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Lipinski et al., Trends in Cancer 2016

cancer is a complex evolving system

We seek to understand selection in cancer cell populations. 
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modeling cancer dynamics 

Miroshnychenko, et al. Nature Ecology & Evolution 2021, Rejniak & Anderson, Interface focus 2010

Image of live fluorescent colony formed after a selection experiment 
Human breast cancer cell lines: SUM159/MDA231
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Altrock, Liu & Michor, Nature Reviews Cancer 2015

processes and mechanisms in cancer evolution: 
stochastic processes

Branching processes,  
Moran process with selection 

Branching process in cancer: 
work by Bozic, Durrett, Antal, Tomasetti 

Evolutionary Moran process: 
in cancer: work by Michor, Foo
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processes and mechanisms in cancer evolution: 
nonlinear dynamics

Nonlinear dynamics, 
reaction-advection-diffusion systems 

Work by Anderson, Maini & many others 
Kimmel, Dane, Heiser, Altrock & Andor, Cancer Res. 2020
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Kimmel et al., bioRXiv.org 2021

cell movement (m) and growth neighborhood (ω) 
can lead to different growth curves
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cancer evolution leads to heterogeneity, 
e.g., due to clonal interference or ecological interactions

“at the time of clinical diagnosis, the majority of human tumors display 
startling heterogeneity in many morphological and physiological 
features, such as expression of cell surface receptors, proliferative 
and angiogenic potential”

Marusyk & Polyak, Biochimica et Biophysica Acta 2010 
Marusyk, Almemdro & Polyak, Nature Reviews Cancer 2012
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Hanahan & Weinberg, Hallmarks of Cancer: The Next Generation, Cell 2011

proliferative signaling/outgrowth are hallmarks of cancer
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Interactions among cancer clones can  
facilitate heterogeneity (vs. purifying selection)

non-cell-autonomous driving of tumor growth, together with 
clonal interference, stabilizes sub-clonal heterogeneity, 
thereby enabling inter-clonal interactions that can lead to new 
tumor-phenotypic traits 

Marusyk et al., Non-cell-autonomous driving of tumour growth 
supports sub-clonal heterogeneity, Nature 2014
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kinds of interactions in the tumor eco system

Tabassum & Polyak, Nature Reviews Cancer 2015
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cells grow, move, some produce, 
public good diffuses and decays

Spectral decomposition of cell densities to derive conditions of the expected growth rate advantage 
  
Exactly describes the dynamics of a randomly assorted population, and serves as good general approximation 

Key assumptions: time scale separation, limited dispersal. Gerlee & Altrock, Physical Review E (2019)
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growth factors influence competition between 
producers (C) and non-producers (D)

Archetti et al., PNAS 2015. IGF: Insulin-like Growth Factor

there can be a cost of production

the system can have  
multiple equilibria
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nonlinear growth as a function 
of (locally) available public good  
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Multiple works by Marco Archetti. Gerlee, Kimmel, Brown & Altrock (2019).  
Of note: Hauert, Michor, Nowak, Doebeli. "Synergy and discounting of cooperation in social dilemmas", JTB, 2006.

producer growth: rD = λ - κ 
free-rider growth: rD = λ 
but the local concentration of G might differ

growth factor 
concentration
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Kimmel et al., Communications Biology, 2019

public good can be shared among a ‘neighborhood’ of size n,  
a producer cells experience a benefit-to-self
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H 1-1/n<β<σ: bi-stable monomorphism 
(positive frequency dependence)
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B σ=2, β=5: saddle-node bifurcation D σ=3, β=2:  stable state-switching

A σ=2, β=5: growth rate difference C σ=3, β=2: growth rate difference
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Kimmel et al., Communications Biology, 2019

bifurcations in nonlinear public good  
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our approach can be used to explain  
previously measured growth rate differences

Archetti et al., PNAS 2015, Kimmel et al., Communications Biology, 2019
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stochastic dynamics due to demographic noise

β > σ

β < σ
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B σ=2, β=5: saddle-node bifurcation E σ=3, β=2:  stable state-switching

A σ=2, β=5: growth rate difference D σ=3, β=2: growth rate difference
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the role of population partition: emerging neighborhood size

see also works by Cremer, Frey et al. on selection-redistribution models

A

random redistribution 
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origins of producers and free-riders 
in nonlinear public goods games

Johnson, Altrock & Kimmel, Royal Society Open Science 2021 
Doebeli, Hauert & Killingback, Science 2004
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adaptive dynamics in 2D trait space

Johnson, Altrock & Kimmel, Royal Society Open Science 2021
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evolutionary branching depends on 
population size

Johnson, Altrock & Kimmel, Royal Society Open Science 2021
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summary

 Public goods games as a potential mechanism for cancer robustness/progression: 
 non-autonomous expansion (context-dependent selection) 

