r❡ t②♣❡ s②s✲
t❡♠ s♣❡❝✐✜❝❛t✐♦♥ ✇rt✳ s♦♠❡ µ✲s♣❡❝✐✜❝❛t✐♦♥ ✐s ❝❛❧❧❡❞ λ✲µ✲s♣❡❝✐✜❝❛t✐♦♥ ❢r♦♠ ❤❡r❡
♦♥✳

❋♦r t❡❝❤♥✐❝❛❧ r❡❛s♦♥s✱ ✇❡ ❝❛♥♥♦t ❡①♣r❡ss t❤❡ ❛①✐♦♠s ❢♦r t❤❡ ❝♦rr❡❝t ❢✉♥❝t✐♦♥ t②♣❡
♦❢ µi ✭i ∈ N✮ ❜② ❡❧❡♠❡♥ts ♦❢ t❤❡ s❡t Aµ✱ s✐♥❝❡ µi ♠❛② ❤❛✈❡ ❛ ❝♦♠♣♦✉♥❞ t②♣❡✼

t❤❛t ✐s r❡♣r❡s❡♥t❡❞ ❜② ❛ t❡r♠ ❢r♦♠ t❤❡ s❡t T (V,Cµ)\Cµ✳ ❋✉rt❤❡r♠♦r❡✱ νi ✐♥✈♦❧✈❡s
❛ ❞✐✛❡r❡♥t ❞❡r✐✈❛t✐♦♥ r✉❧❡ t❤❛t t❛❦❡s ❝❛r❡ ♦❢ t❤❡ ✐♥♣✉t ❛♥❞ ♦✉t♣✉t t②♣❡s ♦❢ t❤❡
µi ♦♣❡r❛t✐♦♥✳ ❚❤❡r❡❢♦r❡ ✇❡ ♥❡❡❞ t♦ ❞❡✜♥❡ t❤r❡❡ ❛♥❞ ❛ ❤❛❧❢ ❛❞❞✐t✐♦♥❛❧ ❞❡r✐✈❛t✐♦♥
r✉❧❡ s❝❤❡♠❡s ❢♦r t❤❡ λ✲µ✲❝❛❧❝✉❧✉s✳

❉❡✜♥✐t✐♦♥ ✶✻✳ ▲❡t (V,Cµ,Sµ,Aµ,R, S0, a, p, v) ❜❡ ❛ λ✲µ✲s♣❡❝✐✜❝❛t✐♦♥✳
❚❤❡ ❞❡r✐✈❛t✐♦♥ r✉❧❡s ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ λ✲µ✲❝❛❧❝✉❧✉s ❛r❡ t❤❡ ❞❡r✐✈❛t✐♦♥

r✉❧❡s ♦❢ t❤❡ ♣✉r❡ t②♣❡ s②st❡♠ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ (V,Cµ,Sµ,Aµ,R) ♣❧✉s t❤❡ ❢♦❧✲
❧♦✇✐♥❣ ❛❞❞✐t✐♦♥❛❧ r✉❧❡s ❢♦r ❛❧❧ i ∈ N✱ x ∈ V✱ x1, . . . , xa(i) ∈ Mν ✿

✭❛①✐♦♠µi✮ 〈〉 ⊢ µi : Πx : p(i)1. . . . Πx : p(i)a(i).v(i)

✭❛①✐♦♠µi✬✮ 〈〉 ⊢ Πx : p(i)1. . . . Πx : p(i)a(i).v(i) : S0

✭❛♣♣❧µi✮
〈〉 ⊢ x1 : p(i)1 . . . 〈〉 ⊢ xa(i) : p(i)a(i)

〈〉 ⊢ µix1 . . . xa(i) : v(i)

✭❛♣♣❧νi✮
〈〉 ⊢ x1 : p(i)1 . . . 〈〉 ⊢ xa(i) : p(i)a(i)

〈〉 ⊢ νi[x1; . . . ;xa(i)] : v(i)

❆ t❡r♠ t ∈ T (V,Cµ) t❤❛t ♠❛② ❜❡ ❞❡r✐✈❡❞ ✉s✐♥❣ t❤❡ ❛❜♦✈❡ ❞❡r✐✈❛t✐♦♥ r✉❧❡s ✐s
❝❛❧❧❡❞ t②♣❛❜❧❡ ✇rt✳ t❤❡ λ✲µ✲s♣❡❝✐✜❝❛t✐♦♥✳

❘❡♠❛r❦ ✷✳ ❚❤❡ ❞❡r✐✈❛t✐♦♥ r✉❧❡ ✭❛♣♣❧µi✮ ✐s ✉♥♥❡❝❡ss❛r② ❢r♦♠ ❛ ♣✉r✐st ♣♦✐♥t ♦❢
✈✐❡✇✱ s✐♥❝❡ ✐t ♠❛② ❜❡ ❡①♣r❡ss❡❞ ✉s✐♥❣ a(i) s✉❜s❡q✉❡♥t ❛♣♣❧✐❝❛t✐♦♥ r✉❧❡s ✭❛♣♣❧✮✳
❨❡t t❤✐s ❞♦❡s ♥♦t tr❡❛t µi ❛s ❢✉♥❝t✐♦♥ ✇✐t❤ ♠✉❧t✐♣❧❡ ♣❛r❛♠❡t❡rs ✇❤✐❝❤ ❛r❡ ❛♣♣❧✐❡❞
❛t ♦♥❝❡✱ ❜✉t ❛s ❛ ❈✉rr②✲tr❛♥s❢♦r♠❡❞ ✈❡rs✐♦♥ t❤❛t ♠❛♣s ✐ts s✐♥❣❧❡ ♣❛r❛♠❡t❡r t♦
❛♥♦t❤❡r s✐♥❣❧❡ ♣❛r❛♠❡t❡r ❢✉♥❝t✐♦♥✱ t♦ ✇❤✐❝❤ t❤❡♥ t❤❡ ♥❡①t ♣❛r❛♠❡t❡r ✐s ❛♣♣❧✐❡❞

✻ ■❢ C ✇❛s ✜♥✐t❡ ♦r ❝♦✉♥t❛❜❧② ✐♥✜♥✐t❡✱ Cµ ✐s ❛❧s♦ ❝♦✉♥t❛❜❧② ✐♥✜♥✐t❡❀ t❤✉s ✇❡ ❞♦ ♥♦t
❜r❡❛❦ ❛♥② ❝♦✉♥t❛❜❧❡ ✐♥✜♥✐t② ❛ss✉♠♣t✐♦♥s ♦♥ V ❛♥❞ C✱ ❛s ♠❛❞❡ ♦♥ ♣✳✶✶✷ ✐♥ ❬✼❪✳

✼ ❚❤✐s ✐s t❤❡ ❝❛s❡✱ ✇❤❡♥❡✈❡r a(i) 6= 0✳



❛♥❞ s♦ ♦♥✳ ❙✐♥❝❡ ♣r✐♠❡ s✉❜❝♦♠♣♦♥❡♥ts ♦❢ t❛s❦s s❤♦✉❧❞ ❜❡ ✐♥❞✐✈✐s✐❜❧❡ ✐♥t♦ s✉❜✲
t❛s❦s✱ t❤❡ ♣❛rt✐❛❧ ❛♣♣❧✐❝❛t✐♦♥s ♦❢ ❢♦r♠❛❧ ♦♣❡r❛t✐♦♥s ❛♣♣❡❛r t♦ ❜❡ ♣✉r❡❧② ❧♦❣✐❝✳ ■♥
♦r❞❡r t♦ r❡✢❡❝t t❤❡ ✐♥t✉✐t✐♦♥ ♦❢ ♣r✐♠❡ ❢♦r♠❛❧ ♦♣❡r❛t✐♦♥s ✇✐t❤ ♠✉❧t✐♣❧❡ ♣❛r❛♠✲
❡t❡rs✱ ✇❡ ✐♥tr♦❞✉❝❡ ❛ r✉❧❡ s❝❤❡♠❡ t❤❛t ❛❧❧♦✇s ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❛❧❧ ♣❛r❛♠❡t❡rs ♦❢
❢♦r♠❛❧ ♦♣❡r❛t✐♦♥s ✐♥ ♦♥❡ st❡♣✳

❋♦r ✐♥st❛♥❝❡✱ ❛ µ✲r❡❞✉❝t✐♦♥ st❡♣s ♠❛② ❝♦rr❡s♣♦♥❞ t♦ ♣❡r❢♦r♠❛♥❝❡ ♦❢ ♦♣❡r❛t✐♦♥s
❛s ❣✐✈❡♥ ❜② ❛ ❧✐♥❡ ✐♥ ❚❛❜❧❡ ✹ ❬✽❪✳

