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G1: smaller groups

Symmetry in Nature
Group axioms
Z2 a.k.a. C2

Z3 a.k.a. C3

S3 a.k.a. D3 or Dih3 



Symmetry in Nature
Let’s play a game...

I give you an object and then you must do 
something to it so that it looks the same 

The list of all things you can do to it is called 
a symmetry group or “group” for short

The smallest group consists of doing 
nothing, that is called the “identity” and 
contains one element e, but that is boring... 

We will consider more interesting groups...
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groups 



Group axioms
A group is a set of elements a,b,... which can 
be combined together with ab inside the set
(ab)c=a(bc)
One element e satisfies ae=ea=a for all a
For each element a there is an element a-1 

which satisfies aa-1=a-1a=e
e.g. square matrices form groups under matrix 
multiplication (see Appendix on matrices)



Z2,  the permutation group of 2 objects
Play game with a line with two ends A,B
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✓
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Matrix representation satisfies 
multiplication table
Two dimensional representation is 
reducible to diagonal form by a 
maximal mixing unitary matrix U

Can write ↵2 = 1

Can combine two irreducible reps

�1 = ei⇡ = ↵

2 ! 1+ 10

10 ⇥ 10 = 1

b =

✓
0 1
1 0

◆
! U�1

✓
0 1
1 0

◆
U =

✓
1 0
0 �1

◆
1 : e = 1, b = 1

10 : e = 1, b = �1

e b
e e b
b b e
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e =

0

@
1 0 0
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0 0 1
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1 0 0
0 1 0

1

A

a2 =

0

@
0 1 0
0 0 1
1 0 0

1

A

Z3 is the symmetry group of 120o rotations 
of an equilateral triangle 



Satisfies multiplication table
Define “generator” a=a1 

Then {e,a1,a2}={e,a,a2}
Three dim rep is reducible to 
diagonal form

We write 

Can combine two irreducible reps

U�1a2U =

0

@
1 0 0
0 !2 0
0 0 !

1

A

! = ei2⇡/3

!3 = 1
10 ⇥ 10 = 100

3 ! 1+ 10 + 100

10 ⇥ 100 = 1

“Character table”

e a1 a2
e e a1 a2
a1 a1 a2 e
a2 a2 e a1

e a1 a2
1 1 1 1
10 1 ! !2

100 1 !2 !U�1a1U =

0

@
1 0 0
0 ! 0
0 0 !2

1

A
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@
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@
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0

@
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0 0 1

1
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S3 symmetry also includes the reflections:
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S3  is permutation group of 3 objects (A,B,C) → 
(A,B,C),(C,A,B),(B,C,A),(A,C,B),(C,B,A),(B,A,C)
    e            a1         a2           b1         b2         b3

  even      even     even       odd      odd      odd
even/odd refers to number of two-element swaps
e: zero swaps,  {a1, a2}:two swaps,  {b1, b2, b3}:one 
Z3 rotation subgroup is {e, a1, a2}, the even perms
Z2 reflection subgroups: {e, b1}, {e, b2}, {e, b3}
Subgroups are subsets of {e, a1, a2, b1, b2, b3} 
which form a group by themselves 



S3 can be defined by its 
multiplication table 
It is a non-Abelian group 
since its elements do not all 
commute e.g. a1b1=b2, 
b1a1=b3 so a1b1 ≠ b1a1

The order of the group is 
the number of elements = 6
The order of each element 
is the power which gives e
ai3=e order 3, bi2=e order 2

Define “generators” 
a=a1 , b=b1

{e,a1,a2,b1,b2,b3}= 
{e,a,a2,b,ab,ba}

non-Abelian finite group, the permutation group S3, we have:

S3 e a1 a2 b1 b2 b3
e e a1 a2 b1 b2 b3
a1 a1 a2 e b2 b3 b1
a2 a2 e a1 b3 b1 b2
b1 b1 b3 b2 e a2 a1
b2 b2 b1 b3 a1 e a2
b3 b3 b2 b1 a2 a1 e

The six elements are classified into the identity element e, elements bi whose square is e

and finally elements ai for which the square does not yield e but, as can be seen easily,

the cube does. It is generally true for any finite group that there exists some exponent n

for each element g such that gn = e. The smallest exponent for which this holds is called

the order of the element g. This is not to be confused with the order of a group G which

simply means the number of elements contained in G.

5.2 Group presentation

Clearly, the definition of a finite group in terms of its multiplication table becomes cum-

bersome very quickly with increasing order of G. It is therefore necessary to find a more

compact way of defining G. Noticing that all six elements of S3 can be obtained by mul-

tiplying only a subset of all elements, we arrive at the notion of generators of a group.