 Shared (costly) resources can act as public goods in growing cell populations 

 Coexistence/producer success is impacted by nonlinearity 

 Population assortment and demographic noise can lead to producer invasion 
 

 Current challenge: how to make these insights more useful for clinical applications? 
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we want to understand diversity in outcomes  
based on understanding ecological tumor diversity

CAF: Cancer Associated Fibroblast. TKI: Tyrosine Kinase Inhibitor

a) defining the “neighborhood” of 
interactions from clinical samples

b) protection from growth factors (GFs) 
during therapy
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leukemia evolution could be impacted by 
mutations that evoke public good-like properties 

• ‘classical’ drivers: KRAS, NRAS,… may act cell autonomously 

• transcription-modifying genes may act non-autonomously 

• IDH 1/2 cells can alter self and other cells’ aberrant epigenetic programming 
(changes methylation, usually increasing), e.g., leading to higher fitness during 
inflammation

Garrett-Bakelman FE and Melnick AM. Mutant 
IDH: a targetable driver of leukemic phenotypes 
linking metabolism, epigenetics and 
transcriptional regulation. Epigenomics.8:945, 
2016.
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selection dynamics could inform our understanding of 
inflammation-driven progression dynamics

Ferrall-Fairbanks et al., Blood Cancer Discovery (2022).  
UMAP: Uniform Manifold Approximation and Projection. 
CMML: Chronic Myelomonocytic Leukemia. 

Meghan  
Ferrall-Fairbanks

Brian 
Johnson

Eric 
Padron



ZIH TU Dresden, Nov 24, ‘2231

thanks

Greg J. Kimmel, PhD 
(formerly Moffitt)

Meghan Ferrall-
Fairbanks, PhD 

(University of Florida)

Brian Johnson, BSc 
(UCSD)

Philip Gerlee, PhD 
(Chalmers)

Noemi Andor, PhD 
(Moffitt)



ZIH TU Dresden, Nov 24, ‘2232



ZIH TU Dresden, Nov 24, ‘2233

Curtesy of Brandon Manley, MD & Jonathan Nguyen (Moffitt)
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public goods in space

Wakano, Nowak & Hauert, PNAS 2009
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coupled equations for producers (U), free-riders 
(V), and public good (G) 
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rescaling to dimensionless quantities
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dynamics in highly structured initial populations 
(domain of free-riders taking over producers)
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the system is dominated by a slow manifold,  
for which we can neglect space

A. Producers win

N
or

m
al

iz
ed

 fr
ee

-r
id

er
 d

en
si

ty
 V

Normalized producer density U

0.0 0.2 0.4 0.6 0.8 1.0

0.0

0.2

0.4

0.6

0.8

1.0

0.0 0.2 0.4 0.6 0.8 1.0

0.0

0.2

0.4

0.6

0.8

1.0

0.0 0.2 0.4 0.6 0.8 1.0

0.0

0.2

0.4

0.6

0.8

1.0

B. Free-riders win

C. Bistability D. Free-riders win (small nonlinearity)

0.0 0.2 0.4 0.6 0.8 1.0

0.0

0.2

0.4

0.6

0.8

1.0



ZIH TU Dresden, Nov 24, ‘2239

the system is dominated by a slow manifold 
and extinction times can be calculated  

Kimmel, Gerlee & Altrock, PLoS Computational Biology, 2019

Analytical approximation of ε-extinction time for producer cells to take over. 
r = ratio of death rates. c = death to birth ratio.  
For weak nonlinearity β, another singularity emerges at higher c.
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what can we say for highly structured initial conditions?
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estimating the speed leveraging that 
only propagation times change

Kimmel, Gerlee & Altrock, PLoS Computational Biology, 2019. See also: Birzu, Hallatschek & Korolev, PNAS, 2018 
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The degree of nonlinearity in the public good drives wave speeds 
that can be predicted using a simple numerical approach, using 
same IC (say a wall at L/2) but two domain lengths. 
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Stability of the non-spatial system

• Extinction state: (0, 0, G0) where G0 2 [0, 1]. This state is stable if
�(G0) < min(cr, 1� a+ c).

• Producers win:
⇣
1� c

�(1)�1+a , 0, 1
⌘
. This state is stable if a > 1��(1)+

max
⇣

�(1)
r , c

⌘
.

• Free-riders win: (0, 1� cr, 0). This state is stable if 1
r > max(a, c).

• Isolated coexistence point (always unstable):
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• Non-isolated coexistence line: (G⇤, 1�G⇤, G⇤). At least some finite part
of this interval containing G⇤ = 0 is stable.
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Image credit: Doris Tabassum 
In heterogeneous MDA-MB-468 xenografts, IL11+ cells 
(secreted IL11 in red) act as non-cell autonomous driver of 
tumor growth by influencing pSTAT3 signaling (cyan) in 
the neighboring carcinoma and stromal (yellow) cells; 
nuclei are marked in grey. (Montage of 6 images on a 60X 
objective).

public good evolutionary games  
among cancer cells,  

collective benefit (at individual cost?)