❉❡✜♥✐t✐♦♥ ✶✼✳ ▲❡t (V,Cµ,Sµ,Aµ,R, S0, a, p, v) ❜❡ ❛ λ✲µ✲s♣❡❝✐✜❝❛t✐♦♥✳ ❚❤❡ µ✲
r❡❞✉❝t✐♦♥ r❡❧❛t✐♦♥ ✇rt✳ t❤❛t λ✲µ✲s♣❡❝✐✜❝❛t✐♦♥ ✐s t❤❡ s♠❛❧❧❡st ❝♦♠♣❛t✐❜✐❧✐t② ♦♥
T (V,Cµ) ✕ ❞❡♥♦t❡❞ ❜② →µ ✕ ✇✐t❤ ⊲µ⊆→µ✱ ✇❤❡r❡ ⊲µ⊆ T (V,Cµ) × T (V,Cµ)
s✉❝❤ t❤❛t ❢♦r ❛❧❧ i ∈ N✱ x1, . . . , xa(i) ∈ Mν ✱

(. . . (
︸ ︷︷ ︸

µi)(x1))

2·a(i)× ✏✭✑

. . .
︸︷︷︸

)(xa(i)))

✏)(xi))✑ ❢♦r
1<i<a(i)

⊲µ νi[x1; . . . ;xa(i)]

❚❤✐s ❞❡✜♥❡s t❤❡ ♥♦t✐♦♥ ♦❢ ✜♥✐t❡ ⊲µ✲r❡❞✉❝t✐♦♥s ✭s❡❡ ❉❡✜♥✐t✐♦♥ ✶✶✮✱ t❤❛t r❡❞✉❝❡
t❤❡ ❢♦r♠❛❧ ♦♣❡r❛t✐♦♥s µi ✭i ∈ N✮✱ ✇❤✐❝❤ ❛r❡ ❛♣♣❧✐❡❞ t♦ t❤❡ ❡①tr❛✲❧♦❣✐❝❛❧ ✈❛❧✉❡
❝♦♥st❛♥ts x1, . . . , xa(i) ∈ Mν ✱ t♦ t❤❡✐r ❝❛♥♦♥✐❝❛❧ r❡s✉❧t νi[x1; . . . ;xa(i)] ∈ Mν ✳

❲❡ ♥♦✇ ❤❛✈❡ t♦ ❝❤❡❝❦ t❤❛t t❤✐s r❡❞✉❝t✐♦♥ ✇♦r❦s ✐♥ ❛ ✇❛②✱ s✉❝❤ t❤❛t ✐❢ ❛
t❡r♠ T ∈ T (V,Cµ) ✐s ✇❡❧❧✲t②♣❡❞ ✇rt✳ t❤❡ λ✲µ✲s♣❡❝✐✜❝❛t✐♦♥✱ t❤❡♥ ❛❧s♦ ❛❧❧ t❡r♠s
R ∈ T (V,Cµ) ✇✐t❤ T →µ R ❛r❡ ✇❡❧❧✲t②♣❡❞ ✇rt✳ t❤❛t λ✲µ✲s♣❡❝✐✜❝❛t✐♦♥✳ ❙✐♥❝❡ µi

❤❛s t❤❡ t②♣❡ Πx : p(i)1. . . . Πx : p(i)a(i).v(i)✱ ❛♥❞ ✐❢ xi, . . . , xa(i) ❛r❡ t❡r♠s s✉❝❤
t❤❛t xj ❤❛s t❤❡ t②♣❡ p(i)j ❢♦r j ∈ {1, . . . , a(i)}✱ t❤❡ t❡r♠ µix1 . . . xa(i) ✐s ✇❡❧❧✲
t②♣❡❞ ❛♥❞ ❤❛s t❤❡ t②♣❡ v(i)✳ ❚❤✐s ♠❡❛♥s✱ t❤❛t ✐❢ ✇❡ ❤❛✈❡ ❛ ❞❡r✐✈❛t✐♦♥ ❢♦r t❤❡ t②♣❡
♦❢ s♦♠❡ t❡r♠ T ∈ T (V,Cµ)✱ ✐✳❡✳ ✐❢ T ✐s ✇❡❧❧✲t②♣❡❞✱ ✇❡ ❝❛♥ ♦❜t❛✐♥ ❛ ❞❡r✐✈❛t✐♦♥
❢♦r ❡✈❡r② t❡r♠ R ∈ T (V,Cµ) ✇✐t❤ T →µ R ❜② r❡♣❧❛❝✐♥❣ t❤❡ ❛♣♣r♦♣r✐❛t❡ µi✲
s✉❜t❡r♠s ✇✐t❤ t❤❡ ❛♣♣r♦♣r✐❛t❡ νi[. . .]✲s✉❜t❡r♠s✱ ❛♥❞ t❤❡♥ ✉s✐♥❣ t❤❡ ❞❡r✐✈❛t✐♦♥
r✉❧❡ ✭❛♣♣❧νi✮ ❛s ❛ r❡♣❧❛❝❡♠❡♥t ❢♦r ✭❛♣♣❧µi✮

✽✳

✷✳✸ ❙t❛t❡❢✉❧ µ✲❆❝t✐♦♥s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❣✐✈❡ t❤❡ ❝♦♠♠♦♥ ❛❜str❛❝t✐♦♥ t❤❛t ✇✐❧❧ ❤❡❧♣ ✐♥t❡r♣r❡t✐♥❣ ✜♥✐t❡
⊲µ✲r❡❞✉❝t✐♦♥s ❛s ♦♣❡r❛t✐♦♥s ♣❡r❢♦r♠❡❞ ♦♥❡ ❛❢t❡r ❛♥♦t❤❡r✳

❉❡✜♥✐t✐♦♥ ✶✽✳ ▲❡t (V,Cµ,Sµ,Aµ,R, S0, a, p, v) ❜❡ ❛ λ✲µ✲s♣❡❝✐✜❝❛t✐♦♥✳ ❆ tr✐♣❧❡
(X,A,A) ✐s ❝❛❧❧❡❞ st❛t❡❢✉❧ µ✲❛❝t✐♦♥✱ ✐❢ X ✐s ❛ s❡t ✕ ❝❛❧❧❡❞ t❤❡ s❡t ♦❢ s✉❜❥❡❝t
st❛t❡s❀ A ✐s ❛ s❡t ✕ ❝❛❧❧❡❞ t❤❡ s❡t ♦❢ ❛✉①✐❧✐❛r② st❛t❡s✱ ❛♥❞ ✐❢

A : X × N → (X ×A)
A(N)×Mν

✐s ❛ ♠❛♣✱ s✉❝❤ t❤❛t ❢♦r ❛❧❧ i ∈ N ❛♥❞ x ∈ X❀ t❤❡ ♠❛♣ A(x, i) ✕ ❝❛❧❧❡❞ t❤❡ µi✲❛❝t✐♦♥
❢♦r x ✕ ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ s✐❣♥❛t✉r❡✿

A(x, i) : Aa(i) ×Mν → X ×A

✽ ♦r t❤❡ a(i) ✉s❛❣❡s ♦❢ ✭❛♣♣❧✮



❉❡✜♥✐t✐♦♥ ✶✾✳ ▲❡t (V,Cµ,Sµ,Aµ,R, S0, a, p, v) ❜❡ ❛ λ✲µ✲s♣❡❝✐✜❝❛t✐♦♥✱ ❛♥❞ A =
(X,A,A) ❜❡ ❛ st❛t❡❢✉❧ µ✲❛❝t✐♦♥✳ ❋✉rt❤❡r♠♦r❡✱ ❧❡t n ∈ N✱ r ∈ ∇µ ❜❡ ❛ ✜♥✐t❡ ⊲µ✲
r❡❞✉❝t✐♦♥✱

redex: n− 1 → T (V,Cµ)

❛♥❞
pre : n− 1 → |〈V ∪ Cµ ∪ {λ,Π, (, ), ., : }〉|

❜❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❢✉♥❝t✐♦♥s ❛s ✐♥ ❉❡✜♥✐t✐♦♥ ✶✶✳ ❚❤❡ tr✐♣❧❡ (r, redex, pre) ✐s
❛ s♦❧✉t✐♦♥ str❛t❡❣②✱ ✐❢ t❤❡ ❧❛st t❡r♠ ✐s ❛ ❝♦♥st❛♥t s②♠❜♦❧✱ ✐✳❡✳ r(n) ∈ Mν ❀ ❛♥❞
✐❢ t❤❡ ✜rst t❡r♠ r(1) ✐s t②♣❛❜❧❡ ✇rt✳ t❤❡ λ✲µ✲s♣❡❝✐✜❝❛t✐♦♥ ❛♥❞ ❝♦♥s✐sts ♦♥❧② ♦❢
s②♠❜♦❧s ❢r♦♠ {µi,mi | i ∈ N} ∪ {(, )}✱ ✐✳❡✳

r(1) ∈ |〈{µi,mi | i ∈ N} ∪ {(, )}〉|

❙✐♥❝❡ redex ❛♥❞ pre ❛r❡ ❝❛♥♦♥✐❝❛❧ ❢♦r r✱ ✇❡ ♠❛② ❞❡♥♦t❡ t❤❡ s♦❧✉t✐♦♥ str❛t❡❣② ❥✉st
❜② r✳ ❚❤❡ s❡t ♦❢ ❛❧❧ s♦❧✉t✐♦♥ str❛t❡❣✐❡s ✐s ❞❡♥♦t❡❞ ❜② ♦µ✳

