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2016 Nobel prize for physics



Tour of topological physics

• The 2016 Nobel prize

• The Quantum Hall effect

• Haldane model

• Topological Insulators

• Unconventional superconductivity in 
Sr2RuO4

• Kerr effect in Sr2RuO4

• Superfluid angular momentum and 
orbital magnetization of Sr2RuO4



Thouless, Haldane and Kosterlitz

• Kosterlitz Thouless 1973 paper 

Birmingham 2d superfluids and 2d melting

• Haldane topological aspects of quantum 

fields (eg 1+1d S=1 antiferromagnet)

• Thouless classification of topological 

states



Quantum Hall effect, 1980

• von Klitzing Nobel prize 1985 



Quantum Hall effect



Conductance in solids
• The conductance relates 

current density to electric field

• We can distinguish 
longitiudinal and Hall 
conductance

• Both form elements of the 
conductivity tensor

• There is a natural unit of 
conductance, e2/h

• The QHE is so precise that it 
can be used for precision 
measurements of this ratio of 
the fundamental constants



Topology in QHE

Why is the Hall conductance so accurate in a 

disordered material?

Disorder makes almost all states non-conducting

The exception are topological edge states

RB Lauglin, Nobel prize  1998

(for the fractional QHE)



Its all at the edge

• Consider a crude analogy 
walking in a landscape

• Follow a fixed height (energy) 
countour and we always end 
up back where we started 
from just walking  around the 
same contour. 

• Eg in an island there is 
always one countour which 
goes around the edge at 
fixed height

• Electrons in the QHE do the 
same, all the current flows 
around the edge?



Topological insulators

• Any insulator may 

have surface states

• But a topological 

insulator must have 

edge states

• These conduct 

without dissipation (no 

scattering)

• Chiral, Weyl fermions



The Haldane model 1988

• A ‘toy’ model of graphene with 
artifical second neighhbour 
hopping

• It can be an insulator

• with Quantized Hall 
conductance (without external 
magnetic fields)

• All current carried in 

edge states

σxy=N e2/h, N=Chern number



Topological Superconductivity?

• Spin-triplet superconductivity and orbital 

magnetism in Sr2RuO4

• Superconducting Kerr effect and Berry 

phases in multiband superconductors



Collaborators

• Thanks to my collaborators!

Balazs Gyorffy (1938-2012)

Gregorz Litak

(Lublin)

Karol Wysokinski

(Lublin)

Jorge Quintanilla

(ISIS/ Kent)

Martin Gradhand

Adrian Hillier (ISIS)

Joshua Robbins



The Fermi surface in Sr2RuO4

There are three cylindrical 

Fermi surface sheets, 

measured with great 

accuracy by Bergman and 

Mackenzie

α

γ

β

These agree well with LDA band calculations,

and are derived from the Ru 4d T2g multiplet

of d states  |xz›, |yz›  (giving αβ) and |x2-y2 › 

(giving γ)



A solid state analogue of 3He-A?

In a tetragonal crystal 

group theory allows a 

set of d-wave pairing 

states or p-wave states 

similar to 3-He  (Annett 

Adv. Phys 1990)

P-wave triplet states based on the Eu irreducible representation

include an analogue of the ABM phase

dk=(sin(kx)+ i sin(ky))ez

This corresponds to the crystal analogue of Lz=1, Sz=0 (|↑↓+↓↑>) triplet pairing 



A model chiral pairing state
Sr2RuO4 is a body-centred 

tetragonal crystal. 

Symmetry analysis (JFA Adv. 

Phys. 1990) of possible 

superconducting states shows 

only 2 possible time reversal 

pairing states: d-wave singlet 

or p-wave triplet.

In order to match experimental specific heat data showing a line 

node we include interlayer interactions in our model, leading to 

horizontal line nodes on αβ sheets



Time reversal symmetry breaking 

by superconductivity 

in Sr2RuO4



Spontaneous time reversal 

symmetry breaking in Sr2RuO4

Muon spin rotation, Luke et al Nature 1988

Optical Kerr effect, 

Xia et al, PRL 2006



The polar Kerr effect

(Image from A. Kapitulnik talk Kavli UCSB 2007)

Dichroism: different refractive indices for  left and right circular polarized light, 

leads to rotation of the plane of polarization of reflected light in magnetic materials 



The Kerr angle and Hall 

conductance



Kerr effect in superconductors

• In one band models of chiral superconductors there have 
been many attempts to obtain the Kerr effect, eg

• Yip and Sauls (1992)

• Li and Joynt (1991)

• Yakovenko 2007

• Minnev 2007

• However the analysis of one band models is now 
believed to give zero signal, except as a result of 
impurity scattering (Goryo 2008, Lutchyn 2009)

• But Sr2RuO4 is very clean, and so this seems unlikely as 
an explanation of the experiments.