Denoting a1 = a and b1 = b, we obtain a2 = a2 as well as b2 = ab and b3 = ba. In other

words, a and b generate the group S3. Being the group of permutations on three objects

which is isomorphic to the group of symmetry transformations of an equilateral triangle, a

corresponds to a 120◦ rotation and b to a reflection. This observation leads to the definition

of S3 using the so-called presentation

< a , b | a3 = b2 = e , bab−1 = a−1 > , (5.1)

where the generators have to respect the rules listed on the right. Depending the these

presentation rules, a group can be defined uniquely in a compact way. Unfortunately,

such an abstract definition of a group is not very useful for physical applications as it

does not show the possible irreducible representations of the group. We therefore quickly

continue our journey through the fields of finite group theory towards the important notion

of character tables.

5.3 Character table

In order to understand the meaning of a character table, is it mandatory to introduce the

idea of conjugacy classes and irreducible representations. Conjugacy classes are subsets

of elements of G which are obtained from collecting all those elements related to a given

element gi by conjugation ggig−1, for all g ∈ G. The union of all possible conjugacy classes

– 34 –



S3 multiplication table can be generated by a and 
b with the rules
Called “presentation”
The set of group elements g ∈ {e,a,a2,b,ab,ba}

fall into 3 “conjugacy classes” {e}, {a,a2}, {b,ab,ba}
corresponding to {geg-1}, {gag-1}, {gbg-1} for all g
Notation for classes: 1C1(e), 2C3(a), 3C2(b) 
Each member of class has same order 
Exercise: show that the rotations and 
reflections form separate conjugacy classes

#elements 
in class

a3 = b2 = e, (ab)2 = e

< a, b| a3 = b2 = e, (ab)2 = e >



Three dim rep is reducible to block diagonal form

a =

0

@
0 0 1
1 0 0
0 1 0

1

A

b =

0

@
1 0 0
0 0 1
0 1 0

1

A

U�1aU =

0

@
1 0 0
0 ! 0
0 0 !2

1

A

U�1bU =

0

@
1 0 0
0 0 !
0 !2 0

1

A

3 ! 1+ 2

a =

✓
! 0
0 !2

◆
b =

✓
0 !
!2 0

◆
2 :

irreducible complex doublet representation

Ex.



irreducible representations of S3

a =

✓
! 0
0 !2

◆
2 : b =

✓
0 !
!2 0

◆

1 :
10 :

a = 1, b = 1

a = 1, b = �1

irreps are basis dependent but are 
characterised by their trace (N.B.                      ) 
In another basis the faithful doublet satisfies 
Tr(a)=-1 and Tr(b)=0 as in the original basis

Rule 1: 
#irreps= 
#classes=3
Rule 2: sum 
square irreps 
=group order 
12+12+22=6

a =

 
� 1

2 �
p
3
2p

3
2 � 1

2

!

b =

✓
1 0
0 �1

◆
2 :

unfaithful
unfaithful

Shows that 
irrep 2 is real

1 + ! + !2 = 0



Character table of S3:
Trace of elements as shown 
characterises that irrep 
Notation for characters=traces:

e a b
1 1 1 1
10 1 1 -1
2 2 -1 0

E.g. irrep 2 has 
One dimensional irreps have trivial traces
All elements in same class have same trace
Tr(gag-1)=Tr(a)=-1, Tr(gbg-1)=Tr(b)=0 for 2 irrep 
Recall 1C1(e)={e}, 2C3(a)={a,a2}, 3C2(b)={b,ab,ba}

�[1]
i ,�[10]

i ,�[2]
i

�[2]
e = 2, �[2]

a = �1, �[2]
b = 0



G2: larger groups
A4 a.k.a. T
ZN a.k.a. CN

SN 

S4 a.k.a. O
Subgroups
DN or DihN

Symmetries in molecules and crystals



A4

t1

t2t3

t4
Symmetry of 

the tetrahedron

Vertices 
labelled by ti



A4

0

BB@

0 0 0 1
0 0 1 0
0 1 0 0
1 0 0 0

1

CCA

0

BB@

t1
t2
t3
t4

1

CCA =

0

BB@

t4
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1

CCA

t1

t2t3

t1

t2 t3

t4 t4

• rotation by 180°

S

original 
state

rotated 
state

rotation 
matrix



• rotation by 120° 
anti-clockwise               
(seen from a 
vertex)