❉❡✜♥✐t✐♦♥ ✷✵✳ ▲❡t (V,Cµ,Sµ,Aµ,R, S0, a, p, v) ❜❡ ❛ λ✲µ✲s♣❡❝✐✜❝❛t✐♦♥✱ ❛♥❞ A =
(X,A,A) ❜❡ ❛ st❛t❡❢✉❧ µ✲❛❝t✐♦♥ ❛♥❞ (r, redex, pre) ❜❡ ❛ s♦❧✉t✐♦♥ str❛t❡❣②✳ ❚❤❡♥
t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♠❛♣ ♦❢ r ✇rt✳ A ❛♥❞ t❤❡ λ✲µ✲s♣❡❝✐✜❝❛t✐♦♥

rA :X ×AN → X ×A,

(x, (αi)i∈N) 7→
(
rAX(x, (αi)i∈N), r

A
A (x, (αi)i∈N)

)

✐s ❞❡✜♥❡❞ ❜② t❤❡ s❡q✉❡♥❝❡ ♦❢ ⊲µ✲r❡❞✉❝t✐♦♥ st❡♣s ♦❢ r✿
▲❡t x ∈ X ❛♥❞ (αi)i∈N ∈ AN✱ ❛♥❞ ❧❡t i ∈ {1, . . . , n} ❜❡ t❤❡ r✉♥♥✐♥❣ ✐♥❞❡① ❢♦r

t❤❡ r❡st ♦❢ t❤✐s ❞❡✜♥✐t✐♦♥✳ ❲❡ ❞❡✜♥❡ t❤❡ ♠❛♣

r̄i : {1, . . . , ki} → V ∪ Cµ ∪ {λ,Π, (, ), ., : }

t♦ ❜❡ t❤❡ ♠❛♣ s✉❝❤ t❤❛t ki ∈ N ❛♥❞ r̄i(1)r̄i(2) . . . r̄i(ki) = r(i) ✇rt✳ t❤❡ ❢r❡❡❧②
❣❡♥❡r❛t❡❞ ♠♦♥♦✐❞ 〈V ∪ Cµ ∪ {λ,Π, (, ), ., : }〉✱ ✐✳❡✳ r̄i ✐s t❤❡ s②♠❜♦❧✲❛t✲✐♥❞❡① ♠❛♣
♦❢ t❤❡ t❡r♠ r(i) ✈✐❡✇❡❞ ❛s ❛ ✇♦r❞✳ ❋✉rt❤❡r ❧❡t li ∈ N ❜❡ t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ✇♦r❞
pre(i)✱ ✐✳❡✳ t❤❡ ♥✉♠❜❡r s✉❝❤ t❤❛t t❤❡r❡ ❛r❡ σ1, . . . , σli ∈ V ∪Cµ ∪ {λ,Π, (, ), ., : }
✇✐t❤ pre(i) = σ1σ2 . . . σli ✳ ❲❡ ❞❡✜♥❡ t❤❡ ❛✉①✐❧✐❛r② ♠❛♣s X̄ : n → X ❛♥❞✱ ❢♦r
i ∈ {1, . . . , n}✱ Ai : {1, . . . , ki} → A✿ ❲❡ s❡t X̄(1) = x✱ ❛♥❞

A1(j) =

{

αh ✐❢ r̄i(j) = mh ❢♦r h ∈ N

α0 ❡❧s❡

❛♥❞ ❢♦r g ∈ n− 1✿

Ag+1(j) =







Ag(j) ✐❢ j ≤ lg

πA(A(X̄(g), fg)((Ag(eg,1), . . . , Ag(eg,a(i))), r̄g+1(lg + 1))) ✐❢ j = lg + 1

Ag(j + kg − 1) ✐❢ lg + 1 < j

❛♥❞

X̄(g + 1) = πX(A(X̄(g), fg)((Ag(eg,1), . . . , Ag(eg,a(i))), r̄g+1(lg + 1)))



✇❤❡r❡ eg,dg
= 5 · dg + 2 · a(fg) − 1 ❢♦r dg ∈ {1, . . . , a(fg)}✱ ❛♥❞ ✇❤❡r❡ fg ∈ N

s✉❝❤ t❤❛t r̄g(lg + 1) = µfg ✱ ✇❤❡r❡❛s πX ❛♥❞ πA ❞❡♥♦t❡ t❤❡ r❡s♣❡❝t✐✈❡ ❝♦♦r❞✐♥❛t❡
♣r♦❥❡❝t✐♦♥s ♦❢ X ×A✳

❋✐♥❛❧❧②✱ ✇❡ s❡t
rA(x, (αi)i∈N) = (X̄(n), An(1))

■t ✐s ♦❜✈✐♦✉s t❤❛t t❤❡ ❛❜♦✈❡ ❞❡✜♥✐t✐♦♥ r❡q✉✐r❡s ❡①♣❧❛♥❛t✐♦♥✿ ●✐✈❡♥ ✐s ❛ ✜♥✐t❡
⊲µ✲r❡❞✉❝t✐♦♥ r t❤❛t ❡♥❞s ✐♥ s♦♠❡ r❡s✉❧t r(n) ∈ Mν ♦❢ ❡①tr❛✲❧♦❣✐❝❛❧ ♦♣❡r❛t✐♦♥s✱
✇❤✐❝❤ ✐s ❛ s✐♥❣❧❡ ❝♦♥st❛♥t s②♠❜♦❧ t❡r♠ ✐♥ T (V,Cµ)✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ❣✐✈❡♥
r❡❞✉❝t✐♦♥ st❛rts ✇✐t❤ ❛ ✇❡❧❧✲t②♣❡❞ t❡r♠ r(1) t❤❛t ❝♦♥s✐sts ♦♥❧② ♦❢ µi ❛♥❞ mi

s②♠❜♦❧s✱ ❛♥❞ t❤❡ s②♠❜♦❧s ❢♦r t❤❡✐r r❡s♣❡❝t✐✈❡ ❛♣♣❧✐❝❛t✐♦♥s✳
❲❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ t❤❡ st❛t❡ tr❛♥s✐t✐♦♥ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ♦♣❡r❛t✐♦♥ s❡✲

q✉❡♥❝❡ ♦❢ r✱ ✇❤✐❝❤ ✐s ❛ s✐♠✉❧t❛♥❡♦✉s tr❛♥s✐t✐♦♥ ♦❢ ❛♥ ✐♥♣✉t s✉❜❥❡❝t st❛t❡ ❛♥❞ ❛
✈❡❝t♦r ♦❢ ❛✉①✐❧✐❛r② st❛t❡s ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❡①tr❛✲❧♦❣✐❝❛❧ ❝♦♥st❛♥ts mi ✐♥t♦ ❛♥
♦✉t♣✉t s✉❜❥❡❝t st❛t❡ ❛♥❞ ❛ s✐♥❣❧❡ ♦✉t♣✉t ❛✉①✐❧✐❛r② st❛t❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ r❡✲
s✉❧t r(n)✳ ❚❤❡ r❡❞✉❝t✐♦♥ r ✐♥❞✉❝❡s ❛♥ ♦r❞❡r ✐♥ ✇❤✐❝❤ ❞✐✛❡r❡♥t ❛❝t✐♦♥s ❛r❡ ❝❛rr✐❡❞
♦✉t✱ ❛♥❞ t❤❡ ♠❛♣ X̄ r❡♣r❡s❡♥ts t❤❡ st❛t❡ ♦❢ t❤❡ s✉❜❥❡❝t ❜❡t✇❡❡♥ t❤❡ ❛❝t✐♦♥s✳ ❋✉r✲
t❤❡r♠♦r❡ t❤❡ ♠❛♣s Ag r❡♣r❡s❡♥t t❤❡ ❛✉①✐❧✐❛r② st❛t❡s ♦❢ t❤❡ ✐♥t❡r♠❡❞✐❛t❡ r❡s✉❧ts
❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ s②♠❜♦❧s ❢r♦♠ Mν ✳