Dichroism from multiband chiral 

superconductivity
• In 2012 two papers proposed that a non-zero Kerr signal arises 

from multiband/inter-orbital effects, even in the clean limit

• Edward Taylor, Catherine Kallin Phys. Rev. Lett. 108, 157001 
(2012): two – band, two dimensional model fitted to DFT band 
structure. 

• KI Wysokinski, J. F. Annett, B. L. Gyorffy PRL 108, 077004 
(2012): three – band, three dimensional model fitted to experimental 
Fermi surface close to EF. Dichroic signal from interband 
(interorbital) processes. 

• These two papers had a similar approach and gave similar 
magnitude effect at the experimental frequencies, but the results 
differed considerably in detail.

• V.P.Mineev (J.Phys. Soc. Jpn. 81,093703 (2012)) argued against 
multi-orbital scenario altogether using symmetry analysis



Kerr Effect in Sr2RuO4

The dichroism is calculated in 

terms of optical abrorpton 

spectra, evaluated relative to 

the chiral superconducting state 

Method of:  K. Capelle, 

E.K.U. Gross and B.L. 

Gyorffy, Phys. Rev.

Lett. 78 3753 (1997).

Here we have INTERBAND 

transitions (non-diagonal in 

orbital space) which are not 

present in single band 

approach



Optical transitions in the 3 band 

model below Tc

• The quasiparticle states 
come in positive and 
negative energy bands, 
with a small gap at zero.

• A variety of optical 
transitions interband can 
be possible

• The d xy bands are 
decoupled, but d xz to d 
yz transitions occur in 
some parts of the zone



Calculted Hall spectrum 

(Gradhand et al, PRB 2013)

Imaginary part is zero at 

low frequencies, 

threshold at interband 

energy (not gap energy)

Differences from Taylor 

and Kallin appear mainly 

from different band-

structures used (dHvA fit 

vs DFT, bandwidths differ 

by m*/m ≈2-3)



Estimated Hall angle at 0.6eV

• At the single experimental frequency of 0.6eV our spectrum is dependent on 
models of bulk plasma frequency and damping

• Estimates are consistent with experimental magnitude of 80-90nRad

• Figure shows three estimated values based on two models of plasma 
response 



Berry phase approach to orbital 

magnetism and Kerr effect in

multiband superconductors



Bloch function:

Berry curvature:

Berry connection:

Parameter-dependent 

Hamiltonian:

Berry curvature of Bloch electrons

M. Berry Proc. R. Soc. Lond. A 392, 45 (1984)



Berry curvature of Bloch electrons

E

k

n=1

n=2

.

.

.
Berry curvature

M. V. Berry, Proc. Roy. Soc. A (London) 

392, 45 (1984)



Hall conductance sum rules and 

Berry phase

• For the normal state the following sum rule is obeyed by 

the Hall conductance

We are now consider the extension of this work to the 

superconducting case.  





Berry phases in the Bogoliubov 

de Gennes Hamiltonian

• The Bogoliubov de Gennes Hamiltonian obeys Bloch’s 

theorem

• The quasiparticle wave functions are written in terms of a 

plane wave, k, and a part  (uk(r ),vk( r)) with electron/hole 

terms which is periodic in space

• In this basis we have a k dependent Hamiltonian, 



Berry phases in the BdeG 

Hamiltonian

• The Berry phases can be defines as usual, 

leading to the Berry curvature



Hall conductance sum rule

• We can then prove the following relation for the Hall 
conductance in the superconducting state



Zero-frequency real part of Hall 

conductance

• Using Kramers-Kronig this integral also gives the real 

Hall conductance at zero frequency



K-dependence of Berry 

curvatures for Sr2RuO4

• We can compare the direct calculation of contributions to 

the Hall conductance sum rule in k-space (left) with the 

corresponding Berry curvatures (right) in our model



Orbital Magentism in Sr2RuO4?

• If the superconducting state breaks ‘time 

reversal’ symmetry it is effecively magnetic

• Is there a magnetic moment in the 

superconducting state?

• If so, how does it relate to the Kerr effect?