A4

0

BB@

1 0 0 0
0 0 1 0
0 0 0 1
0 1 0 0

1

CCA

0

BB@

t1
t2
t3
t4

1

CCA =

0

BB@

t1
t3
t4
t2

1

CCA

t1

t2t3

t4

t2

t1

t3t4T



A4

S =

0

BB@

1 0 0 0
0 1 0 0
0 0 �1 0
0 0 0 �1

1

CCA
T =

0

BB@

1 0 0 0
0 0 1 0
0 0 0 1
0 1 0 0

1

CCA

• 4 × rotation by 120° clockwise (seen from a vertex) T-type rotations
• 4 × rotation by 120° anti-clockwise (ditto)                 T-type rotations
• 3 × rotation by 180°                                                  S-type rotations

Block diagonal           
(rotate about first vertex)

12 rotations (“group elements”) 
generated by products of S,T 

(“generators”)

Since S,T are block diagonal, the 4 dimensional matrix of 
vertex transformations is equivalent to a triplet plus singlet

Diagonal

S2 = T 3 = IS =

0

BB@

0 0 0 1
0 0 1 0
0 1 0 0
1 0 0 0

1

CCA
(ST )3 = I

4 ! 3� 1



A4

a mass range, neutrinoless double beta decay will not be observable in the foreseeable
future. In the longer term, the superbeam proposals [45] would measure the atmospheric
mixing angle to high accuracy, confronting the prediction ✓l

23

= 45�±0.5�, and ultimately
testing the prediction of the leptonic CP violating oscillation phase �l = 260� ± 5�.
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A A4

A
4

has four irreducible representations, three singlets 1, 10 and 100 and one triplet 3.
The products of singlets are:

1⌦ 1 = 1 10 ⌦ 100 = 1 10 ⌦ 10 = 100 100 ⌦ 100 = 10. (115)

The generators of the A
4

group, can be written as S and T with S2 = T 3 = (ST )3 = I.
We work in the Ma-Rajasakaran basis [16] where the triplet generators are,

S =

0

@
1 0 0
0 �1 0
0 0 �1

1

A , T =

0

@
0 1 0
0 0 1
1 0 0

1

A . (116)

In this basis one has the following Clebsch rules for the multiplication of two triplets,

(ab)
1

= a
1

b
1

+ a
2

b
2

+ a
3

b
3

;
(ab)

1

0 = a
1

b
1

+ !a
2

b
2

+ !2a
3

b
3

;
(ab)

1

00 = a
1

b
1

+ !2a
2

b
2

+ !a
3

b
3

;
(ab)

31 = (a
2

b
3

, a
3

b
1

, a
1

b
2

) ;
(ab)

32 = (a
3

b
2

, a
1

b
3

, a
2

b
1

) ,

(117)

where !3 = 1, a = (a
1

, a
2

, a
3

) and b = (b
1

, b
2

, b
3

).
Under a CP transformation in this basis we require [31],

a ! (a⇤
1

, a⇤
3

, a⇤
2

), b ! (b⇤
1

, b⇤
3

, b⇤
2

), (118)

so that

(ab)
1

0 ! a⇤
1

b⇤
1

+ !a⇤
3

b⇤
3

+ !2a⇤
2

b⇤
2

= (a⇤b⇤)
1

00

(ab)
1

00 ! a⇤
1

b⇤
1

+ !2a⇤
3

b⇤
3

+ !a⇤
2

b⇤
2

= (a⇤b⇤)
1

0 .
(119)

32

Writing                                            then                      
multiplying S and T we generate 12 group elements

The A4 group is formed by all even permutations of S4. Thus, its order is equal to 4!/2 = 12. A4

group is isomorphic to the symmetry group T of a tetrahedron. Using the notation in Eq. (67), all 12
elements can be written as

a1 =

0

@
1 0 0
0 1 0
0 0 1

1

A , a2 =

0

@
1 0 0
0 �1 0
0 0 �1

1

A , a3 =

0

@
�1 0 0
0 1 0
0 0 �1

1

A , a4 =

0

@
�1 0 0
0 �1 0
0 0 1

1

A ,

b1 =

0

@
0 0 1
1 0 0
0 1 0

1

A , b2 =

0

@
0 0 1
�1 0 0
0 �1 0

1

A , b3 =

0

@
0 0 �1
1 0 0
0 �1 0

1

A , b4 =

0

@
0 0 �1
�1 0 0
0 1 0

1

A ,(83)

c1 =

0

@
0 1 0
0 0 1
1 0 0

1

A , c2 =

0

@
0 1 0
0 0 �1
�1 0 0

1

A , c3 =

0

@
0 �1 0
0 0 1
�1 0 0

1

A , c4 =

0

@
0 �1 0
0 0 �1
1 0 0

1

A .

