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Branched flow

very general physical mechanism

large intensity fluctuations & extreme events
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Part Il

e Catastrophes, Caustics and the statistics of extreme waves
* Branching of Tsunami waves

* Teasers/outlook
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Ballistic electron transport in the two-dimensional electron gas

Ballistic quantum point contact

Henk van Houten and Carlo Beenakker, PHYSICS
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y ‘ 1. Order
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Branched electron flow

Topinka et al. Nature 410, 183-186 (2001). m.f. pP.~ 7 um
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The origin of branching
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The origin of branching
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Branched flows and linear rogue waves e.g. in...

...the electron flow ...sound waves in
in semiconductors the ocean
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E.J. Heller et al., J. Geophys. Res., 113 C09023 (2008) Heller europhys.news 2005
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Branched flows and linear rogue waves e.g. in...

...the electron flow ...tsunami
in semiconductors propagation?

11 March 2011 N/

...the transmission
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... dynamics of
ocean waves , 3 ﬂ : 1]
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water currents L - L—y g

E.J. Heller et al., J. Geophys. Res., 113 C09023 (2008) Heller europhys.news 2005
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Branching and rogue waves on many scales

AG: 0.00e'h

<0.25¢%h
Tokinka et al., Nature 2001

Heller europhys.news 2005
Héhmann et al, PRL 2010

10°m

NOAA 2011
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Random caustics in correlated weakly scattering media
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Random potential

K = correlation length,
C i.e.typical length scale
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Random caustics in correlated weakly scattering media

E.g. electron flow in the two dimensional electron gas of high mobility semiconductors

Energy

AN\

f = correlation length,
C i.e.typical length scale
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Waves in weakly scattering complex/random media everywhere

Light in biological tissue

Light & sound in the turbulent atmosphere (e.g. twinkling of stars)

Gravitational lensing of electromagnetic radiation in the universe

Seismic waves in the inhomogeneous earth
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Model: Potential

Y

I

Gaullian random field 1 V-
(V(P)=0 2y
VEWVE))=C(r-r])  C(0)=V{




Model: Equations of motion

Y

I

Equations of motion

. . 0V,
X=V, V=

m=1 8y

Ragnar Fleischmann

Initial conditions

. Vo
Plane wave: V(0) = 0

0
Point source: F(O) = (Oj
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Model: Paraxial approximation

Equations of motion Initial conditions

_ _ Vo
)'( _ 1 V _ O Plane wave: V(O) _(Oj

y:V V :——y VOZ\/E
m=1 8y

Ragnar Fleischmann Max-Planck-Institut fiir Dynamik und Selbstorganisation



Model: Paraxial approximation

Equations of motion

X=1

. . _ y
y_Vy Vy_

m=1 8y

Ragnar Fleischmann

Initial conditions

. Vo
Plane wave: V(0) = 0

v, =+2E
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Formation of Random Caustics

Initial conditions

X=1 Plane wave: V, (O) =0
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Initial conditions

Plane wave: V (O) =0




Initial conditions

Plane wave: V (O) =0
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Light refraction/reflection by random surfaces or phase screens
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Rays and waves
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How to find caustics?

- e e ——
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Lagrangian caustic statistics

—A%2¢C— — Kulkarny & White ‘82, Klyatskin ‘93
u=0,5S=0,p,=moy,

2

d 24y 4. 0 -
au(t) +Uu”(t) +a_y2V (t.y(®)=0

Curvature equation

J

Langevin Equation
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Lagrangian caustic statistics

X = f(t)
<f(t)>:O <f(t)f(t+r)>=c(r)
GZITdTC(T) <X2>=02t
X=0oc(t)

(&1)=0 (EME(t+7))=0(r)



Lagrangian caustic statistics

2 Kulkarny & White ‘82, Klyatskin ‘93

u=0,S=0,p,=mo,v, %u(t)+u2(t)+§?v (t,y(t))=0

o° 0° 0° 0°

—V (t, Vi(thy')) = Vi(t,y)V(t,hy'
0° 0°

_ t_tl’ . 1
57 ay2 Sty =YY

y=0
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Diffusion coeffients
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Lagrangian caustic statistics