✾

❍❡r❡✱ t❤❡ s✉❜❥❡❝t st❛t❡ ♠❛② ❜❡ ❛ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ❝✉rr❡♥t ❦♥♦✇❧❡❞❣❡✱
s❦✐❧❧s✱ s❤♦rt ❛♥❞ ❧♦♥❣ t❡r♠ ♠❡♠♦r②✱ ♠♦t✐✈❛t✐♦♥ ❛♥❞ ❢❛t✐❣✉❡ ♦❢ ❛ s✉❜❥❡❝t✱ ✇❤❡r❡❛s
t❤❡ ❛✉①✐❧✐❛r② st❛t❡ ♠❛② ♠❡❛s✉r❡ t❤❡ ❝♦rr❡❝t♥❡ss ♦❢ t❤❡ ✐♥t❡r♠❡❞✐❛t❡ r❡s✉❧ts✱
♣❛rt✐❛❧ r❡s♣♦♥s❡ t✐♠❡s ❛♥❞ t❤❡ ❛♠♦✉♥t ♦❢ ❡✛♦rt t❤❛t ✇❛s ♣✉t ✐♥t♦ s♦❧✈✐♥❣ t❤❡
s✉❜t❛s❦✳ ❖r t❤❡ s✉❜❥❡❝t st❛t❡ ♠❛② ❜❡ ❛ ❞✐str✐❜✉t✐♦♥ ♦❢ ❦♥♦✇❧❡❞❣❡ st❛t❡s ❛♥❞
t❤❡ ❛✉①✐❧✐❛r② st❛t❡ ♠❛② ❜❡ ❛ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ❝♦rr❡❝t♥❡ss ♦❢ t❤❡ ✐♥t❡r♠❡❞✐❛t❡
r❡s✉❧ts❀ ♦r ✕ s❧✐❣❤t❧② ❛❜✉s✐♥❣ t❤❡ ♦r✐❣✐♥❛❧ ✐❞❡❛ ✕ t❤❡ s✉❜❥❡❝t st❛t❡ ♠❛② ❦❡❡♣ tr❛❝❦
♦❢ t❤❡ r❡q✉✐r❡❞ s❦✐❧❧s✱ ✇❤❡r❡❛s t❤❡ ❛✉①✐❧✐❛r② st❛t❡ ♠❛② ❦❡❡♣ tr❛❝❦ ♦❢ t❤❡ r❡q✉✐r❡❞
❡✛♦rt✳

▲❛st✱ ✇❡ ✇❛♥t t♦ ♣♦✐♥t ♦✉t✱ t❤❛t ✇❤❡♥ ❣✐✈❡♥ ❛ λ✲µ✲t❡r♠ t❤❛t ❝♦♥t❛✐♥s ♥♦
νi[. . .] s②♠❜♦❧s✱ ❛♥❞ ✐❢ t❤❛t t❡r♠ ❤❛s ❛ ✜♥✐t❡ ⊲β,µ = ⊲β ∪ ⊲µ✲r❡❞✉❝t✐♦♥ r ✇✐t❤
r(n) ∈ Mν ✱ ✇❡ ♠❛② ♣♦st♣♦♥❡ ❛❧❧ ⊲µ✲r❡❞✉❝t✐♦♥ st❡♣s t♦ t❤❡ ❡♥❞✱ s✐♥❝❡ ♥❡✐t❤❡r µ✲
r❡❞❡①❡s ♥♦r µ✲r❡❞✉❝ts ❤❛✈❡ ❛♥② ❵λ✬ s②♠❜♦❧✱ ✇❤✐❝❤ ✐s ♣❛rt ♦❢ t❤❡ β✲r❡❞❡① ✕ r♦✉❣❤❧②
s♣❡❛❦✐♥❣✿ ❛ ⊲µ✲r❡❞✉❝t✐♦♥ st❡♣ ❝❛♥♥♦t ❝r❡❛t❡ ♥❡✇ ♦r r❡♠♦✈❡ ♦❧❞ ✇♦r❦ ❢♦r t❤❡ ⊲β✲
r❡❞✉❝t✐♦♥✳ ❚❤✐s ♠❡❛♥s✱ t❤❛t ✐❢ ✇❡ ❤❛✈❡ s♦♠❡ t②♣❛❜❧❡ t❡r♠ t ∈ T (V,Cµ)✱ ✇❡ ♠❛②
❝❛❧❝✉❧❛t❡ ✐ts β✲♥♦r♠❛❧ ❢♦r♠ ❜❡❢♦r❡ ✐♥✈♦❦✐♥❣ t❤❡ ❡①tr❛✲❧♦❣✐❝❛❧ µ✲♠❛❝❤✐♥❡r②✳

✷✳✹ ❙♦❧✉t✐♦♥ Pr♦❜❛❜✐❧✐t✐❡s ❢♦r ❚❡st ■t❡♠s ❋♦r♠❛❧✐③❡❞ ❜②
λ✲µ✲❙♣❡❝✐✜❝❛t✐♦♥s

❉❡✜♥✐t✐♦♥ ✷✶✳ ▲❡t (V,Cµ,Sµ,Aµ,R, S0, a, p, v) ❜❡ ❛ λ✲µ✲s♣❡❝✐✜❝❛t✐♦♥✳ ❆ ♣❛✐r
(mq, Sq) ✐s ❝❛❧❧❡❞ t❡st ✐t❡♠ ✇rt✳ t❤❡ λ✲µ✲s♣❡❝✐✜❝❛t✐♦♥✱ ✐❢ mq ✐s ❛ µ✲❝♦♥st❛♥t
s②♠❜♦❧ mi✱ ✐✳❡✳ mq ∈ {mi | i ∈ N} ⊆ Mν ✱ ❛♥❞ ✐❢ Sq ✐s t❤❡ t②♣❡ ♦❢ t❤❡ s♦❧✉t✐♦♥✱
✐✳❡✳ Sq ∈ Sµ✳

❚❤❡ ❝♦rr❡❝t t②♣❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ (mq, Sq) ✐s t❤❡ t②♣❡ ♦❢ ❢✉♥❝t✐♦♥s ❢r♦♠ M(i)
t♦ Sq✱ ✐✳❡✳ Πx : M(i).Sq ✇❤❡r❡ i ∈ N s✉❝❤ t❤❛t mq = mi✳

✾ P❛rt✐❛❧ ♠❛♣s Ag ✜t t❤❡ s✐t✉❛t✐♦♥ ❜❡tt❡r✱ ❜✉t r❡q✉✐r❡ ♠♦r❡ t❡❝❤♥✐❝❛❧ ❞❡t❛✐❧s✳



❉❡✜♥✐t✐♦♥ ✷✷✳ ▲❡t (V,Cµ,Sµ,Aµ,R, S0, a, p, v) ❜❡ ❛ λ✲µ✲s♣❡❝✐✜❝❛t✐♦♥✱ ❛♥❞ ❧❡t
t ∈ T (V,Cµ) ❜❡ ❛ t❡r♠✳ ❲❡ ❝❛❧❧ t ❛ s♦❧✉t✐♦♥ ❝❛♥❞✐❞❛t❡✱ ✐❢ t ✐s t②♣❛❜❧❡ ✇rt✳ t❤❡
λ✲µ✲s♣❡❝✐✜❝❛t✐♦♥✳ ■♥ t❤✐s ❝❛s❡✱ tβ ❞❡♥♦t❡s t❤❡ ⊲β✲♥♦r♠❛❧ ❢♦r♠ ♦❢ t✱ ✇❤✐❝❤ t❤❡♥
❡①✐sts ✭s❡❡ ❬✼❪✱ ❚❤❡♦r❡♠ ✹✳✹✵✿ ❙tr♦♥❣ ◆♦r♠❛❧✐③❛t✐♦♥ ❚❤❡♦r❡♠ ❢♦r ❊❈❈✮✳

❉❡✜♥✐t✐♦♥ ✷✸✳ ▲❡t (V,Cµ,Sµ,Aµ,R, S0, a, p, v) ❜❡ ❛ λ✲µ✲s♣❡❝✐✜❝❛t✐♦♥✱ ❧❡t t ❜❡
❛ s♦❧✉t✐♦♥ ❝❛♥❞✐❞❛t❡✱ ❛♥❞ q = (mi, Sq) ❜❡ ❛ t❡st ✐t❡♠ ✇rt✳ t❤❡ λ✲µ✲s♣❡❝✐✜❝❛t✐♦♥✱
✇❤❡r❡ i ∈ N ❛♥❞ mi ∈ M✳ ❚❤❡♥ t ✐s ❛ s♦❧✉t✐♦♥ ♣r♦❝❡❞✉r❡ ❢♦r q✱ ✐❢ t ❞♦❡s ♥♦t
❝♦♥t❛✐♥ ❛♥② s②♠❜♦❧s ❢r♦♠ Mν ❛♥❞ ❤❛s t❤❡ ❝♦rr❡❝t t②♣❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ q✱ ✐✳❡✳
✐❢ t❤❡r❡ ✐s ❛ ✈❛❧✐❞ ❞❡r✐✈❛t✐♦♥ tr❡❡ ✇✐t❤ t❤❡ r♦♦t ❥✉❞❣❡♠❡♥t