They are classified by the conjugacy classes as

C1 : {a1}, h = 1,
C3 : {a2, a3, a4}, h = 2,
C4 : {b1, b2, b3, b4, }, h = 3,
C40 : {c1, c2, c3, c4, }, h = 3,

(84)

where we have also shown the orders of each element in the conjugacy class by h. There are four conjugacy
classes and there must be four irreducible representations, i.e. m1 +m2 +m3 + · · · = 4.

The orthogonality relation (27) requires

X

↵

[�↵(C1)]
2 =

X

n

mnn
2 = m1 + 4m2 + 9m3 + · · · = 12, (85)

for mi, which satisfy m1 +m2 +m3 + · · · = 4. There exists one solution, (m1,m2,m3) = (3, 0, 1). That
is, the A4 group has three singlets, 1, 10, and 100, and one triplet 3, where the triplet representation
corresponds to Eq. (83).

Another algebraic definition of A4 is often used in the literature. We denote a1 = e, a2 = s and b1 = t.
They satisfy the following algebraic relations,

s2 = t3 = (st)3 = e. (86)

The closed algebra of these elements, s and t, is defined as the A4 group. That is, s and t are generators
of A4. It is straightforward to write all elements ai, bi, and ci in terms of s and t. Then, the conjugacy
classes are rewritten as

C1 : {e}, h = 1,
C3 : {s, tst2, t2st}, h = 2,
C4 : {t, ts, st, sts}, h = 3,
C40 : {t2, st2, t2s, tst}, h = 3.

(87)

Using them, we can study characters. First, we consider characters of the three singlets. Because of
s2 = e, there are two possibilities for the character of C3, �↵(C3) = ±1. However, the two elements
t and ts belong to the same conjugacy class C4. This implies that �↵(C3) should have the unique
value �↵(C3) = 1. Similarly, because of t3 = e, the character �↵(t) could correspond to three values, i.e.
�↵(t) = !n, n = 0, 1, 2, where all three values are consistent with the above structure of conjugacy classes.
Thus, the three singlets, 1, 10, and 100 are classified by these three values, �↵(t) = 1,!, and !2, respectively.

19

With 
eigenvectors

0

@
0
0
1

1

A
0

@
1
0
0

1

A

0

@
0
1
0

1

A
0

B@
± 1p

3

± 1p
3

± 1p
3

1

CA

a1 = e, a2 = S, b1 = T



A4 Presentation:
Group elements in four conjugacy classes:
1C1(e)={e}, 3C2(S)={S,TST2,T2ST}={a2,a3,a4}, 

4C3(bi)= {T,TS,ST,STS}, 4C3(ci)={T2,ST2,T2S,TST}
Character table:

< S, T | S2 = T 3 = e, (ST )3 = e >

e S T T 2

1 1 1 1 1
10 1 1 ! !2

100 1 1 !2 !
3 3 -1 0 0

Rule 1: #irreps= 
#classes=4
Rule 2: sum square 
irreps =group order 
12+12+12+32=12

Since T3=1 it may be 
represented by any of 
the cube roots of unity:  
1 = 1, 10 = !, 100 = !2



A4
Irreducible reps 

a mass range, neutrinoless double beta decay will not be observable in the foreseeable
future. In the longer term, the superbeam proposals [45] would measure the atmospheric
mixing angle to high accuracy, confronting the prediction ✓l

23

= 45�±0.5�, and ultimately
testing the prediction of the leptonic CP violating oscillation phase �l = 260� ± 5�.
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A A4

A
4

has four irreducible representations, three singlets 1, 10 and 100 and one triplet 3.
The products of singlets are:

1⌦ 1 = 1 10 ⌦ 100 = 1 10 ⌦ 10 = 100 100 ⌦ 100 = 10. (115)

The generators of the A
4

group, can be written as S and T with S2 = T 3 = (ST )3 = I.
We work in the Ma-Rajasakaran basis [16] where the triplet generators are,

S =

0

@
1 0 0
0 �1 0
0 0 �1

1

A , T =

0

@
0 1 0
0 0 1
1 0 0

1

A . (116)

In this basis one has the following Clebsch rules for the multiplication of two triplets,

(ab)
1

= a
1

b
1

+ a
2

b
2

+ a
3

b
3

;
(ab)

1

0 = a
1

b
1

+ !a
2

b
2

+ !2a
3

b
3

;
(ab)

1

00 = a
1

b
1

+ !2a
2

b
2

+ !a
3

b
3

;
(ab)

31 = (a
2

b
3

, a
3

b
1

, a
1

b
2

) ;
(ab)