—A%2¢C— — Kulkarny & White ‘82, Klyatskin ‘93
u=0,5S=0,p,=moy,

2

d , 0 i
au(t) +u(t) +c’9—y2V (t.y(1) =

Curvature equation

g

Langevin Equation
%u(t)+u2(t)+02(§(t)=0
4
Fokker Planck equation
i, o , 0%,
—P(u,t) = |— P(u,t) .
TR {duu T o ”} (4 )
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First passage time calculations
u=0,S=0,p,=mo,v,

U =0-u(t)=-0  =(t.(y,))=3310,""

plane wave
initial condition
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First passage time calculations
u=0,S=0,p,=mo,v,

Uy =0—>u(t,)=—0 =(t,(u,))=3.310,"

plane wave
initial condition

Uy =+0 > U(t) =—0 = (t (u,))=4.970,"

point source
initial condition

213 ~2/3
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Lagrangian caustic statistics

_2/3 _2/3 t (0))=3.310,%"
tO — 02 — ZC{;‘ < C( )> 02—2/3
<’[C (oo)> =4.9/0,

——theory — point source —theory — point source
——theory — plane wave ; ——theory — plane wave
=+ numerical data — point source 10 /| + numerical data — point source
»* numerical data — plane wave ¥ numerical data — plane wave
10' 1
0
o o 10 -
U U
-~ 3
R R S
107}
10° |
107 10 107 107 107" 10°
€ /.
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Lagrangian caustic statistics

—2/3

3 2/3 t (0))=3.31c
tO . 02 o €C8 < > J 2—2/3
<tc (oo)> =4.9/0,

" tmﬂﬂﬂ‘: r

'$mean:
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Lagrangian caustic statistics

( 2\1/3 4 2,3 .
(0{2(472022)_1/2'[_5/2 n CF (2022)1/3)9—/11(202) t—-a”/(1205t°) ift < t1

P.(t) =+
1/(6.27(203) ™) ift>t
A £=0.04 |
+&M~ﬁ
l:}[ZI"J 0.5 IE- é 2 3 BI 4
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Scaling argument

t=0 t=t Kaplan, 2002
y 4 Y 4

“quc \/ <y2 (t)> =o0°t

Z Z
i > i > 2
0 py 0 pY G

" Position space <y2 (t)> — ?tg

yc2 T / X.EQ:
14 Ayﬁ"lc
E)'
0 Tl i } >
0 2n X/,
t=0 " t=t,
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Scaling argument

t=0 t=t, G Kaplan, 2002
y 4 YA .
Ay~I.
2
(y2(t,))oc
d e
0 Py 0 b, , ;
Position space t 3 gc ’) E
* O; € —
y/l. 5
A f = gc
Veg fr
-+ AY"“IC t /é C
: oC
| C -2/3
0 T: i ] > g
0t=0 n 2n t=t0X/|c
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Counting Caustics

#Caustics bl —

N (x)= D —
Length i .

1.4- —

1.2}

||

N0 =1 [0 2 lay, - S
0

ay 08} : < _ J
0 -
= =i
. 06 - - ‘
Berry & Upstill ‘80
04
0.2f ~ -
5 . S~
0 0.2 04 0.6 0.8 1 12 14 16 18
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Counting Caustics

N (t)= %<j5[
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Counting Caustics

Nc(t)=<5(m)\n\>=<5(t—t6)—\n\>

~ <5(t—tc) >< )

m(t)

1

U

o

P(t)=(5(t-t,))

n(t)
m(t)




Counting Caustics

Four coupled Lagenvin equations for

a = (m,m,n,n)yielding the Fokker-Planck-equation

atP(aat | C_I:/at/) ~ [_O’Qaal o a48a3 -+ O-galza%%

2 2 2
+ 202"’1@38@2@4 + 8a4a4

o2at + o2a? ]P(a,t @' t)

