
Problems of synchronisation in cellular automata:

the role of randomness

Nazim Fatès
nazim.fates@inria.fr

Inria � Loria, Nancy, France

painting by Zao Wou-Ki, ENS Lyon (France).

ZIH seminar � T.U. Dresden � Nov. 2016

nazim.fates@inria.fr


Synchronisation as a natural phenomenon

self-synchronisation:
observed in various systems composed of numerous agents

self = no external stimulation

examples :

I coupled pendulums,

I �re�ies,

I clapping, etc.

H. : longitude problem
"an odd kind of sympathy" (1665)

https://youtu.be/xS8lSjL8CfU?t=2h2m30s


The cellular automata framework

Space, time and state are discrete.
Does this a�ect the capacities of "self-organisation"?

start: from a disordered state
goal: periodic and homogeneous oscillation of cells

CA problem posed by Das, Crutch�eld, Mitchell & Hanson:
Evolving globally synchronized cellular automata, 1995.

There exists an abundant litterature with continous models... but
 what about discrete cellular systems?



Global synchronisation problem

one-dimensional binary systems with periodic boundary conditions.
goal: for any initial condition, the system eventually oscillates in
the cycle with two homogeneous con�gurations (0 and 1).

Example of rule 1078270911 with radius 2.



A few properties

I A solution is not color-blind, that is, it can not treat the 0s
and 1s in the same way.

I A trajectory can not contain two con�gurations that are in the
same class of rotations.

I The height of a solution of size n is bounded by χ(n)− 2,
where χ is the number of classes of rotations.

n 1 2 3 4 5 6 7 8 9
|χ(n)| 2 3 4 6 8 14 20 36 60



First step : ECA space

I There exists no ECA which achieves synchronisation.

Proof:

000 001 100 101 010 011 110 111
a b c d e f g h

a=1 ; h=0 ; d = e = 0 ; etc.

 but... di�cult to generalise, even to a neighbourhood of size 4



generalisation: formulation as a SAT
problem

Formulate our synchronisation problem as a satis�ability problem.

SAT : is there an assignment of boolean variables that

makes a given formula true ?

Sat solvers : accept entries in conjunctive normal form (CNF)

plan : for a given neighb. size, ask for more and more initial
conditions to be synchronised until

I either we know that there are no solutions for this neighb.,

I or we �nd a good candidate to solve the problem for every size

We could tackle neighb. size : k = 4, k = 5 but not k = 6.  Is
there a proof ?



(im)possibility to solve the problem

idea by G. Richard (Caen university) and M. Redeker:
generate a translating con�guration (by k − 1 cells)

rule25-ACEGH   
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direct:

1001001...
011100100...

or:
de Bruijn diagrams

one auxiliary state is su�cient for solving the problem
or �xed boundary conditions (ECA 3)



The stochastic case

What if we allow the transitions to use randomness ?

000 001 100 101 010 011 110 111
a b c d e f g h

Now take a, . . . , h as the probability to update to 1.
we still have a = 0 and h = 0...



Almost all rules are solutions!

000 001 100 101 010 011 110 111
a b c d e f g h

I Any rule such that b, . . . , g ∈ (0, 1) is a solution.

Proof:
0− 1 is the only set of attractive con�gurations
non-zero probability to reach 0− 1 in less than n/2 steps.
idea : evolution may follows exactly (Zt) and reach 0 or 1.

(Zt) is the process such that:

Zt(0, 0, 0) = 1, Zt(1, 1, 1) = 0,

Zt(a, b, c) =

{
0 if t is even

1 if t is odd

example:
00001111000

11100000011

00111111110

10000000000

11111111111



"Efficient" solutions

Measuring e�ciency: T(x): synch. time ; random var.
Expected average synch. time : EAST (n) = 1/2n

∑
x∈En T (x)

Worst expected synch. time : WEST (n) = maxx∈En

I There are rules for which WEST (n) = O(n2)

Proof:
consider local rule : take the α-asynchronous shift and invert it.
If we apply an "inversion mask" at each time step, the dynamics is
the same as the α-asynchronous shift

 Does there exist (qualitatively) more e�cient rules?



To sum up

deterministic case:
"good rules" only solve the problem "statistically"
There exists no perfect deterministic solution

What are the max. synch. size for a given neighbourhood?
(SAT solvers gives only partial results)

I Huge gap with stochastic CA: noise makes it "easy" to solve
the problem !

exploration of the stochastic solutions is an open problem



Questions

For a given neighbourhood, what can we say about the maximum
synchronisation size ?

How can we go further with the SAT formulation?

Are there stochastic solutions with a linear convergence time ?

In what other areas can the use of randomness appear as an aid ?
density classi�cation problem, consensus, etc.



On the role of randomness

Philosophical Transactions of the Royal Society of London

Series B, Biological Sciences, Vol. 237, 1952, pp. 37-72.
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Turing
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ed. Thierry Marchaisse, 2016
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Danke schön !



SAT coding (example for the ECA case)

Two types of boolean variables :

the transition rule :
000 001 100 101 010 011 110 111
t0 t1 t2 t3 t4 t5 t6 t7

evolution of initial condition:
abcdefgh

ijklmnop

qrstuvwx

I Blinking condition :

Fb = t0 ∧ t̄7.

I Coding of the initial condition x = 00101011↔ abcdefgh :

Fic(x) = ā ∧ b̄ ∧ c · · · ∧ h

I Synchronisation condition:

Fsynch(x) = (q = r) ∧ (r = s) ∧ · · · ∧ (w = x)



Consistency conditions

how do we code the coherence of evolution and transition table ?

00101011 abcdefgh

00010111 ijklmnop

For t = 0, i = 4, write : Fcons(x , t, i) = c ∧ d̄ ∧ e ∧ (l = t5)
transformed into: Fcons(x , t, i) = c ∧ d̄ ∧ e ∧ (l ∨ t̄5) ∧ (̄l ∨ t5)

but next state not known, there are 8 possibilities for each local
transition...

see article AUTOMATA'15 for details



a few esults

ECA case : maximum synch. size is 3
e.g. rule 9

k = 4 case:
maximum synch. size is 6.

I rules of height 4,5:
e.g. (5419,11095),

I 1 rule of height 6:
(4363,12151).

e.g. rule 5419

k = 5 case : impossibility to �nish the exploration ! (4.109 rules)



Solution with an auxiliary state

local rule:

fA(x , y , z) =


0 if (x , y , z) = (1, 1, 1) or x = A or y = A or z = A

1 if (x , y , z) = (0, 0, 0)

A otherwise.

example:

00000000000000000000000 t = 4

XXXXXXXXXXXXXXXXXAAAAXX t = 3

000000000000000000XX000 t = 2

XXAA0AAAAAXAAAXAA0000AA t = 1

000XXX00X000X000XXXXXX0 t = 0
[back]