32 = (a
3

b
2

, a
1

b
3

, a
2

b
1

) ,

(117)

where !3 = 1, a = (a
1

, a
2

, a
3

) and b = (b
1

, b
2

, b
3

).
Under a CP transformation in this basis we require [31],

a ! (a⇤
1

, a⇤
3

, a⇤
2

), b ! (b⇤
1

, b⇤
3

, b⇤
2

), (118)

so that

(ab)
1

0 ! a⇤
1

b⇤
1

+ !a⇤
3

b⇤
3

+ !2a⇤
2

b⇤
2

= (a⇤b⇤)
1

00

(ab)
1

00 ! a⇤
1

b⇤
1

+ !2a⇤
3

b⇤
3

+ !a⇤
2

b⇤
2

= (a⇤b⇤)
1

0 .
(119)

32

Clebsch Gordan coefficients

a mass range, neutrinoless double beta decay will not be observable in the foreseeable
future. In the longer term, the superbeam proposals [45] would measure the atmospheric
mixing angle to high accuracy, confronting the prediction ✓l

23

= 45�±0.5�, and ultimately
testing the prediction of the leptonic CP violating oscillation phase �l = 260� ± 5�.
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A
4

has four irreducible representations, three singlets 1, 10 and 100 and one triplet 3.
The products of singlets are:

1⌦ 1 = 1 10 ⌦ 100 = 1 10 ⌦ 10 = 100 100 ⌦ 100 = 10. (115)

The generators of the A
4

group, can be written as S and T with S2 = T 3 = (ST )3 = I.
We work in the Ma-Rajasakaran basis [16] where the triplet generators are,

S =
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0 �1 0
0 0 �1
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0 0 1
1 0 0

1

A . (116)

In this basis one has the following Clebsch rules for the multiplication of two triplets,
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1

= a
1

b
1
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2

+ a
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3

;
(ab)

1

0 = a
1

b
1

+ !a
2

b
2
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3
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3

;
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1

00 = a
1

b
1

+ !2a
2

b
2

+ !a
3

b
3
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(ab)

31 = (a
2

b
3

, a
3

b
1

, a
1

b
2
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(ab)

32 = (a
3

b
2

, a
1

b
3

, a
2

b
1

) ,

(117)

where !3 = 1, a = (a
1

, a
2

, a
3

) and b = (b
1

, b
2

, b
3

).
Under a CP transformation in this basis we require [31],

a ! (a⇤
1

, a⇤
3

, a⇤
2

), b ! (b⇤
1

, b⇤
3

, b⇤
2

), (118)

so that

(ab)
1

0 ! a⇤
1

b⇤
1

+ !a⇤
3

b⇤
3

+ !2a⇤
2

b⇤
2

= (a⇤b⇤)
1

00

(ab)
1

00 ! a⇤
1

b⇤
1

+ !2a⇤
3

b⇤
3

+ !a⇤
2

b⇤
2

= (a⇤b⇤)
1

0 .
(119)

32

3⌦ 3 = 1

� 10

� 100

� 31

� 32

a mass range, neutrinoless double beta decay will not be observable in the foreseeable
future. In the longer term, the superbeam proposals [45] would measure the atmospheric
mixing angle to high accuracy, confronting the prediction ✓l

23

= 45�±0.5�, and ultimately
testing the prediction of the leptonic CP violating oscillation phase �l = 260� ± 5�.
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A A4

A
4

has four irreducible representations, three singlets 1, 10 and 100 and one triplet 3.
The products of singlets are:

1⌦ 1 = 1 10 ⌦ 100 = 1 10 ⌦ 10 = 100 100 ⌦ 100 = 10. (115)

The generators of the A
4

group, can be written as S and T with S2 = T 3 = (ST )3 = I.
We work in the Ma-Rajasakaran basis [16] where the triplet generators are,

S =

0

@
1 0 0
0 �1 0
0 0 �1

1

A , T =

0

@
0 1 0
0 0 1
1 0 0

1

A . (116)

In this basis one has the following Clebsch rules for the multiplication of two triplets,
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3
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3

;
(ab)

1

0 = a
1

b
1

+ !a
2

b
2

+ !2a
3

b
3

;
(ab)

1

00 = a
1

b
1

+ !2a
2

b
2

+ !a
3

b
3

;
(ab)
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where !3 = 1, a = (a
1