Fokker-Planck-Equation governed by two parameters:

05y = %f_ozodxa

46(567 y) O% —

c(r)

1
0y y=0

— <V(r’)V(r’ + r)> = ey |r| /L,

o 9%(,y)
_%f_oodx D1

y=0
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Counting caustics

Fokker-Planck-equation leads to sets of ODEs for the momenta of o, n(t )
e.g. 11 coupled equations for <n(t) > N (t)=P.(t) m(t)
2
2 Y :
< n*(t) > = (Something long and ugly)
0-2 10
10
El
A
=10°
Al
e
Va
A
N(‘:'/
e 10
V

Ragnar Fleischmann Max-Planck-Institut fiir Dynamik und Selbstorganisation



Counting caustics

n(t)

>

Nc(t)zpc(t)<

A . ©=0.04,1 =01 m(t)
50| :
N/ 2 1
40 n ~ n %
] %
§o 30+ < m‘> zl/to ]
*
201
-+. *
< 3
10+ o g H T -
o
0,,_,.,_4:, -~ | | ] | |
0O 02 04 06 08 1 12 14 16 18 2
ayt t

m(t)= o
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Counting caustics

60 T T
s €=0.04,1 . =0.1
short time asymptotics
50 ~ 2 -
~C L Pc(t)\/<n (t)>
*
40 1 %
*
Zu 30 - * _
*
20 - * m
*
*
elé
* *
10 x K ]
7 5 * 52
» <n2(t)> = —3 (Something long and ugly)
H 03
ol NP3 Sl e | | | | | | | |
0 . 0/.|\2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
t
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* £=0.04, lc =0.1
= long time asymptotics

10

~C, %ip  (£)e™ /"
O-Z

| 1 1 | 1 1 |

0 0.2 04 0.6 0.8 1 1.2 14 1.6 1.8 2

A~2.87: Kaplan 2002, Schomerus, Titov 2002
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= |ong time asymptotics
= short time asymptotics
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Random caustics statistics

Propagation distance

Ragnar Fleischmann

le >>A

(l = wavelength)

X «—— scale by £}, = vyt

J.J. Metzger, R. Fleischmann, and T. Geisel, Phys. Rev. Lett. 105 (2010).

#Caustics
N, (x)=
2-Length
' " ' e(%) L clr)
o©° 4 v
o ' + 4 01 |
v * 8 01 |
0@ g O 4 008 |
¢ 4 " < 4 006 |
0? vy v . 26 01 1(2D)
0a & 49 . | © 4 008 Il
o O T . . o6 008 Il
0g°_ T e * 9 o4 006 Il
¢ . % _Y3% R v o4 01
Qo gvia o0, o 6 01 N
SQQ‘"‘: EEBE% 5 v ¥+ O 4 008 I
i o 8. BARaBSNTY L o4 F v 2 01 WV
v o @ RaRA + + ¥
.?_,_‘5‘_?;,T** O 4 01 WV
By ¥ ; ; O 4 012 WV
0.5 1 15 2

Max-Planck-Institut fir Dynamik und Selbstorganisation



(. >>A

(ﬂ = wavelength)

Random caustics statistics

_ #Caustics
2-Length

N, (x)

€(%) Lo e(r)
01 |
01 1
0.08 |
0.06 |
0.1 1(2D)
0.08 1l
0.08 1l
0.06 1l
0.1 1
01
0.08 1l
01 v
01 v
012 IV

—2/3
b, oocl &

APBAENPOOBEPPOORERO D DD

SO0 OO

0.4 0.6

- | X/,

Propagation distance
J.J. Metzger, R. Fleischmann, and T. Geisel, Phys. Rev. Lett. 105 (2010).
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(. >>A

(ﬂ = wavelength)

Random caustics statistics

_ —2
branching length (b oC fcg 2 1G4 gmfp oC fcg mean free path
exl
#Caustics
N, (x)=
2-Length

€(%) Lo e(r)
01 |
01 1
0.08 |
0.06 |
0.1 1(2D)
0.08 1l
0.08 1l
0.06 1l
0.1 1
01
0.08 1l
01 v
01 v
012 IV

A * +

APBAENPOOBEPPOORERO D DD
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0.4 0.6
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Propagation distance
J.J. Metzger, R. Fleischmann, and T. Geisel, Phys. Rev. Lett. 105 (2010).
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How can branching be characterized experimentally?