〈〉 ⊢ t : Πx : M(i).Sq

❲❡ ❞❡♥♦t❡ t❤❡ s❡t ♦❢ ❛❧❧ s♦❧✉t✐♦♥ ♣r♦❝❡❞✉r❡s ❢♦r q ❜② Ξq✳

❋♦r ✐♥st❛♥❝❡✱ ❡✈❡r② ♠❡t❤♦❞ ❧✐st❡❞ ✐♥ ❚❛❜❧❡ ✶ ❬✽❪ ❝♦rr❡s♣♦♥❞s t♦ s✉❝❤ ❛ s♦❧✉t✐♦♥
♣r♦❝❡❞✉r❡✳

❘❡♠❛r❦ ✸✳ ❈❧❡❛r❧②✱ ✐❢ q = (mi, Sq) ❛♥❞ r = (mj , Sr) ❛r❡ t❡st ✐t❡♠s s✉❝❤ t❤❛t
Sq = Sr ❛♥❞ M(i) = M(j)✱ t❤❡♥ ❡✈❡r② s♦❧✉t✐♦♥ ♣r♦❝❡❞✉r❡ ❢♦r q ✐s ❛ s♦❧✉t✐♦♥
♣r♦❝❡❞✉r❡ ❢♦r r ❛♥❞ ✈✐❝❡ ✈❡rs❛✳

◆♦✇ ❝♦♥s✐❞❡r ❛ t❡st ✐t❡♠ q = (mq, Sq) t❤❛t ✐s ❣✐✈❡♥ t♦ s♦♠❡ t❡st s✉❜❥❡❝t✳ ❚❤❡r❡
❛r❡ t✇♦ ❝❛s❡s✿ ✭✐✮ t❤❡ s✉❜❥❡❝t ❞♦❡s ♥♦t ✜♥❞ ❛ s♦❧✉t✐♦♥ ♣r♦❝❡❞✉r❡ ❢♦r q✱ ♦r ✭✐✐✮
✇❡ ♠❛② ✈✐❡✇ t❤❡ s♦❧✉t✐♦♥ ♣r♦❝❡❞✉r❡ ❛s ❛ ❞✐s❝r❡t❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ξ ✇❤✐❝❤ ♠❛②
t❛❦❡ ✈❛❧✉❡s ❢r♦♠ Ξq✳ ■♥ t❤❡ ✜rst ❝❛s❡✱ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❣✐✈✐♥❣ ❛ ❝♦rr❡❝t r❡s♣♦♥s❡
❡q✉❛❧s t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❛ ❝♦rr❡❝t ❣✉❡ss✳ ■♥ t❤❡ s❡❝♦♥❞ ❝❛s❡✱ ✇❡ ♠❛② ❞❡t❡r♠✐♥❡
t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❛ ❝♦rr❡❝t r❡s♣♦♥s❡ ✉♥❞❡r t❤❡ ❝♦♥❞✐t✐♦♥✱ t❤❛t ξ = t ❢♦r t ∈ Ξq

❜② ✉t✐❧✐③✐♥❣ ❛ st❛t❡❢✉❧ µ✲❛❝t✐♦♥✿

❉❡✜♥✐t✐♦♥ ✷✹✳ ▲❡t (V,Cµ,Sµ,Aµ,R, S0, a, p, v) ❜❡ ❛ λ✲µ✲s♣❡❝✐✜❝❛t✐♦♥✱ Q ✐s ❛
s❡t✱ s✉❝❤ t❤❛t ❛❧❧ ✐ts ❡❧❡♠❡♥ts q ∈ Q ❛r❡ t❡st ✐t❡♠s ✇rt✳ t❤❡ λ✲µ✲s♣❡❝✐✜❝❛t✐♦♥✳ ❆
t✉♣❧❡ (x0, α, γ, β, η, η̄,≡ν , δ) ✐s ❝❛❧❧❡❞ ❢♦r♠❛❧ t❡st s✉❜❥❡❝t ✇rt✳ Q✱ ✐❢

✶✳ α = (αi)i∈N ∈ [0, 1]N ✕ t❤❡ ♣r♦❜❛❜✐❧✐t✐❡s ❢♦r ❝♦rr❡❝t❧② ✉♥❞❡rst❛♥❞✐♥❣ mi✱

✷✳ γ = (γq)q∈Q ∈ [0, 1]Q ✕ t❤❡ ♣r♦❜✳ ❢♦r ❞✐s❝♦✈❡r② ♦❢ ❛ ❝♦rr❡❝t s♦❧✉t✐♦♥ ♣r♦❝❡❞✉r❡✱

✸✳ η̄ = (η̄q)q∈Q ∈ [0, 1]Q ✕ t❤❡ ♣r♦❜✳ ❢♦r ❣✉❡ss✐♥❣ ✐❢ ♥♦ ♣r♦❝❡❞✉r❡s ✇❛s ❞✐s❝♦✈❡r❡❞✱

✹✳ β = (βi)i∈N ∈ [0, 1]N ✕ t❤❡ ♣r♦❜❛❜✐❧✐t✐❡s ❢♦r ❢❛✐❧✐♥❣ t♦ ♣❡r❢♦r♠ µi✱

✺✳ η = (ηi)i∈N ∈ [0, 1]N ✕ t❤❡ ♣r♦❜✳ ❢♦r ❣✉❡ss✐♥❣ t❤❡ ❝♦rr❡❝t r❡s✉❧ts ❢♦r µi✱

✻✳ ≡ν⊆ Mν × Mν ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ r❡❧❛t✐♦♥ ✐❞❡♥t✐❢②✐♥❣ r❡s✉❧ts ♦❜t❛✐♥❡❞ ✐♥
❞✐✛❡r❡♥t ✇❛②s✶✵✱

✼✳ δ = (δx)x∈Mν/≡ν
∈ [0, 1]Mν/≡ν ✕ t❤❡ ♣r♦❜✳ ❢♦r ❦❡❡♣✐♥❣ t❤❡ r❡s✉❧t x ✐♥ ♠❡♠♦r②✱

✽✳ x0 : Mν/≡ν → [0, 1] × [0, 1] ✕ x0(x) = (p1, p2) ♠❡❛♥s t❤❛t x ✐s t❛❦❡♥ ❢r♦♠
♠❡♠♦r② ✇✐t❤ ♣r♦❜✳ p1✱ ❛♥❞ p2 ✐s t❤❡ ♣r♦❜✳ t❤❛t t❤❡ r❡tr✐❡✈❡❞ r❡s✉❧t ✐s ❝♦rr❡❝t✳

✶✵ ❆ ♥✐❝❡ ♣r♦♣❡rt② ❢♦r ≡ν ✇♦✉❧❞ ❜❡ t❤❛t ✐t ♦♥❧② ✐❞❡♥t✐✜❡s r❡s✉❧ts ✇✐t❤ t❤❛t ❤❛✈❡ t❤❡
s❛♠❡ t②♣❡✱ ❜✉t t❤✐s ✐s ♥♦t ♥❡❝❡ss❛r② ❢r♦♠ ❛ ❢♦r♠❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇✳



❉❡✜♥✐t✐♦♥ ✷✺✳ ▲❡t (V,Cµ,Sµ,Aµ,R, S0, a, p, v) ❜❡ ❛ λ✲µ✲s♣❡❝✐✜❝❛t✐♦♥✱ ❛♥❞ s =
(x0, α, γ, β, η, η̄,≡ν , δ) ❜❡ ❛ ❢♦r♠❛❧ t❡st s✉❜❥❡❝t✳ ❚❤❡ st❛t❡❢✉❧ µ✲❛❝t✐♦♥ ❛ss♦❝✐❛t❡❞
✇✐t❤ s ✐s ❞❡✜♥❡❞ t♦ ❜❡ t❤❡ tr✐♣❧❡ As = (Xs, [0, 1],As) ✇❤❡r❡

Xs = ([0, 1]× [0, 1])
Mν/≡ν

❛♥❞ ✇❤❡r❡
As : Xs × N → (Xs × [0, 1])

[0,1](N)×Mν

s✉❝❤ t❤❛t ❢♦r ❛❧❧ x ∈ Xs ❛♥❞ i ∈ N❀

As(x, i) : [0, 1]
a(i) ×Mν → Xs × [0, 1],

((
p1, . . . , pa(i)