“Angular mometum” of 3He-A
• Tony Leggett discusses this in appendix 6A, 

of his book “Quantum Liquids: Bose 
Condensation and Cooper Pairing in 
Condensed Matter Systems”

• He notes that the trial state

(dropping spin indices for clarity)

is an exact eigenstate of Lz with eigenvalue Nħ/2

(ignoring subtleties about boundary conditions)
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“Angular mometum” of 3He-A
• But this result is independent of the superconductivity. It is true even 

if dk=0!

• The wave function corresponds to  a BEC of N molecules, each in a 
lz=ħ/2 internal state

• For a Fermi liquid we should write a different wave function, such as

• This is also an eigenvector of Lz, but now with eigenvalue Lz=0 
assuming particle hole symmetry!

• A finite value is only obtained as (N+-N-)ħ/2 if particle-hole-h 
symmetry is not exact, ie beyond weak coupling Δ<<Ef
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The angular momentum paradox

• These results led to a 40 year long controversy 

of the correct definition of the orbital angular 

momentum in the chiral state of 3He

• Probably the modern consensus is that there IS 

an orbital moment of Nħ/2, and this is essentially 

entirely, due to a chiral edge state (M Stone)

• The existence of  a bulk term arising from 

particle hole asymmetry is still not clearly 

established



Orbital magnetism of  Sr2RuO4

• The analog in a superconductor of orbital angular 
momentum is orbital MAGNETISM

• The intrinsic angular momentum of the condensate 
leads to orbital motion of charges, and hence 
magnetism

• Note that this is NOT magnetism due to electron 
spins, but due to their orbital motion.



Simple calculation of the bulk 

orbital moment in Sr2RuO4

• The expectation of Lz within a single the d-

shell for a single Ru ion is is related to the 

single particle density matrix, and  can be 

evaluated in the superconducting state by 

using the Bogoliubov transformation to the 

quasiparticle states

The off diagonal contributions (m≠m’) are zero in the normal state

and in non-chiral pairing states,

but are non-zero in the chiral superconducting state

SC
baab ccn '

'


 

<Lsite>=<φi | r x p | φj>nij

(A more robust method would be to use Berry phases

(Cresoli, Vanberbilt…)



Spontaneous magnetism in 

Sr2RuO4

   babaababz nnnnL

Where |a›≡|xz›, |b›≡|yz› and SC
baab ccn '

'


 

In the normal state these off-diagonal density matrix elements are zero,

But in the chiral state they are non zero, of order |Δ0N(0)|2, and we obtain a small 

non-zero orbital moment per Ru atom, consistent with Kerr/MuSR experiments.

Unlike He-3 Sr2RuO4 has 

three sheets of Fermi surface 

corresponding to 3 Ru d 

orbitals.

We relate the orbital moment 

to orbital mixing induced by 

the chiral symmetry 

condensate

Annett, Gyorffy, Wysokinski New J. Phys 09



Orbital angular momentum in a 

crystal

• In a periodic crystal how to define an 

orbital magnetic moment?

Defining localized Wannier functions

the orbital angular momentum about site R0 is:



Orbital magnetism in insulators 

and metals

• Earlier we have used a ‘naïve’ picture of the orbital 

moment per atom. The theory of orbital magnetism in 

insulators was recently put on a more firm basis.



Magetization in Sr2RuO4 from 

Berry phases?

• Yes! Thanks to Martin Gradhand and 

Joshua Robbins

• Results similar to ‘naive’ approach

• Some Differences when spin-orbit 

coupling is introduced 



Topological Superconductivity



Ten symmetry classes (taken 

from Schnyder et al PRB 2008)



Topological phase 

classification



Extension to nodal 

superconductors



Edge states in bulk nodal 

superconductors

(from Schnyder 

and Brydon)



Possible nodal topological 

systems



Possible topological nodal 

systems



Example of model with bulk 

topological phases As gap 

parameters 

change nodes on 

bulk Fermi surface   

appear and 

disappear

The fully gapped 

states can be 

classified by 

topological 

numbers

The non-trivial 

ones will have 

edge statesFrom Mazadian, JFA et al PRB



Recap of tour around topics in 

topological superconductors

• The 2016 Nobel prize

• The Quantum Hall effect

• Topological Insulators

• Unconventional superconductivity in Sr2RuO4

• Kerr effect in Sr2RuO4

• Superfluid angular momentum and orbital 
magnetization of Sr2RuO4

• Ten fold classification of topological systems

• Topology in nodal superconductors