, a
2

, a
3

) and b = (b
1

, b
2

, b
3

).
Under a CP transformation in this basis we require [31],

a ! (a⇤
1

, a⇤
3

, a⇤
2

), b ! (b⇤
1

, b⇤
3

, b⇤
2

), (118)

so that
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b⇤
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+ !a⇤
3

b⇤
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+ !2a⇤
2

b⇤
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= (a⇤b⇤)
1

00

(ab)
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00 ! a⇤
1

b⇤
1

+ !2a⇤
3

b⇤
3

+ !a⇤
2

b⇤
2

= (a⇤b⇤)
1

0 .
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32

(ab)31 = (a2b3, a3b1, a1b2)
(ab)32 = (a3b2, a1b3, a2b1)

(ab)1 = a1b1 + a2b2 + a3b3
(ab)10 = a1b1 + !2a2b2 + !a3b3
(ab)100 = a1b1 + !a2b2 + !2a3b3

1, 10, 100, 3



Other groups

Z4 is square, Z5 is pentagon, Z6 hexagon, etc.
ZN generators a given by 2pi/N rotation
Order = N group elements {e,a,a2,...,aN-1}
We write 

ZN,  rotation group of regular N-polygon

⇢ = ei2⇡/N , ⇢N = 1

e a a2 . . .
e e a a2 . . .
a a a2 a3 . . .
a2 a2 a3 a4 . . .
. . . . . . . . . . . . . . .

e a a2 . . .
1 1 1 1 . . .
10 1 ⇢ ⇢2 . . .
100 1 ⇢2 ⇢ . . .
. . . . . . . . . . . . . . .

“Character table”



SN,  permutation group of N objects          
AN, its alternating subgroup 

(A,B,C,...) → (A,B,C,...), (A,C,B,...), (C,A,B,...),...
N! group elements divided into even and odd
even/odd refers to number of two-element swaps
AN subgroup consists of the N!/2 even perms
AN contains the alternating group elements of SN

E.g. A4 ⊂ S4  (also trivial example A3=Z3 ⊂ S3 )

S4 is the full symmetry group of the tetrahedron 
S4 is also the rotation symmetry of a cube 

even odd even



S4 rotation symmetry of a cube 



S4 rotation symmetry of a cube 

Not a symmetry of 
the tetrahedron U

3 fold symmetry of 
the tetrahedron T

2 fold symmetry of 
the tetrahedron S
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Representation                                                      

U =

0

@
1 0 0
0 0 1
0 1 0

1

A
It is obvious that x1 + x2 + x3 + x4 is invariant under any permutation of S4, that is, a trivial singlet.

Thus, we can make use of the vector space which is orthogonal to this singlet direction,

3 :

0

@
Ax

Ay

Az

1

A =

0

@
x1 + x2 � x3 � x4
x1 � x2 + x3 � x4
x1 � x2 � x3 + x4

1

A , (66)

in order to construct a matrix representation of S4, that is, namely a triplet representation. In this triplet
vector space, the S4 elements are represented by the following matrices,

a1 =

0

@
1 0 0
0 1 0
0 0 1

1

A , a2 =

0

@
1 0 0
0 �1 0
0 0 �1

1

A , a3 =

0

@
�1 0 0
0 1 0
0 0 �1

1

A , a4 =

0

@
�1 0 0
0 �1 0
0 0 1

1

A ,

b1 =

0

@
0 0 1
1 0 0
0 1 0

1

A , b2 =

0

@
0 0 1
�1 0 0
0 �1 0

1

A , b3 =

0

@
0 0 �1
1 0 0
0 �1 0

1

A , b4 =

0

@
0 0 �1
�1 0 0
0 1 0

1

A ,

c1 =

0

@
0 1 0
0 0 1
1 0 0

1

A , c2 =

0

@
0 1 0
0 0 �1
�1 0 0

1

A , c3 =

0

@
0 �1 0
0 0 1
�1 0 0

1

A , c4 =

0

@
0 �1 0
0 0 �1
1 0 0

1

A ,(67)

d1 =

0

@
1 0 0
0 0 1
0 1 0

1

A , d2 =

0

@
1 0 0
0 0 �1
0 �1 0

1

A , d3 =

0

@
�1 0 0
0 0 1
0 �1 0

1

A , d4 =

0

@
�1 0 0
0 0 �1
0 1 0

1

A ,

e1 =

0

@
0 1 0
1 0 0
0 0 1

1

A , e2

0

@
0 1 0
�1 0 0
0 0 �1

1

A , e3 =

0

@
0 �1 0
1 0 0
0 0 �1

1

A , e4 =

0

@
0 �1 0
�1 0 0
0 0 1

1

A ,

f1 =

0

@
0 0 1
0 1 0
1 0 0

1

A , f2 =

0

@
0 0 1
0 �1 0
�1 0 0

1

A , f3 =

0

@
0 0 �1
0 1 0
�1 0 0

1

A , f4 =

0

@
0 0 �1
0 �1 0
1 0 0

1

A .