—-100 —

—400

-500 =t
-400 -300 -200 -100 0 100 200 300 400 500

x [mm]
A =wavelength
gt l.>A

¢, = correlation length
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How can branching be characterized experimentally?

il =g

Scintillation index:

00 o
2 i1 zl_;') |
Iy _ varianceof theintensity
. (meanintensity)2
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How can branching be characterized experimentally?

, Scintillation index:
o, (XZ

o} (x) =

variance of theintensity

(meanintensity)2

oc l,

peak

—2/3
ol &

~+— .~ Propagation distance
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Scaling of the scintillation index

Scintillation index:

scaling with

|, ocl &

“branching length”

—2/3

Ragnar Fleischmann

oy (x) =

_variance of the intensity

(y

(mean intensity)2
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Scaling of the scintillation index

<I 2> 1o variance of the intensity

Scintillation index:  &7(x) =} : —
(1) (mean intensity)

scaling with
“branching length”

_2/3
| o<l e

15 20
z/l,)e %3
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Scaling of the scintillation index

Scintillation index: o7 (x) =

<I 2> 1o variance of the intensity

2 . . 2
(1) (mean intensity)
10° 4 ;
b 10°
T N 3
| ~.€€ mG'&O&CP
S T‘s 0 | SR
< 10 ot 10t e L
&50 | : s-;"'~ NG
\&/ L 3 N F_z %
\ ?‘*ﬁ~~~\: 1t
. /f I
0 ‘
10 g— - | |
1072 10” 0 5 10 15 20
€ x/l.)e2/3

S.
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Barkhofen, J. J. Metzger, R. Fleischmann, U. Kuhl, and H.-). Stockmann, Phys. Rev. Lett. 111, 183902 (2013).
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Scaling of the scintillation index

T i | 2 - : :
Scintillation index:  ¢2(x) = < > _4_ Variance of the intensity

2 . ] 2
(1) (mean intensity)
5 Single realizations and ensemble averages
10I : . s . : — . - :
b 10° 4
) ~c
S [ -2/3
2510 2 Y
| L ~ “0,-_0‘3{ 3
-:\ 1 T\:‘\ . 100-2 1
s 10| oy 10 10 €
U > LB
.Q..:JJ : b, Qs o /9
&'5 i ~‘~\ 1o, NI (_';'“ >
s, | Y ~:‘~; ‘
0|
103 o
10 10

S. Barkhofen, J. J. Metzger, R. Fleischmann, U. Kuhl, and H.-J. Stéckmann, Phys. Rev. Lett. 111, 183902 (2013).

Ragnar Fleischmann Max-Planck-Institut fir Dynamik und Selbstorganisation



Observation in microwave experiments
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Observation in microwave experiments
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Statistics of wave heights/intensities: Rogue waves
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Nonlinear rogue waves

Breather Solutions

Solutions of the nonlinear Schrodinger equation

that are “localized” in space and time Chabchoub et al. Phys. Rev. X 2012.
Chabchoub et al. Phys. Rev. Lett. 2011
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Nonlinear Rogue waves
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Chabchoub et al. Phys. Rev. X 2012
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Linear rogue waves

Hohmann et al PRL 2010
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Linear rogue wave

—3.G0

http://journals.aps.org/prl/supplemental/10.1103/PhysRevLett.104.093901/FreakWave.avi

Hohmann et al PRL 2010
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