)
, r
)
7→ (y, pc + pg + pm)

❲❤❡r❡✿

pc =





a(i)
∏

i=0

pi



 · (1− βi) ·
(
1− π1

(
x
(
[r]≡ν

)))

pg = ηi · βi ·
(
1− π1

(
x
(
[r]≡ν

)))

pm = π1

(
x
(
[r]≡ν

))
· π2

(
x
(
[r]≡ν

))

❛♥❞

y : Mν/≡ν → [0, 1]× [0, 1],

t 7→







x(t) ✐❢ t 6= [r]≡ν

(π1(x(t)) + (1− π1(x(t))) · δi,

pc + pg + pm) ✐❢ t = [r]≡ν

❍❡r❡✱ π1 ❛♥❞ π2 ❞❡♥♦t❡ t❤❡ r❡s♣❡❝t✐✈❡ ❝♦♦r❞✐♥❛t❡ ♣r♦❥❡❝t✐♦♥s ♦❢ [0, 1]× [0, 1]❀ ❛♥❞
[r]≡ν

❞❡♥♦t❡s t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss ♦❢ r ✇rt✳ ≡ν ✳

❚❤❡ ❛❜♦✈❡ ❞❡✜♥✐t✐♦♥s ✐♥t❡r❛❝t ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✿ ❲❡ ❛ss✉♠❡✱ t❤❛t ✇❡ ❤❛✈❡ ❛
µ✲s♣❡❝✐✜❝❛t✐♦♥ (S′, S0,M, a, p, v) ✇❤✐❝❤ ♠♦❞❡❧s t❤❡ ❞♦♠❛✐♥ ♦❢ ❦♥♦✇❧❡❞❣❡ ✇❡ ❛r❡
✐♥✈❡st✐❣❛t✐♥❣✳ ❊❛❝❤ S ∈ S

′ st❛♥❞s ❢♦r ❛ ❝❡rt❛✐♥ ✇❛② ♦❢ ♣✉r♣♦s❡❢✉❧ ✐♥❢♦r♠❛t✐♦♥
r❡♣r❡s❡♥t❛t✐♦♥✳ ❚❤❡ s②♠❜♦❧s mi ∈ Mν st❛♥❞ ❢♦r s♦♠❡ ✐♥❢♦r♠❛t✐♦♥ r❡♣r❡s❡♥t❡❞
✐♥ t❤❡ ✇❛② ♦❢ M(i)✳ ❚❤❡ s②♠❜♦❧s µi st❛♥❞ ❢♦r ♦♣❡r❛t✐♦♥s t❤❛t ♣r♦❝❡ss a(i) ♣✐❡❝❡s
♦❢ ✐♥❢♦r♠❛t✐♦♥ r❡♣r❡s❡♥t❡❞ ✐♥ t❤❡ ✇❛②s ♦❢ p(i)1, . . . p(i)a(i) t♦ s♦♠❡ ♣✐❡❝❡ ♦❢ ✐♥✲
❢♦r♠❛t✐♦♥ r❡♣r❡s❡♥t❡❞ ✐♥ t❤❡ ✇❛② ♦❢ v(i)✳

❆ t❡st ✐t❡♠ ✐s t❤❡♥ ❢♦r♠❛❧✐③❡❞ ❛s s♦♠❡ ❣✐✈❡♥ ♣r♦❜❧❡♠ r❡♣r❡s❡♥t❡❞ ❜② t❤❡ s②♠✲
❜♦❧ mq ❛♥❞ ❛ t❛s❦ ♦❜❥❡❝t✐✈❡ Sq ∈ S

′✱ ✇❤❡r❡ ✇❡ ✈✐❡✇ t❤❡ t❛s❦ ❛s r❡✲r❡♣r❡s❡♥t✐♥❣
t❤❡ ❣✐✈❡♥ ✐♥❢♦r♠❛t✐♦♥ ✐♥ ❛ ❝❡rt❛✐♥ ✇❛② t❤❛t ❡❧✉❝✐❞❛t❡s t❤❡ ❛♥s✇❡r✳ ■♥ ♦r❞❡r t♦
s♦❧✈❡ t❤❛t ✐t❡♠✱ ❛ t❡st s✉❜❥❡❝t ❤❛s t♦ ✜♥❞ ❛ s❡r✐❡s ♦❢ µi ♦♣❡r❛t✐♦♥s t❤❛t t✉r♥
Mq✲r❡♣r❡s❡♥t❛t✐♦♥s ✐♥t♦ Sq✲r❡♣r❡s❡♥t❛t✐♦♥s✱ ✇❤❡r❡ mq : Mq✳ ■♥ ❣❡♥❡r❛❧✱ t❤❡ s✉❜✲
❥❡❝t ✇✐❧❧ ❤❛✈❡ t♦ ♣❡r❢♦r♠ ❣❡♥❡r❛❧ ❧♦❣✐❝ ♦♣❡r❛t✐♦♥s ✐♥ ♦r❞❡r t♦ ❝r❡❛t❡ ❛ s♦❧✉t✐♦♥
str❛t❡❣②✱ s✉❝❤ ❛s ✉s✐♥❣ t❤❡ ❣✐✈❡♥ ✐♥❢♦r♠❛t✐♦♥ mq ✐♥ ❞✐✛❡r❡♥t ✇❛②s t♦ ♣❡r❢♦r♠
❞✐✛❡r❡♥t ♦♣❡r❛t✐♦♥s ✕ ❛♥❞ t❤✐s ✐s ✇❤❡r❡ λ✲❝❛❧❝✉❧✉s ✐s ♥❡❡❞❡❞✳



❈♦♥s✐❞❡r t❤❛t ②♦✉ ✇❛♥t s♦❧✈❡ t❤❡ q✉❡st✐♦♥ 1+5 =?✱ ❛♥❞ t❤❛t ②♦✉r ♦♣❡r❛t✐♦♥
❛t ❤❛♥❞ ✐s ❵❛❞❞ t✇♦ s✐♥❣❧❡ ❞✐❣✐t ❞❡❝✐♠❛❧ ♥✉♠❜❡rs✬✳ ❚❤❡♥ ②♦✉ ✇♦✉❧❞ ❤❛✈❡ t♦
❡①tr❛❝t t✇♦ ❞✐✛❡r❡♥t ♣✐❡❝❡s ♦❢ ✐♥❢♦r♠❛t✐♦♥✿ t❤❡ ❧❡❢t ❛♥❞ r✐❣❤t ♦♣❡r❛♥❞s✱ ❛♥❞ ②♦✉r
s♦❧✉t✐♦♥ ❝❛♥❞✐❞❛t❡ ❢♦r t❤❛t ❦✐♥❞ ♦❢ t❛s❦s ❝♦✉❧❞ ❜❡

λx : S❡❛s②❆❞❞✐t✐♦♥.µ1 (µ2 x) (µ3 x) : Πx : S❡❛s②❆❞❞✐t✐♦♥.S✐♥t❡❣❡r◆✉♠❜❡r

✇❤❡r❡ µ1 r❡♣r❡s❡♥ts t❤❡ ❛❞❞✐t✐♦♥ ♦♣❡r❛t✐♦♥✱ ❛♥❞ ✇❤❡r❡ µ2 ❛♥❞ µ3 r❡♣r❡s❡♥t t❤❡
♦♣❡r❛♥❞ ❡①tr❛❝t✐♦♥✳ P❧❡❛s❡ ♥♦t❡ t❤❛t t❤❡r❡ ✐s ♥♦ ♥❡❡❞ ❢♦r ❧♦❣✐❝ ❞❡❝✐s✐♦♥s ❜❛s❡❞
♦♥ t❤❡ r❡s✉❧ts ♦❢ t❤❡ µi ♦♣❡r❛t✐♦♥s✱ s✐♥❝❡ t❤❡ ❝♦rr❡❝t ❞❡❝✐s✐♦♥s ♠❛② ❜❡ ❡♥❝♦❞❡❞
❜② S

′✿ ❝❛rr②✐♥❣ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t✇♦ ❡❛s② ♥✉♠❜❡rs t♦❣❡t❤❡r ✇✐t❤ t❤❡ ♣✉r♣♦s❡
❵❛❞❞✐t✐♦♥✬ ♠❡❛♥s ✐♥❤❛❜✐t✐♥❣ t❤❡ t②♣❡ S❡❛s②❆❞❞✐t✐♦♥✳ ❚❤✐s ✇❛②✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦
❞❡❝✐❞❡ ✇❤❡t❤❡r ❛ s♦❧✉t✐♦♥ str❛t❡❣② ♠❛② ✇♦r❦ ♦r ♥♦t ❜❛s❡❞ ♦♥ t❤❡ t②♣❡ ♦❢ t❤❡
r❡♣r❡s❡♥t✐♥❣ t❡r♠ ❛❧♦♥❡✳