• Conjugacy classes
The S4 elements can be classified by the order h of each element, where ah = e, as

h = 1 : {a1},
h = 2 : {a2, a3, a4, d1, d2, e1, e4, f1, f3},
h = 3 : {b1, b2, b3, b4, c1, c2, c3, c4},
h = 4 : {d3, d4, e2, e3, f2, f4}.

(68)

Moreover, they are classified by the conjugacy classes as

C1 : {a1}, h = 1,
C3 : {a2, a3, a4}, h = 2,
C6 : {d1, d2, e1, e4, f1, f3}, h = 2,
C8 : {b1, b2, b3, b4, c1, c2, c3, c4}, h = 3,
C60 : {d3, d4, e2, e3, f2, f4}, h = 4.

(69)

• Characters and representations
S4 has five conjugacy classes, which implies that there are five irreducible representations. For example,

all elements can be written as products of b1 in C8 and d4 in C60 , which satisfy

(b1)
3 = e, (d4)

4 = e, d4(b1)
2d4 = b1, d4b1d4 = b1(d4)

2b1. (70)

16

A4

Pµµ = 1− (1− 4a2) sin2∆+
2

3
(1− s)α∆ sin 2∆

−
4

9
α2 sin

2A∆

A2
−

4

9
α2∆2 cos 2∆

+
4

9
α2 1

A

(
sin∆

sinA∆

A
cos(A− 1)∆ −

∆

2
sin 2∆

)

− r2
sin2(A− 1)∆

(A− 1)2

−
1

A− 1
r2

(
sin∆ cosA∆

sin(A− 1)∆

(A− 1)
−

A

2
∆ sin 2∆

)

−
4

3
rα cos δ cos∆

sinA∆

A

sin(A− 1)∆

(A− 1)
, (B.9)

Pµτ = (1− 4a2) sin2∆−
2

3
(1− s)α∆ sin 2∆+

4

9
α2∆2 cos 2∆

−
4

9
α2 1

A

(
sin∆

sinA∆

A
cos(A− 1)∆ −

∆

2
sin 2∆

)

+
1

A− 1
r2

(
sin∆ cosA∆

sin(A− 1)∆

(A− 1)
−

A

2
∆ sin 2∆

)

+
4

3
rα sin δ sin∆

sinA∆

A

sin(A− 1)∆

(A− 1)
. (B.10)

C. Generators and Clebsch-Gordan coefficients of S4, A4 and T7

In this section we list the generators of the groups S4, A4 and T7 in the basis where the

order three generator is diagonal. As this basis is particularly convenient for model building

purposes, we state the corresponding (basis dependent) Clebsch-Gordan coefficients for all

non-trivial Kronecker products. We first consider the two intimately linked groups S4 and

A4, before discussing the group T7.

C.1 The groups S4 and A4

The permutation group S4 can be defined in terms of three generators S, T and U satisfying

the presentation rules [144]

S2 = T 3 = U2 = (ST )3 = (SU)2 = (TU)2 = (STU)4 = 1 . (C.1)

Dropping the generator U and with it all relations involving U , we obtain the presentation

of the alternating group A4.

The triplet matrix representations of the three S4 generators in the T -diagonal basis

can be obtained from Eq. (5.9). Noticing that the b generator (corresponding to U) in

Eq. (5.7) occurs only quadratically, we immediately find another triplet representation

by changing the overall sign of U . The obtained irreducible representations are called 3

and 3′, respectively. Likewise we find the two singlet representations 1 and 1′. Summing

up the square of the dimensions of these representations, 12 + 12 + 32 + 32 = 20, shows

– 82 –

Presentation                                                       
a2 = S, b1 = T, d1 = U



Subgroup H of group G are subsets of elements 
of G which form a group by themselves
Order of H must be a divisor of the order of G
E.g. if G is order 6 then H must be order 2 or 3
E.g. S3 is order 6 so H could be Z2 or Z3

 Normal subgroup N satisfies gNg-1=N                       
for all g ∈ G

Elements of N form complete conjugacy class + e
N is sometimes called the Invariant subgroup

Subgroups



1C1(e)={e}, 2C3(a)={a1,a2}, 3C2(b)={b1,b2,b3}
Z3 rotation subgroup is {e, a1, a2}, the even perms
Z3 is a normal subgroup satisfying gNg-1=N
This is because {e, a1, a2} = e + complete ai class 
Z2 subgroups: {e, b1}, {e, b2}, {e, b3} not commute
{b1} not complete class so Z2 not normal
S3 is isomorphic to Z3 ⋊ Z2 = {e, a1, a2} ⋊ {e, b1}

Semi-direct product ⋊ opens towards the normal 
subgroup Z3 which does not commute with the Z2

Example S3: 



1C1(e)={e}, 3C2(S)={S,TST2,T2ST}={a2,a3,a4}, 
4C3(bi)= {T,TS,ST,STS}, 4C3(ci)={T2,ST2,T2S,TST}

A4 is order 12 so H must be order 2,3,4,6
Z2×Z2 normal subgroup: {e,a2,a3,a4}=e + ai class

Z3 subgroup is {e,T,T2} not normal,{T,T2} not class
A4 is isomorphic to Z2×Z2 ⋊ Z3 = {e,ai}⋊ {e,T,T2}

Semi-direct product ⋊ opens towards the normal 
subgroup Z2×Z2 which does not commute with Z3

S3 not subgroup of A4 even perms (S3 incl. odd)

Example A4: 



Dihedral group Dn or Dihn

D4 = Z4 o Z2

Symmetry of 
equilateral triangle 

including reflections

Symmetry group of 
regular n sided 

polygon including 
reflections

S3 = D3 = Z3 o Z2

Dn = �(2n) = Zn o Z2

Symmetry of square 
including reflections



Symmetries in molecules and crystalshttps://en.wikipedia.org/wiki/Point_groups_in_three_dimensions6
6
6
6

Order Isometry 
groups 

Abstract 
group 

# of order 2 
elements 

Cycle 
diagram 

1 C1 Z1 0 
 

2 C2, Ci, Cs Z2 1 
 

3 C3 Z3 0 
 

4 C4, S4 Z4 1 
 

5 C5 Z5 0 
 

6 C6, S6, C3h Z6 = Z3 × Z2 1 
 

7 C7 Z7 0 
 

8 C8, S8 Z8 1 
 

9 C9 Z9 0 
 

10 C10, S10, C5h Z10 = Z5 × Z2 1 
 

6
6
6
6
6
6
6
6
6
6
6
6
6

6

Order Isometry groups Abstract 
group 

# of order 2 
elements 

Cycle 
diagram 

4 D2, C2v, C2h Dih2 = Z2 × Z2 3 
 

6 D3, C3v Dih3 3 
 

8 D4, C4v, D2d Dih4 5 
 

10 D5, C5v Dih5 5 
 

12 D6, C6v, D3d, D3h 
Dih6 = Dih3 × 

Z2 
7 

 

14 D7, C7v Dih7 7 
 

16 D8, C8v, D4d Dih8 9 
 

18 D9, C9v Dih9 9  

20 D10, C10v, D5h, D5d Dih10 = D5 × Z2 11 
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Order Isometry 
group Abstract group # of order 2 

elements 
Cycle 

diagram 

8 C4h Z4 × Z2 3 
 

12 C6h Z6 × Z2 = Z3 × Z2
2 = Z3 × Dih2 3 

 

16 C8h Z8 × Z2 3 
 

20 C10h Z10 × Z2 = Z5 × Z2
2 = Z5 × Dih2 3 
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Order Isometry 
group Abstract group # of order 2 

elements 
Cycle 

diagram 

8 D2h Dih2 × Z2 7 
 

16 D4h Dih4 × Z2 11 
 

24 D6h Dih6 × Z2 = Dih3 × Z2
2 15   

32 D8h Dih8 × Z2 19   
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Order Isometry 
group 

Abstract 
group 

# of order 2 
elements 

Cycle 
diagram 

12 T A4 3 
 

24 Td, O S4 6 

 
24 Th A4 × Z2 6  
48 Oh S4 × Z2 6  
60 I A5   

120 Ih A5 × Z2   
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Graphic overview of the 32 crystallographic point groups

http://newton.ex.ac.uk/research/qsystems/people/goss/
symmetry/Molecules.html

crystals

molecules

http://newton.ex.ac.uk/research/qsystems/people/goss/symmetry/Solids.html
http://newton.ex.ac.uk/research/qsystems/people/goss/symmetry/Solids.html
http://newton.ex.ac.uk/research/qsystems/people/goss/symmetry/Molecules.html
http://newton.ex.ac.uk/research/qsystems/people/goss/symmetry/Molecules.html
http://newton.ex.ac.uk/research/qsystems/people/goss/symmetry/Molecules.html
http://newton.ex.ac.uk/research/qsystems/people/goss/symmetry/Molecules.html