❆❢t❡r ❝❤♦♦s✐♥❣ ❛ s♦❧✉t✐♦♥ str❛t❡❣②✱ t❤❡ t❡st s✉❜❥❡❝t ❤❛s t♦ ♣❡r❢♦r♠ t❤❡ ♦♣❡r✲
❛t✐♦♥s ❛❝❝♦r❞✐♥❣❧②✳ ❚❤❡ ✈❛r✐♦✉s s♦✉r❝❡s ♦❢ ❡rr♦rs ❛♥❞ ❧✉❝❦② ❣✉❡ss❡s ✕ ✇❤✐❝❤ ♠❛②
❜❡ ❞✉❡ t♦ ❛❝t✉❛❧ ♦♣❡r❛t✐♦♥ ♦r ❞✉❡ t♦ r❡♠❡♠❜❡r✐♥❣ ❝♦rr❡❝t ♦r ✇r♦♥❣ ✭✐♥t❡r♠❡❞✐✲
❛t❡✮ r❡s✉❧ts ✕ ❣✐✈❡ r✐s❡ t♦ ❛ ❢♦r♠❛❧ t❡st s✉❜❥❡❝t✱ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ t❡st
s✉❜❥❡❝t ❛♥❞ t❤❡ ♣❛rt✐❝✉❧❛r t✐♠❡ ♦❢ t❡st✐♥❣✳

❚❤❡ st❛t❡❢✉❧ µ✲❛❝t✐♦♥ t❤❛t ✐s ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❢♦r♠❛❧ t❡st s✉❜❥❡❝t t❤❡♥
❛❝ts ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✿ ❚❤❡ ♦♣❡r❛t✐♦♥s ❛r❡ ❝❛rr✐❡❞ ♦✉t ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ✜♥✐t❡
µ✲r❡❞✉❝t✐♦♥ ✐♥ ❛ ♣r♦❜❛❜✐❧✐st✐❝ ♠❛♥♥❡r✱ s✉❝❤ t❤❛t ✐❢ t❤❡ r❡s✉❧t ✐s ❛✈❛✐❧❛❜❧❡ ❢r♦♠
♠❡♠♦r②✱ t❤❡♥ t❤❛t r❡s✉❧t ✐s ✉s❡❞✱ ♦t❤❡r✇✐s❡ t❤❡ r❡s✉❧t ✐s ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ ✐♥♣✉t✱
❛♥❞ ✐♥ ❝❛s❡ t❤❛t t❤❡ ✐♥♣✉t ✐s ❝♦rr❡❝t✱ t❤❡r❡ ✐s ❛ ♣r♦❜❛❜✐❧✐t② ♦❢ ✐♥tr♦❞✉❝✐♥❣ ❛
♥❡✇ ❡rr♦r✱ ❛♥❞ ❛ ♣r♦❜❛❜✐❧✐t② ♦❢ ❣✉❡ss✐♥❣ t❤❡ ❝♦rr❡❝t r❡s✉❧t✳ ❚❤❡♥ t❤❡ ♠❡♠♦r② ✐s
✉♣❞❛t❡❞ ✇✐t❤ t❤❡ ♥❡✇ ❞❡r✐✈❡❞ r❡s✉❧t✳

❲❡ s❦❡t❝❤ ❛ ♣❛t❝❤ ♦❢ t❤❡ ❛ss❡ss♠❡♥t ❛❧❣♦r✐t❤♠ ❬✸✱ ♣♣✳✶✹✵✲✶✹✺❪✱ ✇❤✐❝❤ ♠❛②
❧❡❛❞ t♦ ❛ r❡❞✉❝t✐♦♥ ✐♥ ❢r❡❡ ♣❛r❛♠❡t❡rs ❢♦r ❦♥♦✇❧❡❞❣❡ ❞♦♠❛✐♥s✱ ✐❢ t❤❡r❡ ❛r❡ ❧❡ss
♦♣❡r❛t✐♦♥s t❤❛♥ t❡st ✐t❡♠s ✕ ✇❤✐❝❤ ♠❛② ❜❡ ❛❝❤✐❡✈❡❞ ❜② ❛♣♣r♦♣r✐❛t❡ ❞❡s✐❣♥✳ ❲❡
❣✐✈❡ ❛ ❞❡✜♥✐t✐♦♥ t❤❛t r❡♣❧❛❝❡s t❤❡ r❡s♣♦♥s❡ r✉❧❡ ❛①✐♦♠ ❬❘❪✿

❉❡✜♥✐t✐♦♥ ✷✻✳ ▲❡t Q ❜❡ ❛ s❡t ♦❢ t❡st ✐t❡♠s ✇rt✳ ❛ λ✲µ✲s♣❡❝✐✜❝❛t✐♦♥✱ Q ∋ q =
(mq, Sq)✱ s = (x0, α, γ, β, η, η̄,≡ν , δ) ❛ ❢♦r♠❛❧ t❡st s✉❜❥❡❝t ✇rt✳ Q❀ ❧❡t R ❜❡ ❛
r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ✇✐t❤ ♦✉t❝♦♠❡s {0, 1}✱ ❛♥❞ ξ ❜❡ ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ✇✐t❤ ♦✉t❝♦♠❡s
Ξq ∪ {⊥}✳

❚❤❡ ♣❛✐r (R, ξ) ✐s ❝❛❧❧❡❞ ❢♦r♠❛❧ r❡s♣♦♥s❡ ♦❢ t❤❡ s✉❜❥❡❝t s t♦ t❤❡ t❡st ✐t❡♠
q✱ ✐❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥s ❛r❡ s❛t✐s✜❡❞ ❢♦r ❛❧❧ t ∈ Ξq✿ P(ξ = ⊥) = γq ❛♥❞

P(R = 1|ξ = ⊥) = η̄q ❛♥❞ ❢♦r Υ := {(r, redex, pre) ∈ ♦µ | r ∈ ∇
(t mq)β
µ }❀

P(R = 1|ξ = t) =
1

#Υ

∑

r∈Υ

rAs (x0, α)

✇❤❡r❡ (t mq)β ❞❡♥♦t❡s t❤❡ ⊲β✲♥♦r♠❛❧ ❢♦r♠ ♦❢ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ t❡r♠ (t mq)✱
❛♥❞ As t❤❡ st❛t❡❢✉❧ µ✲❛❝t✐♦♥ ❛ss♦❝✐❛t❡❞ ✇✐t❤ s✳

✸ ❉✐s❝✉ss✐♦♥

❆❧t❤♦✉❣❤ t❤❡ ❛ss❡ss♠❡♥t ❛❧❣♦r✐t❤♠ ♦❢ ❦♥♦✇❧❡❞❣❡ s♣❛❝❡ t❤❡♦r② ♠❛② ❜❡ ✉t✐❧✐③❡❞



t♦ ✉♥❝♦✈❡r t❤❡ ❧❛t❡♥t ❦♥♦✇❧❡❞❣❡ st❛t❡ ♦❢ ❛ t❡st s✉❜❥❡❝t✱ ✐t ✐s ♠❡r❡❧② ❜❧✐♥❞ t♦ ❛♥②
❧❡❛r♥✐♥❣ ♣r♦❝❡ss ✐♥✈♦❧✈❡❞ ❞✉r✐♥❣ t❤❡ tr✐❛❧s✳ ❚❤❡ ❝❛r❡❧❡ss ❡rr♦r ❛♥❞ ❧✉❝❦② ❣✉❡ss
♣❛r❛♠❡t❡rs ❞♦ ♥♦t ❛❧❧♦✇ t♦ ✐♥✈❡st✐❣❛t❡ r❡❧❛t✐♦♥s ❜❡t✇❡❡♥ t❤❡ ✉♥❞❡r❧②✐♥❣ ❝♦❣♥✐t✐✈❡
♣r♦❝❡ss❡s ♦❢ ❞✐✛❡r❡♥t t❡st ✐t❡♠s✳ ❲❡ ✇❛♥t t♦ ✐♥✈❡st✐❣❛t❡ t❤♦s❡ r❡❧❛t✐♦♥s✱ ❛♥❞ t❤✉s
✇❡ ❝❛♥♥♦t ❛ss✉♠❡ t❤❛t t❤❡ ♣r♦❝❡ss ♦❢ s♦❧✈✐♥❣ ❛ t❡st ✐t❡♠ ❞♦❡s ♥♦t ✐♥✈♦❧✈❡ ❛♥②
st❛t❡ ❝❤❛♥❣❡s ✕ ❛s ✐t ✐s ✐♠♣❧❛✉s✐❜❧❡ t❤❛t t❤❡ s❛♠❡ ❝♦❣♥✐t✐✈❡ ♦♣❡r❛t✐♦♥ ✇✐t❤ t❤❡
s❛♠❡ ✐♥♣✉t ♣❛r❛♠❡t❡rs ✐s r❡♣❡❛t❡❞ ✇✐t❤✐♥ t❤❡ s❤♦rt t✐♠❡s♣❛♥ ♦❢ ❛ ❢❡✇ s♦❧✉t✐♦♥
st❡♣s✳

❚❤❡ ♠♦❞❡❧ ✇❡ ✐♥tr♦❞✉❝❡❞ ✐♠♣❧✐❡s t❤❛t ❡①♣❡rt✐s❡ ❛✈❛✐❧❛❜❧❡ t♦ t❤❡ t❡st s✉❜❥❡❝t
♠❛② ❣r♦✇ st❡❛❞✐❧② ❥✉st ❜② s♦❧✈✐♥❣ t❡st ✐t❡♠s✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t t❤❡ ❝❛r❡❧❡ss ❡rr♦r
♣r♦❜❛❜✐❧✐t✐❡s ❢♦r ✐t❡♠s t❤❛t ❜❡❧♦♥❣ t♦ ❜❛s✐❝ ❦♥♦✇❧❡❞❣❡ st❛t❡s s❤♦✉❧❞ ✐♥ ❢❛❝t s✐♥❦
❛s t❤❡ s✉❜❥❡❝t r❡❛❝❤❡s ❛ ❤✐❣❤❡r ❦♥♦✇❧❡❞❣❡ st❛t❡ ✕ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❝❛r❡❧❡ss
❡rr♦rs ✇❤❡♥ ❞♦✐♥❣ s✐♥❣❧❡ ❞✐❣✐t ❛❞❞✐t✐♦♥s s❤♦✉❧❞ ❜❡ ❧❡ss ❢♦r st✉❞❡♥ts ✐♥ s❡♥✐♦r
❝❧❛ss ❝♦♠♣❛r❡❞ t♦ ✇❤❡♥ t❤❡② ♥❡✇❧② ❧❡❛r♥❡❞ ✐t✳

■♥ ❢✉t✉r❡ ✇♦r❦✱ t❤❡ ❞❡s❝r✐❜❡❞ ♠♦❞❡❧s ♠❛② ❜❡ ❛❞❛♣t❡❞ t♦ ❛ss❡ss ❛ ❝♦♥❝❡♣t ❛s✲
s♦❝✐❛t❡❞ ✇✐t❤ s♦♠❡ ♠❡❛s✉r❡♠❡♥t✱ ✇❤❡r❡ t❤❡ ❞✐✛❡r❡♥t tr✐❛❧s ✇♦✉❧❞ ❜❡ t❤❡ ♦❜❥❡❝ts
♦❢ t❤❡ ❝♦♥t❡①t ❛♥❞ t❤❡ ✐♥t❡r❞❡♣❡♥❞❡♥❝✐❡s ❜❡t✇❡❡♥ ❛ttr✐❜✉t❡s ✇♦✉❧❞ ❜❡ ♠♦❞❡❧❡❞
✉s✐♥❣ λ✲µ✲❝❛❧❝✉❧✉s✱ ❧❡❛❞✐♥❣ t♦ ❛ st♦❝❤❛st✐❝ ❛ss❡ss♠❡♥t ♣r♦❝❡❞✉r❡✳

❘❡❢❡r❡♥❝❡s

✶✳ ❇❡r❛r❞✐✱ ❙✳✿ ❚♦✇❛r❞s ❛ ♠❛t❤❡♠❛t✐❝❛❧ ❛♥❛❧②s✐s ♦❢ t❤❡ ❝♦q✉❛♥❞✲❤✉❡t ❝❛❧❝✉❧✉s ♦❢ ❝♦♥✲
str✉❝t✐♦♥s ❛♥❞ t❤❡ ♦t❤❡r s②st❡♠s ✐♥ ❜❛r❡♥❞r❡❣t✬s ❝✉❜❡✳ ❚❡❝❤✳ r❡♣✳✱ ❉❡♣t✳ ♦❢ ❈♦♠✲
♣✉t❡r ❙❝✐❡♥❝❡✱ ❈❛r♥❡❣✐❡✲▼❡❧❧♦♥ ❯♥✐✈❡rs✐t② ❛♥❞ ❉✐♣❛rt✐♠❡♥t♦ ▼❛t❡♠❛t✐❝♦✱ ❯♥✐✈❡r✲
s✐t❛ ❞✐ ❚♦r✐♥♦ ✭✶✾✽✽✮

✷✳ ❉♦✐❣♥♦♥✱ ❏✳P✳✱ ❋❛❧♠❛❣♥❡✱ ❏✳❈✳✿ ❙♣❛❝❡s ❢♦r t❤❡ ❛ss❡ss♠❡♥t ♦❢ ❦♥♦✇❧❡❞❣❡✳ ■♥t❡r♥❛✲
t✐♦♥❛❧ ❏♦✉r♥❛❧ ♦❢ ▼❛♥✲▼❛❝❤✐♥❡ ❙t✉❞✐❡s ✷✸✭✷✮✱ ✶✼✺ ✕ ✶✾✻ ✭✶✾✽✺✮

✸✳ ❋❛❧♠❛❣♥❡✱ ❏✳✱ ❉♦❜❧❡✱ ❈✳✱ ❆❧❜❡rt✱ ❉✳✱ ❊♣♣st❡✐♥✱ ❉✳✱ ❍✉✱ ❳✳✿ ❑♥♦✇❧❡❞❣❡ ❙♣❛❝❡s✿
❆♣♣❧✐❝❛t✐♦♥s ✐♥ ❊❞✉❝❛t✐♦♥✳ ❙♣r✐♥❣❡r✲❱❡r❧❛❣ ◆❡✇ ❨♦r❦ ■♥❝♦r♣♦r❛t❡❞ ✭✷✵✶✸✮

✹✳ ❋❛❧♠❛❣♥❡✱ ❏✳❈✳✱ ❉♦✐❣♥♦♥✱ ❏✳P✳✿ ▲❡❛r♥✐♥❣ ❙♣❛❝❡s✳ ❙♣r✐♥❣❡r ✭✷✵✶✵✮
✺✳ ●❧❛s❡r✱ ❘✳✿ ❚❤❡ ✐♥t❡❣r❛t✐♦♥ ♦❢ ✐♥str✉❝t✐♦♥ ❛♥❞ t❡st✐♥❣✳ ■♥✿ ❋r❡❡♠❛♥✱ ❊✳ ✭❡❞✳✮ ❚❤❡

r❡❞❡s✐❣♥ ♦❢ t❡st✐♥❣ ✐♥ t❤❡ ✷✶st ❝❡♥t✉r②✿ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ✶✾✽✺ ❊❚❙ ■♥✈✐t❛t✐♦♥❛❧
❈♦♥❢❡r❡♥❝❡✳ ♣♣✳ ✹✺✕✺✽✳ Pr✐♥❝❡t♦♥✱ ◆❏✿ ❊❞✉❝❛t✐♦♥❛❧ ❚❡st✐♥❣ ❙❡r✈✐❝❡ ✭✶✾✽✺✮

✻✳ ❍✐♥❞❧❡②✱ ❏✳❘✳✿ ❇❛s✐❝ s✐♠♣❧❡ t②♣❡ t❤❡♦r②✳ ❈❛♠❜r✐❞❣❡ ❯♥✐✈❡rs✐t② Pr❡ss ✭✶✾✾✼✮
✼✳ ❑❛♠❛r❡❞❞✐♥❡✱ ❋✳✱ ▲❛❛♥✱ ❚✳✱ ◆❡❞❡r♣❡❧t✱ ❘✳✿ ❆ ▼♦❞❡r♥ P❡rs♣❡❝t✐✈❡ ♦♥ ❚②♣❡ ❚❤❡♦r②✿

❋r♦♠ ✐ts ❖r✐❣✐♥s ✉♥t✐❧ ❚♦❞❛②✳ ❆♣♣❧✐❡❞ ❧♦❣✐❝ s❡r✐❡s✱ ❑❧✉✇❡r ❆❝❛❞❡♠✐❝ P✉❜❧✐s❤❡rs
✭✷✵✵✻✮

✽✳ ❑♦r♦ss②✱ ❑✳✿ ▼♦❞❡❧✐♥❣ ❑♥♦✇❧❡❞❣❡ ❛s ❈♦♠♣❡t❡♥❝❡ ❛♥❞ P❡r❢♦r♠❛♥❝❡✳ ■♥✿ ❆❧❜❡rt✱
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